M. O. ACAHOB,
B. A. BAPAHCKUM, B. B. PACUH

OVICKPETHAA

MATEMATUKA

[PA®bLI, MATPOWNLHI,
ANTTOPUTMB

YYEBHOE MOCOBUE

W3paHve TpeTbe,
CcTepeoTunHoe

b CAHKT-METEPBYPI - MOCKBA - KPACHOZLAP
NAHE® 2020



VIIK 51
BBK 22.176a73

A 90 AcanoB M. O. [luckperHaa MareMaTuKa: rpadbl, Ma-
TPOUABI, AJITOPUTMEI : yuebHoe mocobue / M. O. Acanos,
B. A. Bapauckwuii, B. B. Pacun. — 3-e uszg., crep. —
Cankr-Iletepoypr : JIlaub, 2020. — 364 c. : wir. — (Yueb-
HUKH 14 By30B. CrieriuaibHasd guteparypa). — Teker :
HeIoCpeCTBeHHBIN.

ISBN 978-5-8114-4998-9

B yue6HOM moCOOMM MBJIOXKEH PAJ OCHOBHBIX PAa3IesIOB TEOpUU
rpadoB 1 MaTPOUZOB. PacCMOTpEHBI AITOPUTMBI ZUCKPETHON OITHMU-
3aIuu Ha ceTax u rpadax, HanboJiee YaCTO MCIOJIb3yeMble IIPOTPaM-
MHCTaMHU.

VYueGHOe mmocobue ImpegHAa3HAYEHO AJISA CTYAEHTOB HAIpPaBJIEHUI
noxaroroBku « MH(pOpMAaTHKA U BEIUKUCIUTEIbHAS TEXHUKA» , « UHDOpMAa-
IIWOHHBIE CUCTEMBI U TeXHOJIOTUM», «IIpukiaagHada uHGOpMaTUKA>»,
«IIporpamMmmHas nHKeHepus» . KHura rakke MOYKeT ObITh II0JIe3HOI I
aCIUPAHTOB, CHEIMAINSUPYIONIUXCA B 00JIACTH KOMIBIOTEPHBIX HAYK
U HOOPMAIMOHHON 6e30IaCHOCTH, AJSA NMPAKTUKYIOIIUX IPOrpam-
MUCTOB, JJI BCEX JKEJIAIONINX U3YYUTH OCHOBBI COBDEMEHHOI TUCKDET-
HO¥M KOMIIBIOTEPHOI MaTeMaTUKHU.

VIK 51
BBK 22.176a73

KHuza usdaemcs 6 asmopckoil pedaxyuu

O0moxKa
A.IO. JIAITIIIUH

© WUspareabctBo «Jlanb», 2020

© M. O. Acanos, B. A. Bapauckunii,
B. B. Pacun, 2020

© UspgarenbcTBo «JlaHb»,
xymoskecTBeHHOe opopmiaerue, 2020



NMPEANCINOBUE KO BTOPOMY U3AAHUIO

Hacrosiiee n3nanne oTnn4aercs oT NpeablAYILIETO OTAENbHEI-
MM H3MEHEeHHsIMH B Pa3HbBIX MecTaX KHHUTH. Dosblloe BHHMaHHe
ObIJIO y/le/leHO YCTPaHEHHIO MeJIKUX MOrpelIHoCTel B JoKa3aTe/b-
cTBax. HekoTopele NOKa3aTe/NbCTBA TeOPEM ObIIM CYLIECTBEHHO
yIpolleHbl aBTopaMu. Bo BTOpod uyacTu KHUrM foGaBieH napa-
rpagp 12.5.

Mbl GsarogapHel CTyIeHTaM MaTeMaTHKO-MeXaHHW4ecKoro ¢a-
KyJbTeTa YpasibCKOTO TOCYIapCTBEHHOTO YHHBEpPCHTEeTa 3a psn
MOJIe3HBIX 3aMEeUaHUH.

YpanbCKHUH TOCYHUBEPCUTET M. O. AcaHoB
r. Exatepunbypr B. A. BapaHnckuii
utodib, 2009 B.B. Pacun



NPEAUCIIOBUE K MEPBOMY U3AAHMIO

OcHoBOH pJisi naHHOrO y4yeGHOTrO MOCOOHSI MOCJYXKHUJIHU JIeK-
1Y, MPOYMTAHHbIE aBTOPAMM [JIs1 CTYAEHTOB MaTeMaTHKO-MeXxa-
HUYECKOTo (paKy/abTeTa YpasbCKOTro roCyAapCTBEHHOTO YHHUBEPCH-
tera uM. A. M. Topbkoro, 00y4aiuMXCs MO CIELHATbHOCTSM
«MaremaTuka, NpUKAagHas MaTeMaTHKa», «MaremaTuka, KoM-
nbloTepHble HayKW» U «KoMmnbroTepHast 6€30MacHOCTb».

B kHure usnaraercs psii pasnesioB TEOPUH rpadoB U MPHUBO-
JSTCSl aJTOPUTMbl TUCKPETHOH ONTHMM3aLMH Ha rpaax U ceTsx.
Martepuai, NoCBSALEHHBIA TEOPUU I'PadOB, COOEPKHUT NOCTATOYHO
OOLIMPHOE BBeleHHe B TEOPHUIO MaTPouoB. MaTpouabl, B 4aCTHO-
CTH, COCTABJISIOT TEOPETHYECKYIO OCHOBY JJISl U3yUeHUs U aHa/lu3a
aJrOPUTMOB, MCTOJNB3YIOLIUX «XKaAHYW» cTpateruto. [loHumMaHue
JKe TIPUPOAbl M 00sacTedl NMPUMEHHMOCTH »KaAHBIX aJrOpPHTMOB,
6€e3yCJI0BHO, HEOOXOIUMO KaXKAOMY CIIELHAJNHUCTy M0 KOMIbIOTEp-
HOH MareMaTHKe U ee NPUJI0KEHHSM.

Teopust rpadoB 3a nocsegHue JeCATH/IETHS] Pa3BUIaCh B BeCh-
Ma OOIIMPHYIO BETBb MaTe€MaTHKH, HMEIOILYI0 MHOTOYHCJIEHHbIe
MIPUJIOKEHHS] B CAMBIX Pa3HOOOPa3HBIX cpepax ye0BeYeCcKOn nesi-
TeJbHOCTH. B HacTosiliee BpeMs MpakTH4YeCKH HEBO3MOXKHO B OfI-
HOM y4eOGHOM MOCOOMM OTPasUThb BCe pasjiesbl TeOpUH TIpados.
[lop6op Tem, MONHSITBIX B KHWUT'E, BO MHOTOM OTpeleseH BKyca-
MM aBTOpoB. Ham XoTesoch npencTaBuTh OCHOBHOE, YCTOSIBIIEECS
PO COBPEMEHHOH TEeOpPUH IpadoB U COMYTCTBYIOIEE eMy CeMel-
CTBO aJITOPUTMOB IUCKPETHOH ONTHMH3aLHH, HanOOJee YacTo HC-
N0JIb3yeMbIX NMPOrpaMMUCTaMH. MBI CTPEMUJIUCH MPUBECTH IVIAB-
Hble JOCTHXKEHHS, He OCTaHaBJMBAsCb Ha Mejoyax U He Yyrayo-
JISISICb B [eTaJbHBIH 0630p pe3yJbTaToB MO 0O0CYKIAEMbIM TEMaM.
M5l cTpeMuIUCh TaKKe MPUBECTH CaMble JIAKOHHYHBIE M H3SLI-
Hble [0Ka3aTejbCTBa M3 H3BECTHBIX HaM. HacTh [0Ka3aTesbCTB
Obl/1a CYLLECTBEHHO MepepadoTaHa HAMU U HEKOTOpBIE M3 HUX CTa-
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JIX OTHOCHUTEJIbHO JaJIeKH OT CBOMX MpoToTHNoB. Harma uenb 6biia
cllesiaTh JI0Ka3aTesbCTBa 6oJiee IPO3PAUHBIMU U He COflepKaLluMU
3arajiok JJjs 4YhTaTese.

MBI coBeTyeM UYHUTaTessIM MPH MEePBOM UTEHHW KHUTH MPOMY-
CTUTb IJ1aBy 4, MOCBSILIEHHYIO MaTpouaam. Hurareau xe, HHTepe-
CYIOIllMeCcs] B OCHOBHOM aJITOPUTMaMH, MOTYT MPUCTYMHUTh K UTe-
HUIO IV1aBbl 7 W MOCJeNYIOUIMX [JIaB cpasy nocJe ryaaebl 1, Bo3Bpa-
asich 10 Mepe HeOOXOAUMOCTH K MPeALIeCTBYIOUIUM TJIaBaM.

B kauecTBe OCHOBHO# JIUTEpaTypbl OTMETHM KHHUTH [3,6,25,30,
49,52,55,60]. Hast yno6cTBa uurtaTesedl MPUBOAUTCS AOCTATOY-
HO TOJIHBIH CTIMCOK JIUTEPATYpPhl 0 PaCCMAaTPUBAEMOMY MpeIMETY,
collepKalluil KHUTH, KOTOpble ObLIM OMyOGJHUKOBAHBI Ha PYCCKOM
s3blke. Mbl ofpaliaeM BHHMaHHe yuTaTesed Ha (pyHIaMeHTaJb-
Hble KHUTH [64-68], pycCKHUX TMepeBONOB KOTOPBIX, K COXKaJNEHHIO,
He uMeeTcs.

Hawmu ucnonbayeTcsi TepMHUHOJIOTHS], HaHOOJIee PACIPOCTPaHEH-
Hasi B MaTeMaTHYeCKOH JuTepaType Kak 3a py0exoM, Tak U B
Poccun. TeopeMbl M MpensioXKeHUss HYMepPYIOTCSI B KHHUre IBYMs
YycJaMU: TlepBOe — HOMep IJIaBbl, a BTOPOe — MOPSAKOBBIH HO-
Mep YTBEp>KIeHHs TaHHOTO THUIA B YKa3aHHOH ryiaBe. AHAJOTMYHO
HYMEepYITCS ¥ aJTOPUTMBL.

3amMeTHM, UTO TpH (POPMAaJU30BAHHON 3aMUCH aJTOPUTMOB MbI
CTapaJjiich He UCMO0JIb30BaTh 0603HAUEHHH Ha KUpHJJIHIEe. B aToM
Mbl CJI€OBAJIM CJIOXKUBLIEHCS POCCUHCKOM MaTeMaTH4eCKOH Tpa-
JIULIMK HamucaHusi (OpPMYJ C MOMOIIbIO JAaTHHCKOTO, IPeyecKoro
U IPYTUX UHOS3BIUHBIX ai(haBUTOB.

KommnbioTepHasi BepcTka KHUTH BbinosHeHa B.B. Pacuubim c
HCIIOJIb30BaHueM nakera Latex 2.9.

Mur Bripaxkaem Haury 6garogapHoctb E. . TpeTbsikoBo#, Ko-
TOpasi BBIMOJHUJIA KOMIBIOTEPHYIO BEPCTKY YACTH PUCYHKOB.

YpanbCKHUH TOCYyHUBEPCUTET M. O. AcaHoB
r. Exatepun6ypr B. A. BapaHnckuii
uroJb, 2001 B. B. Pacun



Ihasa 1

OCHOBHbIE NMOHATHA
TEOPUU T'PADOB

§ 1.1. OCHOBHbIE ONMPEAEJIEHMS

Ilycte V — HenycToe KoHeuHoe MHOxectBo. Uepes V() o6o-
3HaUUM MHOXKECTBO BCEX [BYX3JeMeHTHbIX NMOAMHOXKECTB U3 V.

ObuvikHosennoim epagom (G Ha3biBaeTCsl Iapa MHOMKECTB
(V,E), rne E — mpou3Bo/ibHOe MoAMHOX)ecTBo u3 V(2.

AneMeHTH MHOXecTB V' U E HasblBalOT COOTBETCTBEHHO Bep-
mrHamMu 1 pebpamu rpada G. MHoxkecTBa BeplinH U pebep rpada
G 6ynem o6o3Hauath Takxe depes VG u EG.

OO6BIKHOBEHHBIE Tpadbl YAOOHO MNpPeACTaBAATb B BHAE Oua-
epamm, Ha KOTOPBIX BEPILIMHAM COOTBETCTBYIOT BblIEJIEHHbIE TOU-
KH, a pe6paM — HellpepbiBHble KPUBbIE, COEIUHSAIOLINE 3TH TOUKH.
Ha puc. 1 uso6paxkeHsl [uarpaMMbl TpeX 0ObIKHOBEHHBIX I'pagoB.

a) b) c)

Puc. 1

YacTo mpuxomUTCs pacCMaTpUBaTh 00BEKTH 6oJiee 0O1Iero Bu-
na, yeM OObIKHOBeHHble rpadbl (cM. puc. 2). Takue 00beKTH B
JajbHeleM OynyT HasbiBaTbes epagamu. Ha puc. 2,a usobpa-
JKeH rpad, B KOTOPOM CYLLECTBYIOT Napbl BepIIHH, COeIUHEHHBIE
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6oJiee ueM ogHUM pebpoM. Pasnuunble pe6pa, coennHAWOILINE ABe
JaHHBle BepIUMHbI, Ha3blBaloTCH Kpamuoimu. I'pad, usobpaxkeH-
HBIH Ha puc. 2,b, conepKUT pebpa, COeNUHSIOLIMe BEpPIIUHY CaMy
¢ coboii. Takue pe6pa HA3LIBAIOT NEMAAMU.

a) b)

Puc. 2

Bonee TouHo, epagom nasbiBaioT Tpoiiky (V,E, ), tme V,
E — xoHeuHble MHOXecTBa, V # () u ¢ — oroGpaxenue u3 E B
V@ UV. Eenu ¢(e) = {u,v}, rae u # v, To roBopAT, 4TO pedpo e
coedursiem BepLIMHBI u,v. B 3TOM ciydae OyneM mucarth e = uv.
Ecau p(e) = u, To pebpo e HA3bIBAWOT nem/eli B BEpPIIHHE U.
B stom ciyuae Gynmem Takke mucath e = uu W FOBOPUTb, UTO €
COelIMHSeT BEepLIMHY u caMy ¢ cO6OH.

3anuceiBasi MPOU3BOJIBHBIN I'pad, MBI 4acTo OyIeM OMYyCKaTb ¢
¥ npencraBasath rpad B Buge G = (V, E).

I'padh, mo cyiiecTBy, ecTb Habop M3 NBYX MHOXKECTB MPOU3-
BOJIbHOH MPHUPOIBl — HENMyCTOr0 MHOXECTBa BEPLIMH U MHOXe-
cTBa pebep, MpUuYeM KaxKIOMy peGpy COOTBETCTBYIOT [Be KOH-
LieBble BepIIUHbI, KOTOpble, BOOOLIE TOBOPs, MOTYT U COBMaaThb
(B aTOM caydae peGpo siBsieTCs TeTsel).

OtmetnM, 4TO 06biKHOBeHHbLIL epagd — 3TO rpad 6e3 mereb
U KpaTHBIX pebep.

I'padp G, umelolMi n BeplMH, YacTO Ha3bIBAlOT N-epadon;
ecau, Kpome Toro, G comepxut m pebep, o G — (n, m)-epag.

Ecin e = uv — HekoTopoe pebpo naHHOro rpaga, To Bep-
IIVHEl U,V Ha3blBAIOTCS CMENCHbIMU; TOBOPSIT TAKXKe, UTO U,V —
KOHYesble BEPILIUHbI pedpa e. PeOpo e 1 BeplIuHa v UKy uOeHmHbL,
ecld v — KOHLeBas BeplIMHa AJs e. Pebpa e u f HasplBaloTCA
CMENCHbIMU, €CJIY OHU HMEIOT OOLIYI0 KOHLEBYIO BEPLIHHY.
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[lycts G = (V1, E1), Go = (Va, E2) — nBa rpaga. buektus-
Hoe oroOpakeHue 1 : Vi — Vo HasbiBaeTcs uzomopgusmom G
Ha G, ecau mas JOObBIX u,v € Vi uncao pebep, COENMHSIONINX
BepLIKHbl © U v B (1, paBHO 4ncay pebep, CoequHSIOMUX P (u) U
¥(v) B G2 (pasymeercsi, IPpU © = v UKCJIO METeJNb B BepILIMHE U
paBHO UHCJY MeTesb B BeplinHe ¥ (u)).

OTMeTHM, 4TO B cJydae OObIKHOBEHHBIX TpaoB H30MOp-
¢usM — 3T0 OHeKIHs, COXpaHsollas OTHOLIEHHE CMEXHOCTH;
HHBIMU CJIOBAMH, H30MOP(HU3M 1) XapaKTepU3yeTCs CBOUCTBOM:
[POM3BOJIbHBIE BEPIIMHBL U, v CMEXHbI B Tpade (G; TOTAA U TOJMb-
KO TOrja, Korja BepliuHel 1 (u), ¢ (v) cMexHbl B rpade Ga.

Ipader G1 u Go usomopror (G1 = G3), ecau CylLIeCTBYeT
usomoppusm G; Ha Ga. Ha puc. 3 mpuBeleHbl nuarpaMMbl ABYX
u3oMopHbIX rpagos. JelcTBUTeNbHO, 0TOOpaxKeHUe v, ompeje-
JenHoe npasuioMm ¥(u;) = v;, (1 < ¢ < 6), OUEBUAHO, SIBJsIETCS
HU30MOP(PU3IMOM.

Uy Us Us Uy
Vg v,
G, G,
28 Us
Uy Uy Usg v,
Puc. 3

OrtHomeHne «6bITh H30MOP(HBIMM» Ha MHOMKECTBE BCEX rpa-
(OB, OUEBHUIHO, SIBJISETCS OTHOLIEHHEM 3KBHUBAaJEHTHOCTH. TakuM
00pa3oM, MHOXKECTBO BCeX rpadoB pa30dUBaeTCsl Ha KJIACCHI MOMmap-
HO M30MOp(HBIX rpadoB. 3aMeTHM, YTO AMarpaMma 3anaet rpad
C TOYHOCTBIO [0 U30MOpP(HU3MA.

Cmenenvro BepLIMHBl v Ha3blBaeTCsl YMUCJIO pebep, MHLHUAEHT-
HBIX 9TOH BEpLIVHE, IPUUEM KaxKaasi MeT/sl YUUTBIBAETCS JABAXKIbI.
CreneHb BepIIMHE v 0603HauaeTcsl yepe3d degq v UK MPOCTO Ue-
pe3 degwv. fcHo, uTO B 0OOBIKHOBEHHOM rpade CTeleHb BepLIMHBI
v paBHa KOJHMYECTBY BEpIIHH, CMeXHBIX ¢ v. Okpysceruem N (v)
BEepIUMHbl ¥ Ha3bIBAeTCS MHOXKECTBO BCeX BEPILUMH, CMEXHBIX C .
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Ecnu degv = 0, To BeplliHA v HA3bIBAETCS USOAUPOBAHHOL, A
ecin degv = 1, To — 8ucsueli. Pebpo e, MHUUAEHTHOE BUCSYeH
BepUIMHE, TaKXKe Ha3bIBAIOT BUCAYUM.

Jlemma 1 (o pykomoxkatusax). [lycmo G — npoussonvHolil
epag. Toeoa
Z degv = 2|EG].

veVG

HokasareabctBo. [Ipu mnopcuere cyMMbl cTeneHedl Mpous-
BOJIbHOEe pebpo e = ww BHeCeT CBOH BKJajA, PaBHbIH elHHHLE,
kKak B degwu, Tak ¥ B degw, mpuueM meTss OyoeT yUHUThIBATbCS
IIBAXKJIBI. ]

CaenctBue. [Ipou3BOJIBHEIE Tpad CONEP:KUT UETHOE YHCJIO
BepLIMH HEUeTHOH CTEeNeHH.

HoxkasareasctBo. [Iycth Vj 1 V], — COOTBETCTBEHHO MHOXKeE-
CTBa BepIIMH YeTHOH W HEUeTHOU cTemeHH. Torma

Z degv + Z degv = 2|EG].

veVy veVy

fcno, uto nepeoe csaraemoe 4yeTHo. [TosToMy BTOpOe c/araemoe
Takxke yeTHO. Tak Kak BO BTOPOH CyMMe BCe cjaraemble Heyet-
Hbl, UX uHc/10 ueTHo. CJie0BaTeNbHO, MHOXKECTBO V7 CONEpKUT
YeTHO€ YHCJIO BepILHH. O

Dynem HasbiBaTh rpad 00HOILEMEHMHBIM, €CIAW OH HMeEeT
eIMHCTBEHHYI0 BepuinHy. I'pad G HasbiBaeTcss HyAesvim HWIH
8NOAHE HECBA3HbIM, eCJIM MHOXKeCTBO ero pebep EG mycro. Hy-
JIeBoH n-rpad 6ynem o6o3Hauate yepes O,,. Huarpamma rpada Oy
npuBefieHa Ha puc. 1,b. fcHo, uto HyJseBo# rpad siBJsieTcss OOBIK-
HOBEHHBIM I'pagoM.

O6rikHOBeHHBIH Tpad (G HasblBaeTCs NOAHbIM TPadoM, ecH
JIoOble ero aBe pas/jMuHble BEpLIMHBI CMeXHbI. [lis mosiHoro n-
rpaa npumeHsieTcs o6osHadeHue K,. Ha puc. 1,a nzobpaxen
nosHbl# Tpad K. O4yeBUAHO, CTENEHb KaXKI0H BEpIIHHb B rpade

K,, paBHa n — 1. [loaToMy U3 JleMMbl O PYKONOXKaTHSAX CJELyeT,

-1
yT0 yncgao pebep B K,, paBHO %
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['pad G HasbiBaT 08ydoabHbIM, eCd MHOXKeCTBO V' G MOXKHO
pasbuTh Ha 4Ba HEMYCTBHIX NoAMHOXKecTBa X M Y Tak, 4To Joboe
pebpo rpaca coenuHsieT BeplIMHY M3 X ¢ BepIIMHOH U3 Y. MHo-
)kectBa X 1Y — 370 doau aBynmosbHOro rpada G. Ecan mobee
BepwMHbl © € X U y € Y CMeXHBl U ABYLOJBHBIN rpad sBasercs
0OBIKHOBEHHBIM TpaoM, To (G HasblBalOT NOAHbIM 08YOOAbHbIM
rpadom. Ecnu | X| = p, |Y| = ¢, To Takoll NOMHBIN ABYHOJbHBIH
rpad o6osHauaoT uepes K, ;.

['pad H HasbiBaercs nodepagom rpadpa G, ecnu VH C VG
u EH C EG. B uucao noxarpagos rpaga G OyneM BKJHOYaTh U
nycmoti nodepag . Ecin VH = VG, 1o noarpad H HasbiBaeTcs
ocmosnoim moprpaoM. Pedykyusa rpapa G — 3TO Takod ero
6ctoBHBIU moarpad H, yto H sB/asieTcs 0OBIKHOBEHHBIM I'padom
C HaubOJIbLIMM BO3MOXKHBIM YHUCJIOM pebep.

[Tycts U — nopmHoxkecTBO U3 V' G. O603Hauum yepes D MHO-
JKECTBO Bcex pebep e = wv € EG Takux, uto u,v € U. ['pad
G(U) = (U, D) uassiBaetcsi no0epagom, nopoxcoerHvim MHOMCe-
cmeom gepuiun U.

AnanoruuHo omnpegnesnsieTcss Tnoarpad), NOPOXKIEHHBIH 3anaH-
HbIM MHOXecTBOM pebep. Ilycts D C EG. O6o3HauuMm uepes
U MHOXeCTBO BCeX BEpLIHH, SIBJSIOLIUXCS KOHLEBBIMH 15 pe-
Gep us D. Torma rpad G(D) = (U, D) naseiBaloT nodepagom,
noposcoenHbvim mMHoMcecmaom pebep D.

[Tycte G — npousBoJibHbIH rpad 1 H — ero noarpad. C xax-
JIOM BEepIIMHOH v M KaxkKIbIM PeOpPOM e MOXKHO CBfI3aTb NOATPadbI
H—-—v, H—eu H+e.

[Tonrpady H — v moayuaercs u3 noarpacda H ynaneHueMm Bep-
IIMHBl ¥ U BCeX MHLMUIEHTHBIX 3TOH BeplinHe pebep. OTMeTHM,
YTO eCJIM v He JexUT B noarpage H, To H —v = H.

[Tonrpacd H — e nonyuyaercs u3 H ypnanenuem pebpa e. 3nech
Takxxe H —e = H, eciu e He JexuT B H.

[loprpadp H + e mosyuaercs u3 H pno6aBieHueM pebpa e U
IBYX €ro KOHLIEeBHIX BepiliuH. Ecnu e jexut B H, To H +e = H.

Yepes Sub(G) 6ynem o6o3HauaTh MHOXKECTBO BCex moarpados
rpada G. Onpenenum otHoweHue < Ha Sub(G), monaras Hp <
< H, nas nonrpacdoB Hy u Hy rpada G Torma u TOJbKO TOTAA,
Korna H; aBasercs noarpagom B Hy, T. e. korna VH; C VHy u
EH,; C FHs. OueBUHO, OTHOLIEHHE < €CTb YaCTHUHBIH MOPSI0K
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Ha Sub(G). Bynem roBoputb, uto Hi codepacumcs B Ha, ecau
H, < H,.
[lycte Hy u Ho — npousBosbHble noarpadsl rpada G.
Onpepnenum obwvedurnernue Hy U Ho noarpados Hy u Hs, mno-
Jlaras

V(H UHy)=VH UVH, w E(H,UH,)=EH, UEH,.

OueBupHo, Hy U Hs siBAisieTCsl TOUHOW BepXHeH rpaHuned pmas Hy
1 Hy B Sub(G) orHocHTeNbHO <.

Onpenenum nepecevenue Hy N Hy nonrpagos Hy u Hy, mo-
Jarasi

V(Hl ﬂHg):VHlﬁVH2 H E(HlﬂHg):EHlﬁEHQ

OueBupnHo, Hy N Hy siBasieTcst TOYHOH HUXKHeH rpaHuued aias Hy
u Hy B Sub(G) orHocuTesbHO <.

HerpynHo ycraHoBuTb, 4To Sub(G) siBaseTcss OUCTPUOYTHB-
HOH pelleTKOH OTHOCUTENbHO < C YKa3aHHBIMH orepauusMd U
un.

[lycte Hy, Hs,...,H; — noarpagsl rpaga G U BBINOJHEHO
ycaosue H;, N H; = 0, ecn @ # j u 4,5 = 1,2,...,t. Torna
Hi{UH,U---U H; HasbIBaeTcs Ou3vronKmHbim obvedureriem u
obosuauaercst uepes Hy U Hy U ... U H;.

§ 1.2. MAPLUPYTbI, CBA3HOCTb, LIUKJIbl U PA3PE3bl

Mapwpymom B rpade G HazbiBaeTCs yepeaylolLlascs MocJje-
JOBaTe/JbHOCTb BePLIMH U pebep

V0,€1,V1,-..,Vt—1, €, Ut,

B KOTOpOH e; = v;_1v; (1 < i< t).

Taxoit mMapiIpyT KpaTKo Ha3bIBalOT (Vg, Ut )-MAPULPYMOM U TO-
BODSIT, UTO OH coeduHsem vy C Uy, B CBOK Oyepelb BepLIMHbI
Vo, V¢ — 3TO KOHYE6ble BepIIMHbl yKa3aHHOro Mapuipyra. HacTo
MapupyT “306pakaioT B BuUJe

€1 €2 €
Vo — V] — ++ — vy
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OTMeTHM, 4TO CTPesNKH 3[eCh yKa3blBAalOT JHLIb MOPSIOK CJe0-
BaHUSA BepLIMH B MapLIpyTe.

Haunoil MapuipyTa Has3blBalOT KOJUYECTBO COLEPKAlLMXCS B
HeM pebep. Ciyuyall, Korja AJMHA MaplLIpyTa paBHa HYJMIO, He HC-
KJIIOUAeTCsl; B 9TOM CJyyae MapLIpyT CBOAUTCS K OLHOH BepILHHE.

3aMeTuM, 4TO B OOBIKHOBEHHOM rpacde MapuipyT MOJHOCTBIO
onpenessieTcs MoC/eL0BaTENbHOCTBIO Vg, U1, . - . , Uy CBOMX BEPILIHH.

Ecnu vg = vy, 10 (vg, U¢)-MapLIPYT HA3BIBAETCS 3AMKHYMbIM.

B npoussosibHOM MaplupyTe Jo6oe pebpo U J00as BepLIMHA,
pasymeercsi, MOryT moBTOpsATbcs. HaksanbiBasi orpaHnyeHusi Ha
YUCJIO MOBTOPEHHUH BepLIMH WU peGep, Mbl NPUXOAHUM K CJeny-
IOLIMM YacTHBIM BHIAM MapLIpYyTOB.

Lleno — sto MapuipyT 6e3 nostopsiomuxcs pedep. Llenb Ha-
3bIBAETCS NPOCMOLL Yenvro, eCd B Hell HeT MOBTOPSIOLIMXCS Bep-
IMH, KPOMe, ObITb MOKET, COBMA/AIOIIMX KOHIUEBBIX BEPIIMH. 3a-
MKHYTasi IpoCcTasi Lelb Ha3bIBAETCS UUKAOM. 3aMETHUM, UTO LMKJI
TIOJIHOCTBIO OTIpPelesisieTCss MHOXKECTBOM CBOUX pebep, MO3TOMY ya-
CTO TIOZ LIMKJOM Mbl OyJeM MOHUMAaTh COOTBETCTBYIOLEe eMy MHO-
kecTBo pebep. [letss naer uuka AAMHBEL 1, mapa KpaTHbIX pebep
o6pasdyeT UMKA AJaWHBl 2. LIMKJBl NJIMHB 3 HAa3bBIBAIOT OOBIYHO
mpeyeoNvHUKAMU.

Jlemma 1. Ecau 0as nekomopoix gepuiun u,v 8 epage cy-
wecmsyem (u,v)-mapwpym, mo cyuiecmayem u npocmas (u,v)-
yeneo.

IokasatenbcrBo. PaccmoTpuM B rpade (u, v)-MapuipyT Hau-
MeHble# AMUHbL. [loKaXKeM, 4TO 3TOT MapIIPYT SABJSETCS IPOCTOH
uenbio. Eciin B HeM uMeeTcst MOBTOPSIIOIIASICS BEPIIMHA W, TO, 3a-
MEHSISl 4acTh MapIipyTa OT MEPBOrO BXOXKIEHHSI BEPIIMHBI w [0
ee BTOPOTO BXOXK[IEHHSI HA OJ(HY BEPIIMHY w, Mbl MOJYyUHM GoJiee
KOPOTKHUH (u,v)-MapLpyT. O

I'pa G HasbiBaeTcs c8a3HbIM, €CTH IJ1s1 NIOOBIX OBYX Pas3jnu-
HBIX BEpIUHH U,V CyLIeCcTBYeT (u,v)-MapLIpyT.

OxasblBaeTcsi, IPOU3BOJBHBIH I'pad MOXKHO IOJYYUTh KaK 00b-
enHeHHe CBA3HBIX TpadoB. C 3TOH LiesIbl0 Ha MHOXKECTBE BEpILHH
VG rpada G onpenennm omuouwierue c8as3Hocmu ~, nonaaras

uw ~ v <= cyliecTByeT (u,v)-MapupyT.
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Jlerko BUIETh, YTO 3TO OTHOLUEHHE SIBJSETCS OTHOLUEHHEM 3KBHU-
BajieHTHOCTH. O603Hauum uepe3 Vi, Vs, ..., Vi Kaaccsl 3TOTO OT-
Howenwus. [lyete G; = G(V;) — moarpad, mopoxIeHHBIH MHOXe-
ctBoM BepwnH V;, (1 < i < k). [padnt Gy, Ga, . .., Gi Ha3bIBAOT-
csl komnonenmamu cesznocmu rpada G. fdcHo, 4yTO Kaxkaas Kom-
TIOHEHTA CBSI3HOCTH sBJsieTCS CBA3HBIM nonrpagom. OueBHOHO,
KakKIbl{ cBSA3HBIH noarpad rpada G siBiseTcs NoarpadoM HeKOTo-
pOH ero KOMIOHEHTBI CBA3HOCTH. [T03TOMY MHOXKeCTBO KOMIIOHEHT
CBSI3HOCTH — 3TO MHOXKECTBO BCeX MaKCHMaJbHbIX CBSI3HBIX MOJ-
rpaos naHHoro rpada, 1 Jwoboe pe6po NpUHAIIEKHUT HEKOTOPOH
KOMITOHEHTE CBSI3HOCTH.
Takum o6pasoM, cpaBefJUBO Clelylollee yTBepKAeHHe:

Kaxcooii epagp sersemcs Ou3sroHKmHoiM 06BedUHeHueMm
CBOUX KOMINOHEHM C8A3HOCMU.

B nasnbHeiliiem rpad, UMeOLIUEH n BeplinH, m pebep U k KoM-
MOHEHT CBSI3HOCTH OyieM HasblBaTb (n,m, k)-epagom.

a) b)

Puc. 4

Paspesarowum mroxcecmeom pebep rpada HasbBaeTCs MHO-
JKecTBO pebep, ynaseHHe KOTOPOro M3 rpaga NpUBOAUT K YBe-
JIMYEHUI0 YMCJIa KOMIIOHEHT CBSI3HOCTH. MHUHMMaJIbHOE MO BKJIO-
YeHHIO paspesalolllee MHOKeCTBO pebep rpada Has3blBaeTCsl ero
paspezom. Mocm rpada — 3To pe6po, COCTABJAIIIEE OLHOAJE-
MEHTHBIH paspe3. MHbIMH c/I0BaMH, NPH yHaJeHHH MOCTa YHUCJIO
KOMIIOHEHT CBSI3HOCTH Bo3pactaeT. Ha puc. 4 mokaszaHbl IpUMepbl
pa3pe3oB B rpadax, npuueM Ha puc. 4,b mokasaH MOCT.
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Jlemma 2. [lpu ydarenuu us epaga mocma 4uci0 KOMNO-
HeHM C8A3HOCMU YBEAUUUBALMC MOUYHO HA eOUHULY.

HokasarensctBo. [lycTb U3 rpaca ynansercs MOCT e = uv.
B rpajge G — e BeplIMHBl © U ¥ HeJb3sl COEAMHHUTb MPOCTOH Iie-
Mbl0, MHAUe COXPAHUTCS OTHOLIEHHE CBSI3HOCTH H, CJIeOBaTelb-
HO, COXPaHHTCSl YHCJO KOMIIOHEHT CBSI3HOCTH. TakuM 00pasom,
BEPUIMHB U4 U ¥ JIEXKAT B Pa3HbIX KOMIIOHEHTaX CB3HOCTH rpada
G—e.

[Iycte & — mnpousBoJibHasi BepiuuHa rpada G, AJs KOTOPOH
cylecTByeT mpoctast (x,v)-uens (B cHay JeMMbl | 3TO B TOuHO-
CTU Te BEpIIUHBI, KOTOPHIE JIEKAT B TOH K& KOMIIOHEHTE CBSI3HO-
ctu rpada G, 4to u BepmnHA v). Ecin B 3Tol mpocToil menu He
BCTpevaeTcsi pebpo €, TO BEPLIMHBL & WU v JieXKaT B ONHOH KOM-
noHeHTe cBsi3HOCTH rpada G — e. Ecau B Takoiél mpoctoé uenu
BCTpevaeTcs pebpo e, To Lenb 0653aTeJbHO HMeeT BUJ

T— . — U — .

[losToMy BeplIMHBI & U u JI€XAaT B ONHOH KOMIIOHEHTE CBSI3HOCTH
rpaga G — e.

Hrak, npu ynaneHWHd MOCTa e TOYHO OfIHA KOMIIOHEHTa CBfI3HO-
cTy rpada G, a MMeHHO KOMIIOHEHTa, cofiepxKallias v, pacnaiaercs
Ha JBe KOMIIOHEHTbI CBSI3HOCTH rpada G — e. O

Jlemma 3. [Ipu yoarenuu us epaga pebep eco paspesa 4ucio
KOMNOHEHM C8A3HOCMU YBEAUUUBALMCS MOUHO HA eOUHULY.

HokasareansctBo. [lyctb u3 rpada G ypansercss paspes
{e1,ea,...,e;}. MoxHo cuurarb, uto t > 1. [locse ynasnenus
MHOXecTBa pebep {e1,ea,...,e;_1} UACAO KOMIOHEHT CBSI3HOCTH
coxpaHsieTcsi U pebpo e; cTaHOBUTCS MocToM. JlanbHefiee yna-
JieHre pebpa e; B CHJIY JIEMMbl 2 TIPUBOAMT K YBEJHUEHHIO YHCJ/IA
KOMIIOHEHT CBSI3HOCTH DOBHO Ha e€IHMHHLY. O

s mpousBosibHOrO pebpa rpada G ecTb ABe BO3MOXKHOCTH:
Jub0 e CONEpKUTCA B HEKOTOPOM LHKJe rpaga, JH00 e He Co-
JIepKUTCH HH B KakoM [UKJe rpaca. B mepsom ciyuae pebpo e
Ha3blBalOT yuKAuieckum pedbpom, a BO BTOPOM — QUUKAULECKUM.
BhIsicHUM CBSI3b MeX1y aUMKJIWYeCKUMU peOpaMH U MOCTaMH.
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Jlemma 4. Pebpo epagha sersemcs mocmom mozda u moabKO
moeda, K020a OHO He COOepHUmMcs HiU 8 0OHOM UUKe.

Hoka3sareabctBo. [lycts ¢ = uv — MocT. Eciu e conepxutcs
B HEKOTOPOM LIMKJIE, TO CYIIECTBYET mpocTas (u,v)-lenb, He Co-
nepxauasi e. CjiefoBaTesbHO, MoCJ/e yaaJleHUs: pebpa e U3 rpada
OTHOLIEHHE CBSI3HOCTH He U3MEHHUTCS, UTO HEBO3MOXKHO.

O6patHo, ycTh e = uwv He sABJAseTcs MocToM. [locie ynanenus
e n3 rpadpa G BepUIMHB © U v OYAYT JieKaTb B OOHOM KOMIIOHEHTE
cBsi3HOCTH rpada G —e. B cuny nemmel 1 B rpadhe G — e umeercs
npocrasi (u,v)-uens. Jo6aBasisi K 3ToH Uenu pebpo e, MOSYUUM
uuka rpada G, comepxkauui pebpo e. O

M3 nemMmbl 4 BbITekaeT, 4TO alMK/IHYecKHe pe6pa — 3TO B
TOYHOCTH MOCTHL.

Jlemma 5. [Tycmo muoscecmso sepuiurn c8s3noeo epadp G
pa3bumo Ha 08a Henycmovlx Henepecekarouyuxcs noomMHox ce-
cmsea U u W. Toeda cywecmeyem maxoe pebpo e = uw, 4mo
velUuweW.

Joka3arenbcTBo. Bo3bmem nBe BepuinHbl @ € U nu y € W.
B cuny cBsisHocTu rpaga G cyiiectByet npocrast (z,y)-Lelb:

€1 €2 €t
T=vV9 —> VL —> - —> UV =Y.
[lycTb v; — mocsenHss BeplnHa Lemny, Jexamas B U. Torna v; #

# y 1 vi41 € W. CrienoBatesibHO, pedpo e;+1 = v;V;4+1 SBJISETCA
HUCKOMBIM. O

Teopema 1.1. [lycmo G — obwikHosennwvili (n, m, k)-epag.
Toeda evinosnerno 08oLiHOe HepaseHCcmMB0

(n—k)(n—k+1)
5 :

n—k<m<

HoxkasareabcTBo. [IpoBeprM cHayasa BepxHIoO0 oueHKy. O6o-

3HAUUM yepe3 (7 OOBIKHOBEHHBIH rpa@, HUMEWILHMH 71 BeplIUH,
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k KOMIIOHEHT CBSI3HOCTH H HauOOJblllee BO3MOXKHOE YHCJIO pe-

6ep m. [Tokaxxem, 4TO
~ — —k+1
m= (n k:)(?’; i )

JIerko moHATb, YTO Kaxaasi KOMIIOHEHTA CBSI3HOCTH rpada G
siBJsieTcst noJHbIM rpacdom. [lostomy

G=K,, UK, U.. UK,

MOXKHO CYHTATh, UTO Ny = Ng = ... = Ny.

Y6enumesi, uto ngy = 1. Ilpenmosoxum, 4to no > 1. IlycTb
u — HeKoTopas BepluuHa rpada K,,. ¥nanum no—1 pebep, UHLHU-
JNEHTHBIX BeplLIMHe u, a 3aTeM A06aBUM np pebep, COeqUHSIOMINX
BEPUIMHY v C KaXX10# BeplinHOH rpada K, , T. e. lepeHeceM Bep-
IIMHY © U3 BTOPOH KOMIIOHEHTHI CBSI3HOCTH B TepBYy10. [IocKobKY
ny > ng — 1, MosydyuM rpad, UMEIUH n BeplInH, k KOMIOHEHT
CBSI3HOCTH M GOJIbLIE YeM 1 pebep. DTO MPOTHBOPEUUT BBHIGOPY
rpaga 5 CaepnoBatesbHo, ng = 1. Torma ny = ... = ng = 1,

T. e. Bce peOpa rpada (G comepxarcs B nosHoM rpage K,, u
n1 =n —k + 1. [Tostomy

~_ (n1 — 1)my (n—k‘)(n—k—kl).

2 2

O6partumMcs Tenepb K HUXKHeH oueHKe. JJ1s ee IPOBEPKH MpHU-
MeHHUM HMHOYKIHIO0 Mo uucay pebep. Ecim m = 0, o n = k, u
TpebyemMoe HepaBeHCTBO oueBHIHO. [lycth m > 0. [Ipenmosoxum,
4TO 1/ BceX rpadoB ¢ YUCIOM peGep, MEHBIIUM YeM m, OLEeHKa
umeet Mecto. Pacemorpum (n,m, k)-rpap G. Ilycts G1 = G — e,
rie e — HeKoTopoe pebpo rpada G. Torma Gy siBasercs (n,m —
—1,k1)-rpacdom, rue k1 < k+1 B cuay nemmbl 2. CrieoBaTesibHO,

m—1>2n—ki>2n—k—1,
T.e.m=>=n—k. ]
Crencreue 1. Tlycts G — oGbikHOBeHHbIH (1, m)-rpad. Ecau
(n—=2)(n—-1)

m>

To rpad G cBs3eH.
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HokasarenbcTBo. [lycTh k — 4YHCIO0 KOMIOHEHT CBSI3HOCTH
rpada G. Eciu k > 2, To

m < (n—k)(n—k+1) < (71—2)(11—1)7
2 2

yTo HeBOo3MOxKHO. CJjenoBatenvHo, k = 1, T. e. rpad G cBs3eH.
O

Crencteue 2. Ecnu G — npousBosibHbli (1, m, k)-rpad, 1o
m>=n-—k.

Hdoxa3sarenbcTBo. [IycTh 00bIKHOBEHHBIH (1, m1,k)-rpad G,
sBaseTcs penykuuer rpadpa G. Torna m > my > n — k. O

Teopema 1.2 (Kéuur). Henyresoil epag ssrsemcs 08ydoas-
HolM epagom moeda u moavko mozda, K020a OH He umeem UUK-
108 HewemHou OAUHbL.

Hoka3areabcTBo. B nBynonbHOM rpade, OueBHAHO, HET Ie-
TeJb YU JIIOOOH 3aMKHYTBIH MapLIpPyT HMeeT YeTHYI0 AJHHY.

OO6paTHOe yTBep:KJeHHE TeOopeMbl AOCTATOYHO N0Ka3aTb MJisl
cBsizHoro rpada G. Ilyctb HenyneBoi rpad GG CBsi3eH U He HMeeT
LUKJIOB HEYETHOH MJUHBI. 3aQUKCHPyeM HEKOTOPYI0 €ro BepllH-
HY vg. PasoObeM MHOKECTBO BCeX BepLIMH V Ha [Ba HEMYCTHIX
HerepeceKaoluxcs NogMHoxKecTBa Vy U Vi caenyomum o6pasom.
B Vh (B V1) momecTuM Bce Takde BeplidHb u rpada G, uTo Kpar-
yaiimas (vg,u)-1elb HMeeT YeTHYI (COOTBETCTBEHHO HEUETHYIO)
nauny. fcHo, 4To vy € V).

[ToxaxkeM, uto B rpage G HeT pebep e = ab Takux, UTO Bep-
WHHE a 1 b nexat ogHoBpeMeHHO B V nau Vi. Ilycts, oT mpoTus-
Horo, 1Jisi pebpa e = ab BumosHsieTest a,b € Vy (cayuait a,b € V3
paccmarpuBaeTcs aHajorudHo). [lyets Py — Kpartuatimas (vg, a)-
uenb, a P — kparyaiimas (vg,b)-uenb. O6e 3TH LeNd HMET
yeTHyt0 nauHy. O603HaYMM uyepe3 u MOCJENHIO BEPLIMHY LEMH
Py, npuHanaexamyio uenu P;. Torpa mopuenu ot vy O w B Le-
nax Py u P, UMelT OAMHAKOBYIO AJUHY (MHaue, mpobexaB Mo
6oJiee KOPOTKOH MOALENH OT vy A0 U MBI CMOTJIM Obl HAHTH GoJiee
KOPOTKYIO ILlellb OT vy IO @& WJIH OT vy A0 b, 4eM uenb Py uau
uenb Pr). OueBHIHO, MOAUENH OT % I0 a ¥ OT u 10 b B uensx Py
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U P; vMeoT oIMHAKOBYIO YeTHOCThb. Torma oHU BMecTe ¢ pebpom
e 00pasyloT LMK/ HeYETHOH AJHHBI, YTO HEBO3MOXKHO. O

§ 1.3. OPUEHTUPOBAHHbIE ITPAbI

[Tycts V, D — mnpousBojibHble MHOXeCTBa, npuuem V # ().
O603HauuM uepes V2 1eKapToB KBaapaT MHOXKecTBa V.

Opuenmuposarroim epagom wnu, xopoue, opepagom G Ha-
spiBaercst tpoiika (V, D, ), The ¢ — HEKOTOpoe OTOOparkeHHe
MHOXecTBa D B MHOXecTBO V2. DneMeHTH MHOXecTB V u D
Ha3blBAlOTCSl COOTBETCTBEHHO gepuiuramu u dyeamu oprpaga G.
MHoxecTBa BeplIMH U OyT oprpada G yno6HO 0603Ha4YaTh yepes
VG u DG coorBerctBeHHo. Eciin f — nyra, To ¢(f) siBnsercs
yropsiioueHHo# napo# (u,v), rae u,v € V. [lyra f evixodum us
gepuiLHbL u ¥ 3axX00um 8 8epulury v; B CBOIO ouyepelb u U v Ha-
3bIBalOTCS KOHLEBBIMH BepLIMHAMHU AYTH f; B HasbHellleM Oynem
nucatb f = b (a uHOrma pmaxke — f = wv, €CJU HET OMNACHOCTH
BO3HUKHOBEHHUS MyTaHUL(bI).

[Ipu 3anucu npousBosbHOTO oprpada OH, Kak MpaBHJo, OyaeT
npeacrasastbes B Buge G = (V, D).

Oprpadbl TpUHATO H306pakaTh NpH MOMOIIM AHArpaMm, aHa-
JIOTUYHBIX IuarpamMmam ajs rpagos. PasHuua cocTOMT JHIIb B
TOM, 4TO JIMHHUS, U300pakaiolias Ayry, UMeeT HallpaBJeHHe.

C xaxabim oprpadgom G = (V, D) ecrecTBeHHO CBs3aTh rpad
Go = (V,E), HasbiBaeMblil ocHoBaHuem naHHoro oprpada. s
TNOJTy4yeHHs] OCHOBAHUSI HeOOXOAMMO B oprpade G 3aMeHUTb Kax-
ayio ayry f = ub pebpom e = uwv. Ha puc. 5 nuzobpaxensl oprpac
M €ro OCHOBaHHeE.

Puc. 5
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Oprpad G HasblBaeTCs C8A3HbIM, ECIU CBA3HBIM SBJISETCS €r0
OCHOBaHHe.

OpuenmuposanHoim MApUIPYmMom WU, KOPOUe, OpMapuipy-
mom B oprpade (G HasblBaeTcsl depelylollasics MocJjeloBaTellb-
HOCTb BEPIUWH U IyT

vOafl,”la"wvt—laft,Uh

B KOTOPOH f; = 0,10, (1 < i < ¢).

Takoll opmapuIpyT MPHHSATO Ha3biBaTh (U, v)-OPMAPLIPYTOM;
BEpIIMHBl ¥y M v; Ha3bIBAKOTCS COOTBETCTBEHHO HAHAALHOL W
KOHeuHOl BepIIMHAMH TakKoro opmapuipyra. Ecau vy = vy, TO
OpPMapLIPYT HAa3bIBAIT 3aMKHymoiMm. KoaudecTBO IyT, COCTaBJIS-
IOLIMX OPMapLUpPyT, — 3TO AJHMHA OpMapLIpyTa.

OpmapuipyT, He cofepKallyil MOBTOPSIOIMXCS AT, Ha3blBAIOT
opyenvro. [Ipocmas opyeno — 3To oplienb 6e3 MOBTOPSIOLIUXCS
BepIIUH (KpoMe, OBITh MOXKET, COBMAAAIOLIMX HAaYaJbHOH U KOHeY-
HOM BeplIKH). 3aMKHYyTasi MPOCTasi OpLelNb HA3bIBAETCS OPUUKAOM
WA KOHMYPOM.

HetpyanHo mpoBepuThb, YTO CyllecTBOBaHUe (u,v)-0pMaplLipyTa
rapaHTHpYyeT CYL1eCTBOBaHHe NpocTol (u,v)-OpLemnH.

[oBOpAT, YTO BeplIMHA v JOCMuNMUMA W3 BEPIUIUHBI U, €CJH
cyuiectyet (u, v)-opmapupyt. Oprpad G cusvio cés3en Wi op-
c8sa3eH, ecsu n0bas ero BepliMHA AOCTHXKHMa U3 JI0O0H APYroH
BeplluHbl. OueBUIHO, CHJIBHO CBSI3HBIH oprpad siBjseTcsi CBf3-
HbIM; 06paTHOe yTBep:KIeHHe, pa3yMeeTcs, He BEpHO.

I'pa G HasbIBaeTcs opuenmupyemoim, eC/M OH SIBJSETCS OC-
HOBaHHEM HEKOTOPOT0 CHJIbHO CBSI3HOTO oprpada.

Teopema 1.3. Csasnwvui epagp G opuenmupyem moeda u
moAbKo moeda, Koeda Kaxdoe eeo pebpo He 18Asemcs MOCHOM.

HoxkasareabcTBo. [lycTb rpad G sBasieTcss OCHOBaHHEM Op-
rpapa H u G copmepxut Moct e. Torna B H umeercs pyra f =
= u®, rie u, v — KoHUbl pebpa e. OueBunHo, B H HeT (v,u)-
opmapupyTtoB. CyenoBatesnbHo, rpad G He sIBJSIETCS] OPHEHTHPY-
€MBIM.

O6patHo, mycTb rpad G He UMEEeT MOCTOB, T. €. KaxKnoe peb-
po rpada G comepKHUTCA B HEKOTOPOM LiuKJe. [TockosbKy 060
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LUKJ SIBJSETCS OPUEHTHUpPYeMbIM rpadoM, B rpade G CyLiecTBy-
eT MaKCHMaJbHbIH OpUeHTHpyeMbld noxarpag H. Y6emumcs, uto
H = G. JonycTuM, 4TO 3TO PABEHCTBO HE BLINOJHEHO. B cuay
CBsI3HOCTHU Tpada G cymiecTByeT peOpo e, MHUUAEHTHOE BeplIHHE
v u3 H u He nexautee B H. [lo npeanosoxeHnio pebpo e neXUT
B HekoTopoM LuKjae C. O603HauUUM Yepe3 () MHOXKECTBO pebep
LMKJa, He NpUHaMJIexawux noarpadgy H. HeTpynHo noHATb, 4TO
no6aBuB K H Bce pebpa M3 MHOXKeCTBa (), Mbl CHOBa IOJY4HM
OpHEeHTHpPyeMBIH MoArpad B NpoTUBOpeyHe ¢ BeiGopoMm H. O

Ilycte G — mnpousBosbHBEIN oprpad. [loaycmenernvro ucxoda
Egév BEpIUMHbl ¥ HAa3blBAETCS YHUCJ/IO BCeX OYT, HMEWLUX v B
KauecTBe Hadaja. AHaJOTHYHO, noaycmenexs 3ax00a @v —
3TO YHCJO BCEeX AYT, O/ KOTOPbIX BEPIIMHA v SIBJSETCS KOH-
oM. Oprpad, comepKalldil n BepLIMH U m AYT OyoeM Ha3bBaTb
(n, m)-opepagon.

[TonycreneHu ncxofa W MOJNYCTENEHU 3aXOLa CBs3aHbl CJeny-
IOLIMM OYEBHUAHBIM 06Pa30M.

Jlemma 1. [lycmo G — npoussoavrbitl (n, m)-opepagp. Toeda

*_> (_&
Z degv = Z degv = m.
vEVG vEVE

AT1o yTBepxkjeHHe aHajoruuHo Jemme 1 u3 § 1.1, ero yacro
Ha3bIBAIOT OPAEMMOLL O PYKONONKAMUSLX.

§ 1.4. MATPULbI, ACCOLLUMPOBAHHBIE C TPAODOM

[Tycts G — mpou3BoOJbHBIH n-Tpad. YTIOPSAOYUM MHOXKECTBO
BEPLIMH rpada
VG ={v1,v2,...,0,}.

WHupiMu cioBaMH, 3aHyMepyeM BepLIMHB rpaga yncaamu ot 1 o
n. I'pad, y KOTOporo MHOXKECTBO BepLIMH JHHEHHO yMNOPSAOYEHO
WJIH, OPYTHMH CJIOBAaMH, 3aHYMEPOBAHO HATypa/JbHBIMH UHCAAMH
oT 1 10 n, Toe m — 4MCJI0 BeplIMH rpada, Ha3bIBAETCS nOMEeUeH-
Hoim TpacoM.
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Omnpenennm matpuny cuescrocmu A = A(G) = (j)nxn I'Pa-
¢a G, nonaras «;; paBHBIM UMCay pe6ep, COefHHSIOMNX BepPLUIHHbI
v; ¥ vj, IPUYEM MPH 4 = j KaXXAylo NeTII0 YYUTbiBaeM IBazKbl.

Ha puc. 6 npuBeseH npumep rpada ¢ HEKOTOPOH HyMepaunnen
BEpPLIMH M yKas3aHa COOTBETCTBYIOLLAs MaTpHLA CMEXKHOCTH.

1 2
2110
1 01 2
1101
0210
3 4
Puc. 6

O‘—IeBI/IJlHO, MaTtpuia CMeXHOCTH — 3TO KBaapaTHasd CHMMET-
puueckasi matpuua. Cymma 3/eMeHTOB i-H CTPOKH paBHa degw;,
n

T. €. Zaij = degv;. OTMeTHM, 4TO [J51 OOBIKHOBEHHBIX Tpad)oB
j=1

MaTpHlla CMEXXHOCTH OMHApHA, T. €. COCTOUT W3 HYyJed U eIuHHLL,

NpUUeM €ee TJ1aBHasi JUarOHaJb IeJUKOM COCTOUT M3 HYyJied.

Hns nanHoro rpaca uMmeetcst, Booblie roBopsi, HECKOJNbKO MaT-
PHL[ CMEXHOCTH, OTBEYAIOIIHUX PA3/JUYHBIM ero yHopsiaoueHHsM.
OueBHIHO, OfIHA MaTpHlla CMEXKHOCTH rpada nosaydaercs U3 1py-
ro#l ero MaTpHUIbl CMEKHOCTH C TIOMOIIbI0O HEKOTOPOH MepecTaHoB-
KM CTPOK M TOYHO TAaKOH Ke MepecTaHOBKH CTOJOIOB.

[Iycth o — mpoU3BOJIbHASI TOACTAHOBKA Ha MHOXECTBE
{1,2,...,n}. Onpenenum marpuny S(c) = (0ij)nxn, NoNaras

1, ecmmo(i) =,
7710, ecn o(i) # j.

Hetpynno npoeeputsb, uto S(o~1) = S~1(0) u marpuua
S (0)AS(c) = S(o1)AS(0)

noJiydaeTcss U3 MaTpHL bl A ¢ TIOMOIIbIO [epeCTaHOBKHU CTPOK H
nepecTaHOBKH CTOJIOLOB, OTBEYAIOLIKMX IOJCTAHOBKE O .
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Takum o6pasoM, 1Be MaTPULl CMEXKHOCTH rpada G nopoOHEL.

B cusy a3TOro KoppekTHoO caefyloliee onpeneneHue. Xapakme-
pucmuueckum mHoeouserom rpapa G HasblBaeTCsl XapaKTepHCTU-
yecKHH MHOrouJieH Jiio6ol n3 ero mMatpul cMexxHocTH. CoBOKyII-
HOCTb BCEX KOPHEH XapaKTepHCTHYECKOro MHOrOYJEHa, C YYETOM
UX KPaTHOCTH, HasblBaeTcsl cnekmpom rpaga G.

Jasee, roBops o marpuue cMexXHOCTH rpada G, Mbl Gynem
npennosaratrb, 4yTo rpag ynopsaodeH KakuUM-au60 o6pa3oM, XOTs
B SIBHOM BHJE 3TO YINOpsiOoueHHe He OyleM 3apaHee YKa3blBaTb.

[IpuBenem Tenepp OAMH TPHUMED YTBEPXKAEHHS, HJJIIOCTPUPY-
IOLIEr0 BaXKHOCTb MaTpPHUL, CMEKHOCTH.

Teopema 1.4. [Tycmo A = (Qj)nxn — MAMPUUQ CMEIHCHO-
cmu epaga G 6es nemerv u Al = (Vij)nxn, 20e I € N. Toeda
Vij pasHo uucay (vi,vj)-mapuipymos osurbL l.

Joka3arenbcTBO. YTBepxaeHue oueBugHo npu [ = 1. Ilyctb
| > 1 u yTeepxkaenue BepHo aas [ — 1. Torga A" = (&j)nxns
rae &;; paBHO 4Hcay (v, vj)-MapmipyToB ajuHbl [ — 1. CaenoBa-

TeJIBHO,
n
Yij = E ﬁvzsasj
s=1

paBHO 4Hcay (v;,v;)-MapLIPyTOB IJHHBL I, TaK KaK Kax[AblH Ta-
KOH MapIIpyT COCTOHUT U3 (v;, s )-MaplipyTa IJuHb [ — 1 1 pebpa,
Be[ylLIero M3 mnpejnocsaefHed BepLIMHbBl vg MaplipyTa B ero Io-
CJIE[IHION BEPIIUHY V. O

3ameTuM, UTO J0Ka3aHHas TeopeMa BepHa U AJs rpados ¢ net-
JIIMH, €CJIM CUMTaTh, YTO KaXKJaas MeTJsl UMeeT JIBa obxona (3TuM
YHUCJI0 MapLIPyTOB, MPOXOASIINX Uepe3 NaHHYIO METNI0, YBeJHUH-
BaeTCs B /IBa pasa).

[Tockosibky marpuua cMmexxHoctd A rpaga G siBasieTcs Bellle-
CTBEHHOH CUMMETPHYECKOH MaTpHLEH, OHAa OPTOrOHAJBHO OA00HA
HEKOTOpO# BellleCTBeHHOH NuaroHasJbHOH Martpule D:

A=T7"1DT.

Torna, ouesupno, A' = T~'D'T. Jlannas copmyna nossoser
OBICTPO BEIYMCJAT YHCJIO (v;, V;)-MapIIPyTOB AJIHHEI [ 17151 60J1b-
WKMX 3HaueHWi [, Tak Kak MpH 3TOM HYXKHO Juub Haith DY,
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0OBIUHBIM 06Pa3oM BbIUMCJAUTDL ABe Matpuusl T, T—! u nsa pasa
NepeMHOXHUTb MaTpuubl. OTMETHM, UTO [VIaBHAs AHAroHa/lb MaTt-
puubl D coBnanaer co crnektpoM rpaga G.

[Iyctb Tenepp G — MpoW3BOJbHBIN 0OBIKHOBEHHBIN rpad. ¥Ymo-
PSLIOUMM MHOXECTBO €r0 BepIIHH

VG ={v1,v2,...,0n}.

Onpenennm mampuyy Kupxeogpa B = B(G) = (Bij)nxn, N0Naras

deg vy 0 0
0 degvy ... 0
B(G) = : S — A(G),
0 0 ... deguvy,

rie A(G) — matpuna cmexuoctu rpada G. Mubimu cioBam,

—1, ecau ¢ # j M v; CMeXHa C vy,
Bij = 0, ecami# j M v; He CMeXHa C vj,
degv;, ecaui=j.

OTmeTHM, 4TO OOBIKHOBEHHEBIH rpag G MOXKeT UMETb HECKOJIb-
KO passiuuHblx MaTpul Kupxroda, oTBeyamoUux pasJuiHbEIM yIIO-
psimodeHusiMm rpada G, ¥ BCe 3TH MaTPHLLbl TOAOOHBI MeXIY COOOH.

Jlemma 1. Ancebpauueckue OonoaneHus 8cex SAeMeHmMO8
mampuyol Kupxeoga pasror mexncdy cobotl.

HokasareabctBo. O6osnaunm croaben (1,1,...,1)" miuHb
n, COCTOSIUMH U3 efuHUL, Yepe3 1. 3mech, Kak 0OBbIUHO, yepe3 t
Mbl 0603HauaeM OrepalHrio TPAaHCIIOHUPOBAHHUST MATPHILL.

Hnst matpuuel Kupxroda B = (8;)nxn BBIIOJHSETCS

Zﬁij:0(¢:1,2,...,n)7 T.e. B-1=0,
j=1
> Bi=0(j=12...,n), el -B=0.
=1

Orcrona cnenyet, uto det B =0 u rank B < n — 1.
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Ecnu rank B < n — 1, To Bce ajrebpanueckue AOMOJNHEHHUS
sneMeHToB Matpuubl B paBHbl 0. [Tycts rank B =n — 1 1 B —
npUcoeNUHeHHasl K B MaTpula, COCTaB/eHHas U3 airebpanyecKux
JOMONHEHUH B;; sneMeHToB f3;5, T. €.

By Bor ... By
. Bia Bay ... By
B

Bln B2n oo Bnn

B CUJIy CBOHCTB ManI/IHbI B noJjydyaeM
BB = BB = (det B)E = 0.

Tak kak BB = 0, mo6oii cTonber X MaTpPHULbI B YIOBJIETBOPSI-
eT cucreMe BX = (. Jrta cucreMa JHUHEHHBIX yYpaBHEHHH HMe-
eT pair n — 1 u gedekr 1. Tak kak B -1 = 0, 3To# cucreme
yroBaeTBopsieT ctosbel 1. CleqoBaTebHO, CTOMGMb MaTPHLL B
TNPONOPLIHOHAMNBHBL CTOIOLY 1, OTKyna ciaenyeT

Bﬂ:Blg::Bln (Z:LQ,,H)
AmnaJjioruuHo nosyuaem
Blj:B2j :"':an (j:1,27,n)

CJ'Ie[LOBaTeJ'IbHO, BC€ 3JIEMEHTbI MaTpHILbI B onMHaKOBBI. O

[Tycts G — npousBosibHBIN (1, m)-rpad. YIopsiiouuM MHOXKe-
CTBO BEpIIMH H MHOXKECTBO peGep rpada:

VG ={v1,vs,...,u,} U EG={ey,ea,...,em}.

Bynem roBoputs, 4yTo Hau rpad fBaseTcs 08ax vl NOMEUEHHbIM.

OnpenenuM Terepb OWHAPHYI Mampuyy UHUUOEHMHOCMU
I =I1(G) = (tij)nxm rpada G, nonaras:

1) v;; = 1 <= BeplIMHa v; UHLUULEHTHA PeOpy e; U e; He
SIBJISIETCS TeTJIeH;

2) 1i; = 0 BO BceX OCTa/bHBIX CJAyyasX.
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01100
s 01011
00111

Puc. 7

Ha puc. 7 npuBeneH npumep rpaga U ero MaTpulbl HHUHAEHT-
HOCTH. 371eCh BeplIMHAM OTBEUalOT CTPOKH, a pebpaM — CTOJOLbI.
3aMeTHM, YTO OfHA MaTpHla WHUUAEHTHOCTH rpada G moJy-
qaeTcsl U3 APYTOH ero MaTpHUIbl HHIHWAEHTHOCTH C ITOMOLIbIO HEKO-
TOPOH MepecTaHOBKH CTPOK U HEKOTOPOH MEPECTaHOBKH CTOJIOLOB.
PaccmoTpuM Temepb Mpou3BOJIbHEIE (n, m)-oprpadp G =
= (V,D). YnopsinouuM MHOXeCTBO BepILIHH M MHOXECTBO IYT

oprpada:
V:{’Ul,’l)g,...,’l)n} Hu D:{f15f27"'7fm}-

Omnpenennm mampuyy unyudenmnocmu I =1(G) = (tij)nxm
orpaca G, nonarasi:

1) v;j; =1 ecn v; Havano ayru f; U f; He meras;

2) 1;; = —1 ec v; KOHel AYTH f; U f; He meT.s;

3) ti; = 0 BO BCeX OCTa/NbHBIX CJyUasX.

Ha puc. 8 mpuBemen npumep oprpada U ero MaTpHLbl HH-
LIUIEHTHOCTH. 3[ech BepIIMHAM OTBeYyaloT CTPOKH, a Ayram —
CTONOLLBL.

[Iycte G — npousBogbHbIN rpad. [IpeBpaTM Kaxnoe ero peb-
po B IyTY, IpUaB pe6py OIHO U3 IBYX BO3MOXKHBIX HalpaBJeHHH.
[TosmyueHHBIN Oprpad Ha TOM Ke CaMOM MHOXECTBe BepLIHH Oy-
IeM HasblBaTb opuenmayueil rpadpa G. Ha puc. 8 npuseznen op-
rpad, SBAAIOLIMICA OQHOH U3 OpUeHTalUU# rpaga, 1306paKeHHOro
Ha puc. 7

3adukcupyeM HeKOTOPEIE OOBIKHOBEHHEIH rpad G ¥ BO3bMEM
HekoTopyto ero opueHtauuio H. Kpome toro, 3agpukcupyem B G
¥ H oIMHAKOBYI0 HyMepaLHIO BePLIMH U OLHHAKOBYIO HyMepaLHUio
COOTBETCTBYIOLIUX pebep U AYT.
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01 -1 0 O
0 -1 0 1 -1
0 0 1 -1 1

Puc. 8

Jlemma 2. [Tycmo B = B(G) — mampuya Kupxeoga obvik-
Hosennoeo epaga G u I = I(H) — coomeemcmsyrou,as mam-
puuya uxyudenmuocmu Hexomopotll e2o opuenmauuu H. Toeda
B=1-T1t

Joxka3arenbcTBo. EcCIM yMHOXHTH ¢-10 CTPOKY MaTpuubl [
Ha {-U cTo/6en MaTpullbl I, TO MOJydUM CyMMY KBaapaToB 3Je-
MEHTOB ¢-H CTPOKM MaTpHlLbl I, KOTOpasi paBHa, O4eBUAHO, degv;.
[TycTb Teneps i-s1 cTpoka MaTpuLibl [ yMHOXKaeTcs Ha j-U cTosbely
martpuusl I'. Eciu umeercst nyra fs = 1711]) unu ayra fs = 1711;
to nosnyyuM —1. Ecau Tako# nyru Het, To nosyyum O. O

3aMeTHM, 4YTO COOTHOILIEHUS, YKa3aHHble [/ 0OBIKHOBEHHOTO
rpaga B jeMMe 2, MOXKHO TIepenucaTh B BHIE

deg vq 0 0
0 degvy ... 0
I-It= . . ) . — A.
0 0 ... deguv,

dra popmysaa CBSI3bIBAET MATPUIy CMEXKHOCTH A OOBIKHOBEHHOTO
rpaa ¢ MaTpULed MHIUAECHTHOCTH I ero opueHTalUH.



Irhasa 2

AEPEBbS

§ 2.1. JIECA, OEPEBbS, OCTOBbI

Auukanueckuit rpad, T. e. rpad 6e3 LUKJIOB, HAa3bIBaeTCs Ae-
com. [lepeso — 3TO CBA3HBIH alUMKAHuecKUH rpad. OueBUIHO,
Jlec He COIEpXKMT IeTeslb U KpaTHbIX pebep, T. €. Jec sBJjseTCs
0OBIKHOBEHHBIM TI'pa)oM.

Teopema 2.1. /[las (n,m)-epaga G caedyroujue ycaosus k-
BUBANCHMHDL:

1) G — Odepeso;

2) G — ceasnwuil epagp u m =n—1;

3) G — ayurauueckuti epagp u m =n — 1;

4) G — epagp, 8 komopom arobvle 08e epulutbl cOOUHEHDbL
eQduHCcmBeHHoL npocmolil yenosio.

9) G — auukauueckuil epagp, u dobasaexue H08020 pebpa
npusooum K nossAeHu0 MoYHO 00H020 YUKAQ.

HokasateabcTBo. 1) = 2). MHuykuue# no m mnpoBepuM,
4TO B JlepeBe BHINOJHEHO paBeHcTBO m = n — 1. Ecau m = 0, To,
oyeBunHo, n = 1. Ilyctb m > 0 1 A/ BCeX JNepeBbeB C MEHbLINM
yeM m 4ucjaoM pebep TpebGyeMoe paBeHCTBO BBINOJIHEeHO. PaceMoT-
puM nepeBo G ¢ m pe6paMu U BbiGepeM B HEM IPOU3BOJIbHOE ped-
po e. OueBHAHO, e — alMKJ/IHYecKoe pebpo, mosToMy rpap G —e
COCTOHUT M3 [IByX KOMIOHEHT cBA3HOCTH G U (G2, SIBJSIOLIUXCSA
nepeBbsiMH. [Ipumensisi K nepeBbsiM G1, G2 NpearnoJioxkKeHHe HH-
OYKUMH, ToNyuyaeM, 4TO B KaxKJIOM H3 HHMX 4HcJo pebep Ha efiu-
HULY MeHblle yucsaa BepwnH. OTciona cpasdy cjefyeT PaBeHCTBO
m=mn—1.
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2) = 3). Ilyctb rpady G comepKUT LHKJIHYECKOe pebpo e.
fcHo, uto G — e siBasieTcs cBsA3HBIM (n,m — 1)-rpadom. B cuiry
cnenctBus 2 u3 teopembl 1.1 umeem m — 1 > n — 1, 4To HeBO3-
MOKHO.

3) = 4). IlpoBepum cHavana, yto G — cBsisHBIN rpad. [lo-
CKOJIbKY (G aUMKJIUUeH, er0 KOMIIOHEHTHI CBSI3HOCTH SIBASIIOTCS Jle-
peBbsimu. Tak Kak u3 1) caenyer 2), B KaXKI0H KOMIIOHEHTE CBsI3-
HOCTH UYHCJI0 pebep Ha eAMHHLY MeHblle yucaa BepwnH. Otciona
BBITEKAeT, 4YTO m = n — k, Tie k — 4YUCJI0 KOMIOHEHT CBSIBHOCTH.
YuutbiBas, uto m = n — 1, nonydaem k = 1.

[Ipennonoxum, uto B G AJs ABYX BEPLIHH U, ¥ CYLIECTBYIOT
pasauuHble npocteie (u,v)-uenn P; u Py. Ilyctb @ — mpocras
(u, x)-uenb, SBAAOLIAACA IJIMHHEAIINM OOIMM HAadajoM LeneH
P, u P,. O6o3HaunM 4epe3 y, z BEpLIHHBI, CJIEAYyIOLIHe 32 Bep-
wKHOH « B P u P, coorBercTBeHHO. OueBHIHO, 4TO pebpo f =
= xz He npuHamJexuT uend P;. Otciona caenyert, yto noarpad
P U P, — f sBasiercs cBA3HbIM rpadom. Ilostomy f — He mocr,
CJleloBaTeNbHO, f MPUHAIJIEXKUT HEKOTOPOMY LHKJY, YTO HEBO3-
MOKHO.

4) = 5). U3 ycaoBus caenyert, 4yTo B rpade (G HET LIMKJIOB,
B TOM YHCJIe U TeTesb (ecsid ecTb MeTs € = uu, TO UMEITCs Be
npoctele (u,u)-UeNH: UMH SIBJSIOTCS Lelb K3 OLHOH BepLIMHbI
u ¥ uemb u — u). Jo6aBuM K rpady HOBoe pebpo g = vw,
rie v,w € VG. Torna BO3HHKHET IHKJ, COCTOSILIUHA U3 MPOCTOH
(v,w)-uenu U pebpa g. ENMHCTBEHHOCTh TAKOr0O LUKJA CJELyeT
U3 eIMHCTBEHHOCTH NMPOCTOH (v, w)-LenH.

5) = 1). 13 ycsioBus BbITEKaeT, uTO JOOBE IBE BEPLIMHbI
rpada G coequHeHBl NMPOCTOH Lenblo, T. €. G — CBSA3HBIN Tpad.
Hcnonb3ys auukaudHocTb rpada G, 3akawoyaeMm, yto G — Je-
peBo. O

Crnencteue 1. HeonHo3/eMeHTHOE epeBO MMeeT MO KpakHel
Mepe OBe BUCAYHWE BEPIIWHBI.

JoxkasareasctBo. [IycTs HeonHO3MEMeHTHOE fepeBO 1 WMeeT
MeHee JBYX BUCSUMX BepluiuH. Torma degv > 2 1Js BceX ero
BEpUIMH v, 33 HCKJIOUeHHeM, ObITb MOXKeT, HeKOTOPOH Bepllu-
HBI Vg, 0Js1 KoTopod degwvy > 1. Torma mo JieMMme o pykomoxa-
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THAX mojaydaem 2(n — 1) =2m = Z degv > 2(n—1)+1, uto
veV
MPOTUBOPEUHUBO. O

Jlemma 1. [lycmoe G — npoussosvroiii (n,m,k)-epag.
G asasemcs recom mozoa U moabko mozoa, koeda m = n — k.

JlokasareabcTBo. Ecain G — jec, To B KaXJOH ero KOMIO-
HeHTe CBSI3HOCTH 4MCJI0 pebep Ha eNUHHUIY MeHblle UHCJa Bep-
wrH. OTclona HeMeJIeHHO BbITEKaeT PaBeHCTBO m = n — k.

Eciu G — He Jec, To, oTOpacbiBasi He MeHee OIHOrO peb-
pa, noayuum noarpad rpada G, sBastouuiics (n,mq,k)-necom.
Torna m > my =n — k B cUJIy J0Ka3aHHOTO. O

[Tyctb G — cBssHB# (n,m)-rpad. Ecnu G comepxut XoTs
6bl ONMH LHMKJ, TO, yAanss u3 rpajga G HekoTopoe pebpo 3TOro
[MKJa, Mbl YMEHBIIUM UHCJO LMKJOB MO KpalHed Mepe Ha eflu-
HHLY, COXPaHUB CBSI3HOCTb rpada. fAcHo, 4TO mocjaenoBaTebHO
paspyliasi LMKJBl AaHHOTO rpada, MOXKHO MPUHTH K OCTOBHOMY
noarpady, sBaswLIEMYycsl TepeBoM. Takol moarpad HasbelBaeTcs
dcmosroim Oepesom cBsisHoro rpada G. IlockosbKy HepeBo ¢ n
BepIIMHAMH CONEPXKUT N — 1 pebep, NS MONyUeHHUS GCTOBHOTO
nepeBa u3 rpada G HyKHO ynaautb m —n + 1 pebep. Ecin G —
pOU3BOJIbHEIE (1, m, k)-rpad, To oObenuHeHHe OCTOBHHIX Oepe-
BbEB €0 KOMIIOHEHT CBSI3HOCTH MPUBOIUT K OCMOBHOMY AeCy WU
dcmosy rpada G. Ilocko/abKy Jec ¢ n BeplUMHAMH U k KOMIIOHEH-
TaMH CBSI3HOCTH COflepKUT n — k pebep, A/ MOJyuyeHHs OCTOBa
u3 rpaca G HYXHO ynaniutb m — n + k pebep.

Ha puc. 9 nokasan rpad G v opuH U3 ero octoBoB 7.

SAAN

Puc. 9
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HerpynHo 3aMeTHTb, u4TO 0CTOB rpada G — 3TO €ro MakcH-
MaJIbHBIH alMKJAUYecKUi moarpadg.

Yucao r*(G) = m — n + k HasblBaeTCsl yUKAOMAMUHECKUM
yucaom, a uncio r(G) = n — k — parneom (n,m,k)-rpaga G.
Crenyroliee yTBepKIeHHe MoKasbiBaet, 4To ecau r*(G) pasuo 0
wiu 1, To r*(G) coBnajaer ¢ 4ucjaoM LUKI0OB rpada G.

Jlemma 2. [Iycmo G — npoussoavnroiii epag. Toeda:

1) G ayuxauuen mozda u moavko moeda, kozda r*(G) = 0;

2) G codepaxcum edurcmeenHbill YUK moeda u moabKo mo-
eda, koeda r*(G) = 1.

Joka3aresbCTBO. YTBepXKaeHHe 1) BbITeKaeT U3 JeMMbI 1.

[lpoeepum yTBepxkaeHue 2). Eciu pebpo e comep:kutcs B
eIMHCTBEHHOM LiuKJe rpada G, To noarpad G — e sIBJASETCS OCTO-
BoM. Otctiopa (m — 1) —n+ k=0, 1. e. r*(G) = 1.

O6parHo, nycte 7' — npou3BOJbHEIE 0cTOB rpada G. Pasen-
ctBo r*(G) = 1 o3Hauaet, 4TO Pa3HOCTb MEXKIY YHC/IaMH pebep
rpada G u ero ocroBa T paBHa 1. Otciona caenyer, uto G = T+e
IJ151 HeKoToporo pedpa e. Pe6po e nob6aBisieTcsi K HEKOTOPOH KOM-
TIOHEHTe CBSI3HOCTH ocToBa 7', noaToMy rpad G = T'+e conepKUT
€MHCTBEHHBIH LUKJI. O

Jlemma 3. Jlrwboli auyuxauueckuil nodepag epaga G codep-
HCUMCS 8 HEKOMOPOM €20 0Cmose.

JokasareabcTBo. J[0CTaTOYHO paccMOTpPeTh cayyai, Kornaa
G — cBasubii n-rpad. I[lycte H — auuk/jaudeckuil noarpad rpa-
¢a G. O6o3HaunM uyepe3 H; MaKCHUMaJbHBIH alUKJIHMYECKUH TI01-
rpad, comepxaui H. fcHo, utro H; BKJ/0OYaeT BCe BEpPLIMHBI
rpada G. IlpoBepum, uto Hp cBsizeH. Ilpennosoxum, uto rpag
H, HecsazeH. O603HaunM 4epe3 U MHOXKECTBO BepLIMH OLHOH U3
KOMIIOHEHT CBSI3HOCTH rpacda Hi, a yepes W — MHOXKecTBO Bcex
OCTaJIbHEIX BepIIMH 3Toro rpada. B cuny semmser 5 us § 1.2 cy-
iecTByeT pedpo e, coennHsOIIee BeplInHbl MHOXKecTB U n W.
Pebpo e He o6pasyer uuksaa ¢ pebpamu noarpacda Hi, mostomy
noarpad Hi + e allUKAWYeH, YTO MPOTUBOPEUUT BbiGopy Hj.

M3 cBA3HOCTH W aUMKJAMYHOCTH moxarpada Hi caenyer, 4To
H, — 6cToBHOe nepeso. O
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Jlemma 4. [Iycmo S u T — ocmoswsr epaga G. Haa ar0boeo
pebpa e us S cyujecmsyem maxoe pebpo f uz T, umo nodepag
S — e+ f asasemcs ocmosonm.

Joxka3arenbcTBo. Kak u Bblllle, JOCTATOYHO PACCMOTPETH
cnydall, korna G — cBsasHbll rpad. Iloarpag S — e nmeer naBe
KOMIIOHEHTBl CBSI3HOCTH; 0003HauuM uepe3 U u W MHoXKecTBa
BEpUIMH 3TUX KOMIOHeHT. [Tockosbky ocToB T sIBJsieTCS CBA3HBIM
rpadom, cyuiectByeT pebpo f u3 T, coenuHsoLlee BePIINHbI, Of-
Ha W3 KOTOpBIX npuHamnexut U, a apyrasgs — W. Jlerko noHsTsb,
yto noarpad S — e + f auuksauueH W cBsizeH. CJieoBaTesbHO,
S — e+ f ABAsSIETCS OCTOBOM. O

§ 2.2. BJIOKM U TOYKU COYJIEHEHMA

[lyets G = (V, E) — npousBoJbHbi#l rpad. Bepuinna v Ha-
3bIBaeTCA MouKol couseHenus, ecnu rpadp G — v umeer GoJblie
KOMIIOHEHT CBSI3HOCTH, yeM rpad G.

CBs3HBIU T'pag) Ha3blBaeTCs Hepas3o0esumbvim, eCi OH He CO-
JEPAKHUT TOYEK COUJIEHEHHSI.

B cBsa3HOM rpace mosie3HO BbIAEINTb MakCHMaJjbHble Hepas-
IeJuMble TOArpadel. DTO MOXKHO CHeNaTbh MOLOOHO TOMY, KaK B
MIPOU3BOJIBHOM rpade OblIM BblIeJeHbl MaKCHMaJbHble CBSI3HBIE
noarpadbl (KOMIOHEHTHI CBSI3HOCTH).

baokom rpaa G HaspiBaeTcs JI0O0H ero MakCHMaJsbHbBIH
Hepaszeaumbiil noarpad. Ha puc. 10,a nmokasaHel TOYKH cousieHe-
HHS u, v HEKOTOpOro cBs3Horo rpada, a Ha puc. 10,b npuBeseHsl
ero 6JIOKH.

OueBuano, n0604 HepazaeauMblil noarpad rpada conepKuTcs
B HeKoTOpOM ero 6soke. [Toatomy J060e pe6Gpo J€KUT B HEKOTO-
poM OJIOKE; TO K€ CaMOe OTHOCHTCS M K NPOH3BOJIBHOMY LHKJY.
fcno, uto moboi 6/I0K CBA3HONO HEOAHO3JEMEHTHOro rpada cam
HeOJIHO3JIeMeHTeH.

Jlemma 1. [lycme v — npousgorvHas BepulUHA C8A3HO20
HeoOHoaremernmruozo epaga G. Toeda caedyrowjue ycaosus k-
BUBANCHMHDL:

1) v — mouka courerenus;
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a) b)

Puc. 10

2) cywecmsyrom pasiuurHble BePULLHbL U U W, He PABHbIE U,
makue umo v npuradiexcum ar060i npocmoil (u,w)-yenu;

3) cywecmsyem pasbuerue mroxcecmsa sepuiun epaga G —
— v Ha 0sa Henycmouix noomuoxcecmea U u W makoe, umo
oas aw0boix w € U u w € W gepuuna v npuradaexcum A060t
npocmoii (u,w)-yenu.

JlokasarenncTBo. 1) = 3). Tak Kak v — TOYKa COUJIEHEHHS,
rpad G—v He cBs3eH. B xauecTBe U BO3bMEM MHOXKECTBO BEPLIMH
OIHOH KOMIIOHEHTH CBSI3HOCTH rpada G — v, a B KadectBe W —
MHOKECTBO €ro OCTaJbHbIX BepLIMH. Torna Jiobble BEPIIHHBl u €
€ U n w € W nexar B pasHbIX KOMIIOHEHTaX CBSI3HOCTH rpada
G —v. Orciona caenyert, 4to Jiobas npocras (u,w)-uens rpada
G TpOXOOUT Yepes v.

3) = 2). OueBupaHoO.

2) = 1). fcHo, 4TO u W w JIeXKAaT B PasHbIX KOMIOHEH-
Tax CBsI3HOCTH rpada G — v, MOITOMY ¥ — TOUKA COUJEHEHUS
rpaga G. O

Jlemma 2. Jlrobvie 0sa pasiutnsix 640Ka c813H020 epaga G
umerom He 6osee 00HOL 00Uy ell 8epuULUHDL.

HoxkasareasctBo. [Ipennosoxum, uto pasnudHeie 6J0Ku By
u By umMeloT 6oJiee ofHOU 06ie# BepiinHbl. OQueBUAHO, Moarpad
By U By cBsazen. B cuny makcumanbHocTd By v B 3TOT noarpad
UMeeT TOUYKY couJieHeHHsl v. Tak Kak By u By — 06J0KH, rpadsl
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Bi—v u By—wv cBssubl. B cuay npennosnoxenust (By —v)N (B —
—wv) # (. Torna rpag

(BlUBg)—U:(Bl—U)U(BQ—U)

Takxke cBsi3eH. CyeoBaTesNbHO, v He SIBJSIETCS TOUKOH codJseHe-
Hus rpada B; U B, U Mbl NPUILJIM K NpoTHBOpeuuto. Jlemma
JI0Ka3aHa. O

Teopema 2.2. 1) [Tycmo By u By — 08a pasiuurbix 610KQ
csa3rn020 epagpa G. Toeda aubo By N By = (), aubo By u Bs
umerom eOUHCMBEHHYO 00ULYI0 8epuluHYy, KOMopas sA6ASemcs
mouxoil courenenus epaga G.

2) ycmov v — mouka cousenerus cea3noeo epaga G. Toeda
v Asasemcs obujell sepuluHol no Kpatineti mepe 08YX pasiuy-
Holx 620K08 epaga G.

HokasatenbctBo. 1) B cuy jemmel 2 nu6o B1 N By = (), au-
60 B; 1 By uMeloT eqMHCTBEHHYIO 00uyio BepunHy. [lycte v —
eNUHCTBEHHAsl o0L1as BeplinHa 10 By U Bs. B cuiy cBsisHOCTH
6JI0KOB CYLIECTBYIOT BepwMHbl © € VB; U w € V By, cMexHble
cv. [lyctb ey =uv € EBy v e = vw € EBs.

Ecnu cyuwecrsyer mpocrasi (u,w)-Uelb, He MPOXOAsIIas de-
pe3 v, To 3Ta Lenb U pebpa ej, ey obpasyoTr uuka C. Huka C
COJep>KUTCSl B HEKOTOpoM OJ/oke Bs rpada G, uMerolleM He Me-
Hee IBYX OOIIMX BepuIMH ¢ Bi (cpemd HUX u U v), a TaKkKe He
MeHee NBYX OONIMX BepiiuH ¢ B (cpemu HUX v U w). Torma B
CUJly JleMMbl 2 mosiydyaeM By = B3 = B, 4TO IPOTHBOPEUHUBO.

Takum o6pasom, Jw0bas npoctas (u,w)-LUelb MPOXOAUT dUe-
pe3 v. CyieoBaTe/IbHO, v — TOYKa coujieHeHHs rpada G.

2) Ilyctb v — Touka cousieHeHusi cesizHoro rpada G. Torma
CYLLECTBYIOT [BE pPa3/jMYHble BEPILIMHBl % U w, OTJIUYHBIE OT U U
TakHe, 4To Jrobas mpocras (u,w)-Uelb NpoxoouT depe3 v. Oye-
BUJIHO, MOXXHO CYMTAaTh, YTO & W w CMeXHH ¢ v. [IycTh €1 = uv
U eg = vw — pebpa rpaga G.

Ecnut e 1 ey Jiexat B ogHoM 6sioke B rpada G, To B 6ioke B
UMeeTcs mpoctasi (u,w)-LeMb, He MPOXOAsiias uepe3 v (TaK Kak
B 0JIOKe HeT TOUeK COUJIeHeHHMs1), a 3TO NPOTHBOPEUHT BHIGOPY
u u w. [lycte By u By — 6J0KH, copepKalive pebpa e; U eg
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cooTBeTcTBeHHO. $lcHO, uto By # Bs u v — o0llas BeplIMHA
0J10KoB B1 U Bs. O

3ameTnM, 4To /060K HepasleauMblil rpad coBnajgaer co CBO-
UM eMHCTBeHHBIM O6s0KoM. IlosToMy B nanbHeiilleM Hepaszelu-
Mble rpagbl OyAyT Ha3blBaTbCsl GIOKAMH.

Jlemma 3. [lycmo G — 610k, codepacawjuii He menee mpex
sepuiun. Toeda atobvie Ose sepuiunol epaga G npunadsexncam
HeKomopomy obuiemy Yyuxay.

HokasareabctBo. [lycTh w U v — nBe BeplMHB OsoKa G.
Uepes U 0603HaYMM MHOXKECTBO BCEX BepLIMH, KOTOpblE JexaT
Ha LUKJaX, NPOXONSIIMX yepe3 u. Tak Kak B (G HeT TOYEK CO-
YJleHeHUs] U MMeeTCsl He MeHee TpeX BeplIHH, B G HET MOCTOB.
[TosToMy Kaxpiasi BeplLIMHA, CMeXHasi ¢ u, JexHuT B U, mpuuem
Yyepe3 BEPLIMHY « NPOXOAT LHUKJBI, He SIBJAIILHAECS MeTAAMH.
fcno, uto w € U u |U| > 1.

Paccyknast oT IPOTHBHOrO, MPENOJNoKUM, 4to v ¢ U. Bo3b-
MeM KpaTtdadiywo (v,w)-uenb Takywo, uto w € U. Ilyctb oHa
UMeeT BUJ

e
V=09 —> V] —> ... —> V] — U = W,

rae t > 1. BosbMeM HekoTopei#l uuka C' OuHBL > 1, NpoxXoasimui
yepe3 w U u (caydya#dh w = u He UckJgawuaercs). [TycTb wy — Bep-
mwuHa uukaa C, oTaWYHas oT w. Tak Kak w He SIBJsSeTCs TOUYKOH
COUJIEHeHHsI, CyLIeCcTByeT mpoctasi (v;_1,ws)-Lelb, He MPOXOMIsi-
was yepes w. [lyetb Py — HayajbHasi MOALENb 3TOH LEMH OT
BepILWHbI v;_1 JO TEPBOH BepUIUHBI wa, Jexalied B C (puc. 11).

Puc. 11
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O6o3HauuMm uepe3 P, Ty U3 MpOCTHIX (wg,w)-uened uuxaa C,
KOTOpasi CONEepKHUT BeplIMHy wu. Torma uenu Py, P, u pebpo e
00pasyloT LUUKJ IJIUHBL > 1, comep:Kallui © U vy_1, T. €. Uy €
€ U, 4To NpOTHBOPEYHBO. 0

Jlemma 4. [lycmov G — 620K, codepicawjuii He meree mpex
sepuwiun. Toeda awbas eepuuna u awboe pebpo epaga G,
He seAsloweecs nemaetl, NPUHAOLEHAm HeKOmopomy obujemy
YUKAY.

HdokasareabcTBo. Bo3bMeM NMpPOU3BOJIbHYIO BepLIMHY w 6J10-
kKa G u ero pebpo e = uv, He SABJSIOLIEECS MeTael. B cuimy neMMbl
3 MOXHO CUMTaTh, UTO w # u U w # v. [lo neMme 3 cyiecTByeT
ka1 C, npoxoasuuil yepe3 w U w. MoXKHO CUMTaTh, UTO Bep-
IIKMHA v He JeXHuT Ha uukjae C. Tak kak u He ABJSETCS TOUYKOH
COouJIeHeHHs], CylecTByeT mpocrtasi (v,w)-UeMb, He MPOXOAsLas
yepe3 u. Uepe3 P} 0603HaYMM Hadya/bHYIO MOALENb 3TOH LENH OT
v JI0 NepBOH BepLIMHBI wp, NpHHAAJexamed uukay C (caydai
wy = w He Hckioudaercs1). O603HaunM uyepe3 P, Ty W3 MPOCTHIX
(w1, u)-nonuenei uukaa C, koropast conepxut w. Torna uenu Py,
P> v pebpo e 06pasyoT UCKOMBIH LUK/, COmepKaWuh w u e. [

Teopema 2.3. [Tycmo G — ceasnbili epag, codepacauuli He
menee mpex sepwun. Toeda caedyroujue ycro8us IK8UBANEHM-
Hbl:

1) G — 6a0k;

2) arobole dse sepuiunsl epaga G npuradienam HeKomopo-
My obuiemy yuKY;

3) 8 epage G awbas sepuiuna u awboe pebpo, He A6A1-
roueecs nemaetl, NPUHAOAEHAM HEKOMOPOMY OOULeMY UUKAY;

4) 6 epaghe G arobvie 0sa pebpa, He s8AAOULUECS NEMAAMU,
NPpUHAdLeHam HeKomopomy obuemy Yuxkay;

5) 8 epagpe G Oas aroboix 08yx sepuiun u At0b60eo pebpa, He
A8AAIOWeC0CS nemael, cywecmsyem NPoCmas yenv, COeOUHs-
WA IMU BePULUKbL U NPOX00aUas weped darHoe pebpo;

6) Oas a0bbIX mpex pasauuHblX 8epulur u,v,w epapa G
cyujecmeayem npocmas (u,w)-yens, npoxoosuyas wepes v;

7) Oas arw0bulx mpex pasiAuuHblX 8epuiur u,v,w epaga G
cyujecmsyem npocmas (u,w)-yens, He NpoxoosuLas uepes v.
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HokasarenbcTBo. 1) = 5). B cusy JeMMbl 4 MOXKHO CUM-
TaTb, YTO IJs1 6;0ka G BhimoJHseTcss 3). BosbMeM nBe BeplinHbBI
w1, wy 6M0ka G ¥ ero pebpo e = ww, He SBJSIOLIEECS TeTJEH.
B cuny 3) MOXKHO cuMTaTh, UTO BEPLIMHBI Wi, Wg, U, U MOMAPHO
PasNWYHBI U cyllecTBYeT UMK C, MPOXOASALIMN Yepe3 wy U e. By-
JleM CUMTaTb, YTO BeplIMHA wi He JexXHUT B uukje C. Tak Kak wsy
He sIBJsIeTCS TOYKOM COUJIEHEHHsl, CyLlecTByeT mpocrtast (wi,u)-
Lenb, He Mmpoxoasias uepe3 we. Uepes P; 0603HAUMM HavyasbHYIO
NOALEeNb 3TOW LeNH OT w; A0 NMepBOH BEPLIMHBI w3, JeXKalled B
C (puc. 12).

Puc. 12

[ycts P, — mopuens mpkiaa C, COeMUHSIONAs BEPUIMHEL w3,
wy U copepkaiias pebpo e. Mckomasi uenb mosydaercss o6benu-
HeHueM Lened P, u Ps.

5) = 6). Ilyctb w, v, w — TPU pas3JHUYHblE BEPIIMHBI I'pa-
¢a G. Bo3bmem mpousBosibHOE pe6po e, HHIMIEHTHOE v U He fB-
Jstiolieecst netnedd. B cuny 5) cyuwecrByer npocras (u,w)-Lenb,
MPOXOJSALAsl YePes e, U, CJIe0BaTeJbHO, CoflepKallast v.

6) = 7). Ilyctb w, v, w — TPU pas3JHUUYHblE BEPLIMHEl Ipa-
¢da G. B cuay 6) cywecrByer mpoctast (u,v)-1elb, NIPOXOAsIIast
yepe3 w. Torga ee (u,w)-noaLenb He COLEPKHUT .

7) = 1). Boitekaer u3 jemmbl 1.

Wrak, mbl umeem 1) = 5) = 6) — 7) — 1). [las 3sa-
BepIIEHHsI 10KA3aTeJbCTBA OCTANIOCh 3aMETUTh, UTO UMIIMKALMH
9) = 4) = 3) = 2) = 7) OUEBH/IHBHI. O

B cBsisu ¢ 6/10kaMH Ha MHoxecTBe pebep EG cBsi3HOro rpa-
¢da G, He SBJSOLIMXCS METISMH, MOJNE3HO PacCMOTPETh CJeNyIo-
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111€€ OTHOLIEHHE:
er f<=e= f unu e, f conepxkarcs B HEKOTOPOM LIHKJIE.

3aMeTuM, UTO ecsiu € &~ f, TO e U f JexaT B OTHOM U TOM XKe
6J0ke rpada G. O6paTHO, ecau e U f JiekaT B HEKOTOPOM OJI0Ke
rpaa G, To B cusy TeopeMbl 2.3 BbINOJHAETCS e = f.

Taxkum 06pa3oM, OTHOILIEHHE R SIBJISETCS OTHOLIEHHEM 3KBHBA-
JIEHTHOCTH, a8 KaXK/blH ero KJacC COCTOUT U3 BceX pebep HEKOTO-
poro 6/10Ka, He SIBJASIOLIUXCA MeTAsIMU. UTo Ke KacaeTcsl MeTedb,
TO OHM NONAfAIOT B Te 6JOKH, B KOTOPBIX COAEPXKATCsS MHLUAEHT-
Hble UM BEpIIHHBI.

[lycts G — cBsasHbl# rpag. PaccMorpum cemeiicTBo ero 6s0-
KOB Bi,...,B; U ceMeHCTBO ero TOYeK COYJIEHEHUS vq,..., Us.
[Toctpoum HoBbIH rpad) be(G) Ha MHOXKeCTBe BepILIKH

{Ul,...ﬂ}s,Bl,...,Bt}.

B kauectBe peGep storo rpada BosbMeM Bce mapsl Buua {v;, B;},
rie v; € VB, ¢ =1,...,t, j = 1,...,s. UapIMK c/10BaMH, MBI
paccmaTpHuBaeM ABYAOJBHBIH rpad, BepLIMHAMH KOTOPOTO SIBJSIOT-
csl 6JIOKM U TOYKH COYJIeHEeHHsl, a peOpa MOKa3bBAIOT, KAK TOUKU
couJIeHeHHUs pacnpenesieHbl 1o 6sokaM. Ha puc. 13 nzobpakeHsl
rpa¢ G u ero rpad be(QG).

G be(G)

Puc. 13

Teopema 2.4. [Tycmo G — ceasuowiti epag. Toeda epag be(G)
a645emcs 0epesom.



38 Tasa 2. [lepesvs

HoxasatenbctBo. OueBuaHo, cBsisHOCTb rpada G BJjeueT
cBsA3HOCTh rpada be(G). B cuay yerpoiicta peep rpada be(G)
BCE OHHM He sBJsIOTCA meTasmu. Ilycts B rpade be(G) nmeercs
MK, Bo3bMeM LUK/ KpaTdadiied IHHbL

Vy, —)le — Vi, —>Bj2 _>"'_>Uip —>ij _>Ui,,+1 = Vi,

rae p = 2, BCe TOYKH COYJIEHEHHS Vj,, . .., V;, TONAPHO Pa3/JHYHbI
v BCe 6JIOKH Bj, ..., Bj TONapHO pasiuyHbl. 3aMeTHM, 4TO /s
J060ro ¢ = 1,...,p TOUKH COUNEHEHHUS V; , V;, ., JeXKaT B OJOKe

Bj,. llostomy B Bj, umeercs npoctas (v;,, v, )-Uenb. O6beau-
Hfisl BCe 3TH Lend, Mbl nonyunM UukJa C B rpage G. Bosbmem
670k B rpada G, comepxawuil uuka C. Biaok B uMeeT ¢ Kax-
nbiM 6710K0M Bj, (¢ =1,...,p) no KpaiiHeii Mepe J1Be pasJH4HbIe
o0LIKe BepIIMHBl V;, , Vj,,,, TO3TOMY B CHJIy JIeMMbl 2 Mbl TOJYy-
yaem B = Bj, nis qwo6oro ¢ =1,...,p, 4TO HEBO3MOXKHO.

Hrak, B cBsisHoM rpade be(G) HeT LMKIOB, T.e. be(G) — ne-
peBo. O

YuuthiBast 1oKasaHHYIO TeopeMy, rpad be(G) HasbiBalOT depe-
som 6A0KO8 U moueK couserenuss cBsa3Horo rpada G. HHorna,
JIOTyCKasl BOJILHOCTb PeYH, TOBOPST, YTO CBSI3HBIN Tpad siBJsieTcs
JIepeBOM CBOMX OJIOKOB.

B cuny teopembl 2.2 no6asi TOUKa COuJIeHEHUSs CBSI3HOTO Tpa-
¢a G nmeer creneHb > 2 B nepee be(G), M03TOMY BUCSUUMHU Bep-
IIWHAMH JlepeBa OJIOKOB M TOYeK COUJIEHEHHSI MOTYT ObITb TOJBKO
610kH. Takue GJIOKM HA3LIBAIOTCS BUCAUUMU.

§ 2.3. YUCJIO OCTOBOB B CBA3HOM
OBbIKHOBEHHOM TPAE

Jlemma 1. [lycmv H — obuviknogennoiii (n,n—1)-epagp, n >
> 2, I — mampuua uHyUOeHMHOCMU HeKOMOpPOLl e2o opueHma-
yuu, M — npoussosvrolli murop nopsoka n — 1 mampuyst 1.
Toeoa:

1) ecau H He ssasemcs depesom, mo M = 0;

2) ecau H — depeso, mo M = +1.

HJokasareabcTBO. 3aMEeTHM, YTO CMEHa HyMepaLWH BepLIMH
U HyMepauuu pebep rpada H NpPUBOAUT K NEPECTAHOBKE CTPOK
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U TepecTaHOBKe CTOJ0L0B MaTpullbl I. PaccMaTpuBaeMblii MHHOP
NIPU 3TOM MOXKET CMEHHUTb JIUIIb 3HaK.

[Tycte v — BeplMHA, COOTBETCTBYIOLIAS CTPOKE MaTpHLbl [,
He BolleJlled B MaTpULy MUHOpa M.

1) Ilycte H He siBaisieTcs mepeBoM. Torna rpad H HecBsi3eH.
[Tyctb v1,...,0¢ — MHOXECTBO BepLUMH HEKOTOPOH KOMIIOHEHTHI
cBA3HocTH Hy rpacda H, He comepxKallel v.

1.1. Ecan t = 1, To v1 — H30JMpPOBaHHAas BeplIMHA U B Mar-
puue MuHOpa M wuMmeeTcs HyJeBasi CTpoka, nmoatomy M = 0.

1.2. Ilycts ¢ > 1. C momoIbio MOAXOASIIIEH NepeHyMepaluy
BeplUuH U pebep u3 H martpuuy I mpuBeneM K KJIeTOUHOMY BHAY

Ii | 0
0| L )’

roe [; — MaTpulla MHUMAEHTHOCTH OPHEHTAlUH KOMIIOHEHTH Hi,
a BeplIMHEe v OTBeYaeT CTPOKa, Mpoxoxsiias yepesd [o. Kaxablit
cToJj6ell, NpoXoAslHi yepe3 I;, COOepKUT TOUHO OAHY €AHHHULY
¥ TOUHO OfHYy —1 (OCTaJsibHBIE 3/1eMeHTHl paBHbI Hysw0). Cienoa-
TeJIbHO, CyMMa IepBbiX ¢ cTpok paBHa 0. Tak Kak mepBble ¢ CTPOK
BXOAAT B MaTpuuy MuHopa M, umeem M = 0.

2) Ilycte H siBaisieTcst nepeBoM. 3aHOBO IMepeHyMepyeM Bep-
IKMHBEL U pebpa rpada H c momolbio cienymoleid npouenypel. B
KayecTBe v; BO3bMEM OfIHY U3 BUCSUMX BepLIMH JepeBa H, oT/iMy-
HyI0 0T v. Uepe3 e; 0003HAaUUM HHLHAEHTHOE el BUCAUYee pedpo.
Paccmorpum nepeso Hy = H — vy. Ecau ero mopsinoxk > 2, to
Yyepe3 vy 0003HAYMM OAHY M3 BUCSYMX BEPILHH, OTJAMYHBIX OT v,
a yepes ey — HHLHUIEHTHOe el Bucsidee pebpo. [lomoxum Hy =
= H; — e5. Ilpogosmxaem 3TOT mpolecc IO TeX IOp, MOKa He Io-
JIYYUM OJHO3JIeMeHTHoe nepeBo H,_i, eIMHCTBEHHOH BepIIHHOH
KoToporo obsizatesibHO OyzeT BepiinHa v. [losydnm HyMmepanuio

BEpUIMH V1, ...,U, = ¥ U HyMepauuwo pedep ej,...,e,_1. B HO-
BOM HyMepauuu maTpuua I OyneT NnpuBelieHa K BUILY

£1 0 ... O

* £1 ... 0

* * +1
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NpUuYeM BepIIHHEe v OTBeYaeT MOCJeIHsss CTPoKa (3mech KaxKIbli
IMaroHajbHbIH 3/1€eMeHT paBeH | uau —1, a yepe3 * 0603HAYEHbI
3JIeMEeHThl MaTpHIbl, 3HaYeHHs] KOTOPbIX Mbl He OyneM BbIMHCHI-
BaTb B sIBHOM BHAe). Temepb siCHO, YTO MaTpHlla MMHOpa HMeeT
TpeyroJbHbeld BUA U M = +£1. O

[Tyetb P u (Q — CcOOTBETCTBeHHO (s X t)-Marpuua u (t X s)-
matpuua, rae s < t. [onoxum C = PQ.

MuHop nopsinka s MaTpulbl () Ha3blBaeTCs COOMBemcmay-
FOUUM MUHOPOM MUHODY TIOPSIIKA S MATPULbl P, €CIi MHOXKeCTBO
HOMEPOB CTPOK, COCTAaBJISIOIIMX MaTPULy MEepPBOr0 MUHOPA, PaBHO
MHOKeCTBY HOMEPOB CTOJOLI0B, COCTABJSAIOLINX MaTPHULLy BTOPOrO
MHHoOpa.

Cdopmynupyem 6e3 10Ka3aTeNbCTBa ONUH PE3YJIbTaT TEOPHU
MaTpHll, KOTOPBIE HaM BcKope moHaxobutes. Ero mokasaresbcTBo
MOXXHO OGHapYKHTb, Hampumep, B Kuure [14, c. 20].

®opmyna bune-Komu. Onpenenurtens marpuusl C' paBeH
CyMMe BCEBO3MOXKHBIX MONAPHBIX NPOHU3BELEHUH MHHOPOB MOPSA-
Ka § MaTpulibl P Ha COOTBETCTBYIOLIME MHHOPBI MaTpPHLb! ().

3amerum, uto npu s = ¢ Qopmyna bune-Komu yreepkna-
€T, UTO ONpelesUTeNb MPOU3BENEHUsI IBYX KBAJPaTHBIX MaTpHUL
MOpsiiKa $ PaBeH MPOU3BENEHUIO ONpefeuTe/ el ITHX MaTpHUL.

Teopema 2.5 (Kupxrod, 1847). Yucio ocmosos 8 c653HOM
HeoOHoIremernmHOM 00blKHOBeHHOM epage G pasHo ascebpa-
uueckomy 00NOAHeHUto 406020 aremenma mampuysl Kupxeo-

¢a B(G).

HoxkasareabcTBo. [IycTe G — NPOU3BOJIbHBEIN CBA3HBIH OOBIK-
HOBeHHBIH (n,m)-rpad, n > 2 u I — MarpuUa HHUUAEHTHOCTH
HeKOTOpoH opueHTauuu rpaga G. 3amMeTuM, 4To m > n—1 B cUIy
cBsisHocTH rpada G. Ilo semme 2 u3 § 1.4 BeimosiHseTCS

B=B(G)=1-1I'

[lycts B’ — mopmarpuua mMaTpuibl B, MojydeHHas yaajeHHeM
nocJieHeH CTPOKH U TocjefHero cronbua, a J — moaMarpuiia
MaTpuubl I, moJyuyeHHas ynajeHueM IocjefiHed cTpoku. Torma
HMeeM

B =J-J,
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rae J — ato ((n—1)xm)-marpuua. OueBuano, By, = det B’ ectb
anre6panueckoe [OMOJNHEHHE 3JeMeHTa [, B MaTpulle Kupxro-
¢a B. B cuay ¢opmynsl bune-Kowu B, paBHO cyMMe KBajipa-
TOB BCEX MMHOPOB mnopsigka n — 1 marpuusl J. CoriacHo JiemMe
| kaxnpiii Tako# MuHOp M paBeH +1, ecqu OCTOBHBINA Tmoarpad
rpada G, pebGpa KOTOPOro COOTBETCTBYIOT CTOJIOLAM, BOLIEALIUM
B MaTpuly MHHopa M, siBasercss OepeBoM, M paseH O B mpy-
rom cayydae. CnegoBatenbHo, By, paBHO YHCIy 0CTOBOB rpada G.
OcTasoch 0TMeTUTb, uTO Mo JeMMme 1 u3 paspmena 1.4 anrebpau-
YecKHe JONOJHEHHS] BCeX 3JeMEHTOB MaTpHLbl Kupxroda paBHBHI
Mex1y coO0M.

Caencteue 1. Paur o6bikHOBeHHOro (n,m, k)-rpada G paBeH
panry ero mMatpuubl Kupxroga, 1. e. rank B(G) = n — k.

HoxkasareabctBo. [lycts £ = 1, 1. e. rpadp G cBaseH. To-
ria B G ecTb OCTOBHOE [epeBO H Mo TeopeMe B,, # 0, T. e.
rank B(G) > n — 1. C gpyroit croponsl, det B(G) = 0 u, caeno-
BatesbHo, rank B(G) =n — L.

[Tycts Tenepb k > 1. Torna npu nopxonsiiell HyMmepalKu Bep-
wuH Matpuua B(G) mogo6Ha KJeTOYHO-AHAroHaJbHOH MaTpHLE,
cocTaBJieHHOH U3 MaTpul, Kupxroda Bj, ..., By KOMIIOHEHT CBf3-
HocTH rpada GG. Tak Kak nopo6Hble MaTpPULbl UMEIOT OfAMHAKOBbIH
paHr, B CHUJy paHee J0Ka3aHHOIO MOJyyaeM

k k
rank B(G) = ZrankBi = Z(nl —1)=n—-k O
i=1 i=1

CaencrBue 2. Yucsno ocTOBOB B MOJHOM rpage K, paBHO

nn—2.

JlokasaTenbCcTBO. YTBep)KIeHHe OUeBHAHO A1 n =1 U n =
= 2. Ilyctb n > 2. Mbl uMeeM

n—-1 -1 ... -1
-1 n-1 ... -1

-1 -1 ... n—-1
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BroiuncenuB onpepenutenb (n — 1)-ro mopsioka, MoJydaeMm
B, =n""2. O

Tax kak 4uc/I0 OCTOBOB B MOJHOM rpade K, paBHO YUCJIY MO-
MeUeHHBIX [epeBbeB NOPSiiKa 7, T.€. UUCJY [epeBbeB Ha MHOXe-
CTBe BeplIHH 1,2,...,n, CIeACTBHE 2 9KBUBAJNEHTHO CJAEYIOLIEMY
YTBEPKAEHHIO.

Teopema 2.6 (Keam, 1897). Yucio nomeuennovix Oepesoves
nopadxka n pagHo n" 2.

Paccmorpum crepyiolyo 3agady o6 ocmoge MuHUMAAbHO20
geca.

Ilycte G — cBsi3Hbll Tpap v w : EG — R — orobpaxe-
Hue U3 EG B R. OtobpakeHne w Ha3bIBAIOT 8ec080U QpyHKyuel,
a w(e) — secom pebpa e € EG. Ilycts T — octoB rpaga G.
[Nonoxxum

ecET

Yucso w(T) naswiBaioT gecom ocroa T.

3ajaua COCTOMT B CJEAYIONIIEM: TOCTPOHTh AJTOPHTM, KOTO-
peifi Bo B3BelueHHOM rpade (G, w) HAXOAUT OCTOB MUHUMAaJbHOTO
Beca.

B nasnbHefileM Mbl yKaxeM Takue aJrOPUTMbl, KOTOpblE JO-
CTaTOUHO OBICTPO HAXOOAT B rpade OCTOB MHHHMAJbHOIO Beca.
Teopema Kesu ke mokasbiBaer, 4yTo B rpae MOKeT ObITb OYeHb
MHOTO OCTOBOB. Tak, B K, UHCJIO OCTOBOB 3KCIOHEHLHAJbHO 3a-
BUCUT OT n. [loaTomy Obl10 Obl HepalMOHAJNBHO pellaTh 3amauvy
00 0CTOBE MHHHMaJbHOTO Beca, OCHOBbIBAasCh Ha Mepebope Bcex
OCTOBOB.



Inasa 3

OBbXO/bl TPAMOB

§ 3.1. SUNEPOBBI FPAMbI

3amkHyTas Uenb B rpade G Ha3blBaeTCs 3UAepo8OL yenvio,
ec/IM OHa CONepXKUT Bce pebpa W BeplIUHBI rpada. I'pad, comep-
JKalMK 3HepoBy Lemnb, OyAeT Ha3blBaTbCH 3UAepo8bim 2padom.
WHbIMu ciioBaMu, 3igepoB rpad — 3To CBSA3HBIH rpad, B KOTOPOM
UMeeTCsl 3aMKHyTasl Liellb, [POXOAsLIAs TOYHO OAMH pa3 uepes
Kaxzioe ero pe6po.

CBoe Ha3BaHHe 3HJepOBHl I'pagbl MOJYUYHUIH B yecTb JI. Ditie-
pa, KOTOpbIH MepBbIM paccMoTpes Takue rpagsl B 1736 romy B
CBOell 3HAMeHHUTOH paboTe O KEHUICOEPrCKUX MOCTax. JTOH pa-
6oTol Dijep, MO CYLIECTBY, MOJOXKHJ Hadyajo HOBOMY pasiesy
MaTeMaTUKH — TeOpUu rpados.

3anaua o KeHUrcHeprckUx MocTax cocTosija B cienytoulem. Ha
peke Ilperens B Kennrcbepre 6bl0 ABa OCTPOBA, COeTUHEHHBIX
Mexnay cobod u ¢ OeperamMu CeMbl0 MOCTAMH, Kak TOKa3aHO Ha
puc. 14,a.

CrpaluuBaeTrcsi, MOXKHO JIM, HauMHas C HEKOTOPOIO MecTa Cy-
e, 060UTH BCe MOCTHI T10 OJHOMY pa3y M BEpPHYThbCS Hasan?

Oiljlep MNpPeNJNOXKUI paccMOTpeTb rpad, H300paKeHHbIH Ha
puc. 14,b. HerpynHo noragaTbesi, 4TO pelleHHe 3afadd O Ke-
HUICOEPrCKUX MOCTax CBOAMTCS K IOHUCKY 3HJepoBOH Lenu B
sToM rpade. OnHaKo, Kak IMOKAa3blBaeT CJENYIOLlasi TeopeMa, B
YKa3aHHOM Trpade HeT 3HJIepOBBIX LeMNeH.

Teopema 3.1 (dinep, 1736). [as HeoOHOINeMeHMHO20
85131020 epagpa G caedyroujue yYycao8uUs IKBUBANCHMHBL:
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Puc. 14

1) G — aiirepos epag;

2) kamcdasn sepuiuna epaga G umeem uemHyro cmenemb;

3) mmomcecmso scex pebep epagpa G moxmHO pas3bumv Ha
YUK AbL.

HoxkasarenbctBo. 1) =—> 2). [Iycts P — 3itnepoBa Lemnb rpa-
¢a G ¢ HauasbHOM BepLIMHOH vg. IlBUrasich mo uenu P, Gymem
NOACUYHUTBEIBATb CTeNeHH BepIUMH. [IpoXoxaeHHe KaxKIOH NpoMe-
JKYTOUHOH BepLIMHBI B LMW P BHOCHT YHCJIO 2 B €€ CTeleHb.
[TepBoe u nocsenHee pebpo nenu P HaioT BKJIaA 2 B CTENEHb Bep-
LIMHBL vg. Tak Kak Lenb P CofepKUT Kaxkaoe pebpo rpada ToUHO
OlMH pa3, OTCIofA CJielyeT YeTHOCTb CTeleHeH BceX BEepIUWH rpa-
da G.

2) = 3). Ipad G cBsi3eH U He HMeeT BHUCSYMX BepLIHH, MO-
CKOJIbKY CTelleHb KaxK/JOH ero BeplUMHbl 4eTHa. B cuny ciaen-
ctBusi 1 u3 Tteopembl 2.1 B G cOmep:KHUTCA HEKOTOPHIH LHKJI.
O6o3naunm 4yepe3 (G; MakKcHMaJbHBIH moarpad rpaga G, yno-
BJIeTBOPsiiOLHH ycioBuio 3). [lockosbKy U3 yc/ioBusi 3) BbITEKaeT
ycJIOBHe 2), cTeneHH BceX BepliuH rpada (Gp yeTHbl. O603HaYUM
yepe3 (2 moxarpag, noaydeHHbl U3 (G yHajeHHeM Bcex pebep
rpapa Gy. Ilpennosoxum, yTo G2 CONEPXKUT HEOLHOIJIEMEHTHYIO
KOMMoHeHTy cBsisHOCTH H. Ilockonbky H — cBsI3HBIH moarpad,
YIOBJIETBOPSIIOIIMN YCOBHIO 2), B HEM HeT BHCSYMX BEPLIMH H,
cienoBatenbHo, H — He gnepeBo, T. e. B H comep:KUTCA LIUKJ
C. Ecau no6aButb Bce pebpa uukna C' BMeCTe ¢ HHUHUAEHTHBIMU
UM BeplUiMHaMM K noarpady Gi, To NMOJy4HTCs MoOArpad, compep-
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)auui (7 U yIOOBJETBOPSIOLIUE YCIOBUIO 3), UTO HEBO3MOXKHO.
CirenoBarenbHo, noarpag Go He conepKHUT pebep, noatomy G CoB-
nagaet ¢ Gi.

3) = 1). Pazo6bem MHOKeCTBO Bcex pebep rpada G Ha Hau-
MeHblllee YUCJIO0 3aMKHYTHIX 1ienedt Pp, Ps, ..., Ps (Takoe pastue-
HHMEe CYIIECTBYeT B CHJIy YCJOBHSI 3)) M MOKaXkeM, uto s = 1.
[Tycts s > 1. B cuny cBssHocTH rpada G HalzeTcs Takoe ¢ > 2,
4TO 3aMKHYTble Lenu P; u P; uMetoT o6uiyto Bepiinny. [Tockons-
Ky P; n P; He umeror o6uux pebep, UX MOXKHO OOBEIMHHTbH B
OHY 3aMKHYTYIO Lellb, YMEHbLINB T€M CaMbIM 00lllee KOJHYECTBO
neneil s, 4to HeBo3MOXKHO. CJsienoBaTesibHO, Bce pebpa rpada G
NPUHAMJIeKAaT HEKOTOPOH 3aMKHYTOH LeNH, T.e. rpad sBJiaseTcs
3H1J/1epOBBIM. O

N3 teopembl 3.1 MOXKHO MOJYYUTh CJIENCTBUE, OTHOCSIIEECS K
IIPOU3BOJIbHEIM I'padaM.

CaenctBue 1. [Tycts G — npousBoJIbHBIN rpad, conepKalini
2] BeplIMH HedeTHOH cTeneHH, rae [ > 1. Torma MHOXKecTBO Bcex
pebep rpada MOKHO pa3buUTh Ha | UeneHd, Kaxpaas U3 KOTOPBIX
COEJIMHSIET JIBE BEPLUMHBI HEUETHOH CTEMeHH.

JoxasatenbcTBo. OueBHIHO, YTBEpXKIEHHE AOCTATOUHO JO-
KasaTb 114 cjydas, Korga rpad G cssed. Ilyctb

U, Uy« -y U2l —1, U2

— BCe BepIUMHBI HEYeTHOH CTeneHH cBs3HOro rpaga G. Paccmot-
pum rpad G, nmoaydeHHbld U3 G nobasseHueM [ HOBbIX pebep
€1,...,€ TaKHX, UTO €; = ug;_1u2; (1 < i < 1). I'pad Gy, oue-
BUJIHO, CBSI3€H U CTelleHb KaxKJ0H ero BepLIHHbBl — YeTHOe YHCJIO.
[lostomy B Gy cyuiecTByeT 3ijepoBa Lenb P. MoXHO CUHTaTh,
qyTO Lenb P HauuHaercsi ¢ pebpa e;. Ymansis us P Bce pebpa e;
(1 €4 <), MBI, OUEBHIHO, MOJYUHUM [ HYKHBIX HaM IeneH. O

Lenb B rpae G HasblBaeTcsl n0AYaIliaeposoli, ecjy OHa Co-
Jep>XUT Bce pebpa W BepluuHbl rpada. I'pad HaswbiBaercs noay-
alineposvim, ecii B HEM CYILECTBYeT IoJy3iepoBa Lenb. HHbI-
MH CJIOBaMH, MOJY3UJepoB Tpad — 3TO CBA3HBINA rpad, B KOTO-
poM HMeeTcs Lenb (BO3MOXKHO, He3aMKHYTast), IPOXoAslias To4-
HO OIMH pas yepe3 Kaxuoe pe6po.
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IIpennoxenue 3.1. Csasnoili epag G asrsemca noaryatiae-
posvim epagom moeda u mosvko mozda, koeda G codepocum He
6osee 0syx 8epulUH HEUemHOl cmenenu.

ATo yTBepXKIeHHe, OYEBHAHO, BBITEKAeT U3 TeopeMbl 3.1 H
caencTsus 1.
Crienytoliee yTBepXKAEHUE YTOUHSIET MpeasoxeHue 3.1.

Crnencteue 2. Ilyctb cBsA3HBEIE rpad G CONEPKHUT JBe Bep-
IUMHbl HeueTHOH creneHu u M v. Torma cyiiectByer (u,v)-LeMb,
conep:aiiasi Bce pebpa rpada G.

['pa HasbIBaeTCs npouU3BOALHO BblUepUUBAEMbIM U3 8EpPUIl-
Hbl v, ecJU Jio0as ero Lelb C HAuyajJoM B BepIIMHE U MOXKET
6bITh TPOOJIKEHA N0 dHJepoBo 1enu rpada G. Pasymeercs, ec-
JIK Tpad MPOU3BOJBHO BBIYEPUHBAEM W3 BEPIIWHBI U, TO OH SIBJS-
eTcsl 3UJIepPOBBIM TpadoM.

Teopema 3.2. Heodroaremenmuoili stirepos epadp G asas-
emcs Npou3BOALHO BblUEPUUBAEMbIM U3 8epuluHbl v mozda U
MmoAbKo moeda, K020a 8epulluHa v NPUHAOAeH UM A0O0MY YUK-
Ay epaga G.

HoxkasareabcTBo. [IycTh BepiuuHa v siijepoBa rpada G npu-
HalJeXUT Jo6oMy wLukay. Paccmotpum mnpownsBosbHyo (v, w)-
uenb P M mokaxeM, UyTO ee MOXHO NPONOJXKHTb 10 3UJIepOBOH
nenu. O6o3naunm yepe3 (G; noarpad rpada G, noaydyeHHbIH yna-
JeHueM U3 G Bcex pebep uenu P. Ecan w = v, TO BCe BepLIHHbI
noarpacda (G UMelT YeTHYIO CTeleHb, eCaH ke w # v, To G
COZIEPXKUT B TOYHOCTH JIBe BepIIMHBI HeueTHOH cTereHH. [lycThb
Hy — kommoHeHTa cBsi3HOCTH rpada (G, comepxkaiasi BepIlHd-
Hy v. fcHo, 4To BepliMHa w TpuHamIexXuT Hy. CienoBatesbHO,
Hy — noqysiisiepos rpad, u notoMy B Hy CylLIecTByeT MoJy3iJe-
poBa (w,v)-uenb . HeTpynHo noHsAThb, uto H{) COmEpP:KUT Bce
pebpa rpada G;. B camom nene, mpenmosoxum, 4yto Gy comep-
JKAT HEONHO3JEMEHTHYI0 KOMIIOHEHTY CBSI3HOCTH H, OTJIHYHYIO
ot Hy. Torna H — »s#isnepos rpad, u nmoromy B H comepxutcs
LUKJI. DTOT LUUKJ, OYEBUAHO, HE MIPOXOIUT Yepe3 BEepLIUHY v, YTO
HeB03MOXKHO. CJlenoBaTe/IbHO, BCe KOMIIOHEHTHl CBS3HOCTH MOM-
rpada G, oTau4Hble OT Hj, OLHO3/E€MEHTHHI.
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Takum obpasom, Lenb ) comep:kUT Bce pebpa rpadpa Gp. Or-
CIOfla BBITEKAeT, 4To oObeuHeH e Lenell P u () — si/epoBa Lemnb
B rpade G, sABJsIOLIAsACS NPOJOJKEHHEM Lenu P.

O6patHo, nycThb B rpade G cyuectByeT uuka C, He comepxa-
IWKH BepliMHy v. PaccmoTpuM noarpad Gy, nojydyeHHBIH ynasne-
HueM U3 G Bcex pebep uukjaa C. [lyctb H — KOMIOHeHTa CBf3-
HocTu moxarpada (1, copmeprKailasi BepUIMHY v. JIerko MOHSATH,
yro H — 3inepoB rpad. O6o3HauuM uepe3 P 3iljiepoBy Lelb
noarpacda H. MoxXHO cunTaTh, YTO Haya/joM M KOHLOM Lenu P
sBJiseTcs BeplinHa v. [TockosibKy v He mpuHanIexUT Uukay C,
1enb P Hesb3s MPONOJIXKHUTb 0 3HJepoBOH Lenu rpada G. O

Onupasice Ha TeopeMy 3.2, HECJIOKHO OMUCATh CTPOEHHE BCEX
rpadoB, NPOU3BOJBHO BblYepPUHBAEMbIX U3 BEPLIUHBI V.

Jasi sTOro BO3bMeM MPOU3BOJBbHBIUA Jec H, T. e. aUUKJHU-
4yecKHUU rpad, He cofepxalluil BepluuHy v. Kaxkayio BepLIMHY
He4yeTHOH cTerneHW M3 H cOeIMHUM HEKOTODbIM HEUeTHBIM 4YHC-
JIOM KpaTHBIX pebep ¢ v, a KaXK[ylo BepLIMHY 4eTHOH CTeleHH —
4eTHBIM uucsoM (He uckiouast 0) KpaTHEIX pebep ¢ v, MpHYeM
KaXKJyI0 M30/IMPOBAHHYIO BepLIMHY U3 H 00s13aTe/IbHO COeIHHUM
¢ v (cm. puc. 15). Kpome Toro, K BepiinHe v MOXKHO TPHCOENH-
HHUTb HECKOJIbKO IeTeJlb.

[lony4ennsiit rpad G:
1) cBssen;

Puc. 15
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2) ¥MeeT TOJIbKO BEepIIHHBI YeTHOH cTeneHH (degv yeTHO, Tak
Kak B rpade H CONepXKHUTCS UeTHOE YUCJIO BEpPIIHH HeYeTHOH cTe-
MeHH);

3) sBjsieTCs MPOHU3BOJbHO BHIYEPUYHBAEMbIM W3 BEPLIMHBI v,
(kak 3isepoB rpad, y KOTOPOro BepIIMHA v NPUHAIJEXKHUT BCEM
LUKJIAM).

OueBUIHO, BepHO W 0OpaTHOE, T. €. JIIOOOH HEONHOIJNEMEHT-
HBIH rpad, NPOU3BOJNBHO BbUEPUHUBAEMBIH U3 BEPLIMHBI ¥, MOXKHO
TMOJIYYUThb C MOMOLIbI0 YKA3aHHOH KOHCTPYKLHH.

3ametuM, 4To B rpade (F, MPOU3BOJNBHO BbIYEPUHBAEMOM W3
BEPLIMHBl U, HA OCHOBAHUH OIpellesIeHUs] MOXKHO CJelyIOIUM 06-
pasoM MOCTPOMTb 3HJEepoBYy LeNb: BBIXOAMM K3 BEepLIMHBl ¥ H
UIeM MPOU3BOJIbHBIM 00pa3oM Mo MapupyTy B rpade G, cobio-
Jasl JULIb OQHO OTPaHHYEHHEe — W3 KaXKAOH NOCTUTHYTOH BepIlH-
HBI BBIXO/IUM TOJIBKO MO JII0OOMY M3 paHee He TPOHIEHHBIX pebep,
MpUUYeM IBHXKEMCS 10 TeX IOp, NMOKAa 3TO BO3MOXKHO.

Hrak, B rpade, Npou3BOJbHO BEIUEPUHBAEMOM M3 BEPLIMHEI v,
CyLlecTByeT O4eHb NMPOCTOH aJrOPUTM MOCTPOEHHS IH/IEepPOBOH Le-
nu. B cBs3u ¢ 3THM rpadbl, MPOW3BOJBHO BblUEPUYMBAEMBIE H3
JNAHHOW BepLIMHBI, BeCbMa yI0OHB! 1/ MJIAHUPOBAHHUS BBICTABOK.
3mech pebpa COOTBETCTBYIOT IOMELIEHHUAM, TIJle BBICTABJSIOTCS
9KCIIOHAThl, a BepIIMHBl — MecTaM Iepexoja M3 OJHHUX MoMelle-
HUH B mpyrue. Ha BbicTaBke, CIJIAHHPOBAHHOH TaKHUM 00pasoM,
HauyaB C BXOJa v, MOXHO aBTOMaTH4eCKH OOOUTHU BCIO BBICTABKY,
eCJIM NPUAEPKHUBATHCSI MPOCTOrO MpPaBHJa: BOHTH B NOMEIEHHE,
OCMOTPETb €ro U uepe3 APYTroH BBIXOA MEPEUTH B ellle HEIIPOCMOT-
peHHoe TOMellleHHe.

§ 3.2. TAMMAIIbTOHOBbLI NPA®dbI

Tamunremonosoil yenoro rpaca HasplBaeTCs ero He3aMKHYTas
npocTas Lelb, KOTOpas MNPOXOAHUT yepe3 KaxKAylo BepLIMHY Ipa-
¢a TouHo omuH pa3. Lluka rpada, mpoxomsiiuil 4yepesd KaxKIyro
ero BeplUMHY, Ha3blBaeTCs 2amuibmoHo8vim yukiom. I'pad Ha-
3bIBAETCS 2AMUALIMOHOBLIM, €CIU OH 00JIafiaeT TaMHJIbTOHOBBIM
LIUKJIOM.



§ 3.2. amuromonosel epagot 49

OueBUIHO, BONIPOC O CYLIECTBOBAHUH FaMHUJBTOHOBHIX LieNed U
LIUKJIOB JOCTATOYHO M3YUYUTb TOJBKO JAJSl KJacca OOBIKHOBEHHBIX
rpagos.

YkasaHHble Ha3BaHHS Leled M LHUKJOB CBSI3aHBl C HMEHeM
Yunbsma [amusbToHa, KoTopel B 1859 romy mpemsioxus cie-
IYIOLLYI0 UTPYy-TOJIOBOJIOMKY: TpebyeTcs, Iepexois Mo o4epeiu oT
OIHOHM BepLIMHBI NOfeKa3apa K APYyrod BepliWHEe MO ero pedpy,
o6oiiTu Bce 20 BepIUIMH 10 OJHOMY pady M BEPHYTbCS B Hauajlb-
HYIO BepIIHHY.

OTMeTHM, 4TO MPUAYMaHO ellle MHOTO APYTHUX pasBjeKaTesib-
HBIX U [0JIe3HBIX 33134, CBA3aHHBIX C MOMCKOM TaMHJIbTOHOBBIX
nukJjoB. ChopmynupyeM ABe U3 HHX.

1. Komnanuio U3 HECKOJIBKUX UeJIoBeK TpedyeTcst paccainTh 3a
KPYTJIBIM CTOJIOM TaKUM 06pa3oM, 4TOObI M0 06e CTOPOHBI OT KaxK-
JIOTO CHJEJIH ero 3HaKOMble.

OueBUIHO, [/ pelLleHUs 3TOH 3aJaud HYXKHO HAHTH raMHJb-
TOHOB LHMKJ B rpade 3HaKOMCTB KOMIaHHUH.

2. (Badaua o waxmammom Kore.) MoxHO JM HauHHast C MPO-
W3BOJIBHOTO MOJIS LIaXMaTHOH NOCKM OOOHTH KOHEM MOCJ/enoBa-
TeJIbHO Bce 64 moJsi Mo OJHOMY pa3y M BEpHYTbCS B HCXOJHOE
noJe?

Hecmotpst Ha BHelllHee cX0[CTBO 3a1a4 00 3H/epOBbIX LensX U
raMUJIbTOHOBBIX LHKJaX, 0Ka3aJ0Ch, YTO MPOOJEMbl HaXOXKIeHHUs
3((PeKTUBHBIX KPUTEPHEB CYLIECTBOBAHHUS TaKUX LleNel U LUKJIOB
UMEIOT TPUHLMIIMANBHO Pas3jM4yHylo CJa0XKHOCTb. Kak 6pl1o mo-
Ka3aHo B MpelbIAyLIeM pasfese, MPOCTOH U 3((eKTHBHBIH KpUTe-
pHH CyLIeCTBOBAaHHUS SU/I€POBOH LENH yCTAHABJIUBAETCH AOCTATOY-
Ho npocto. KoHeyHo, xoTesoch Obl HAWTH MONOOHBIH KPUTEPUH U
IJis1 CyILECTBOBAHHUS FaMUJ/IbTOHOBA LMKJa. OnHAKO MOUCK 3¢ pek-
THBHOTO KPUTEPHs TaKOro poja sBJseTCS OLHOW M3 TPyAHEHIIHX
HepellleHHbIX 3aJa4 TeOpUH rpagos.

B nanHoMm pasnesie Mbl TIpHBefieM OfHO M3 HanboJee HHTepec-
HBIX JIOCTaTOYHBIX YCJOBHH CYIIeCTBOBAHUS AMUJ/BTOHOBA LUK/
B 0OBIKHOBEHHOM rpade, MOo/yueHHOe K HACTOSIIEMY BPeMeHH.

Crauasna nanuM HeoOXONUMBIe ONpeleseHHs U JOKaXKeM OfHY
BCIIOMOTaTeJ bHYIO JIEeMMY.

[Tyctb rpag G uMeeT n BEPIIUH V1, V2, . .., Un. 110J0KUM d; =
=degv; (1 =1,2,...,n) u OyIeM CUUTaTh, YTO BepLIHHBI rpaca
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yHOpsiIoUeHBl TaKUM 06pasoM, uto dy < dz < ... < d,. Ilocse-
JOBATEJNbHOCTD d1,ds,...,d, Ha3bIBalOT 10CA008AMEALHOCTbIO
cmenenretl rpada G.

Bynem roBoputh, 4TO uYMc/a0Bas mocjaenoBaTeNbHOCTb dp <

< ds < ... < d, Maxcopupyemcs YUCJOBOH IMOCJEN0BATEIbHO-
eteio df < dy < ... < d, ecmu d; < d; mas go6oro i =
=1,2,...,n.

Jlemma 1. [lycmo obvikHosennbvili epap G' noayuen us
0bvikHOBeHH020 epagpa G dobasaernuem 00HO20 H08020 pebpa e.
Tozda nocaedosamenvrocms cmenereti epaga G mancopupyem-
¢ nocaedosamenvrocmoro cmeneneii epaga G

Joka3arenbcTBO. 3aMeTUM CHadaJsa, YTO eCJH B HeyOblBaro-
mel mocsaenoBatenbHoOCTH dy < do < ... < d,, YBEJHUHUTH UUCJIO
d; Ha 1, a 3aTreM MOJIy4YeHHYIO MOCJeN0BAaTENbHOCTh MPUBECTH K
HeyOBIBAWOIIEMY BHAY, NEPECTABUB UYHCIO d; + 1 Ha MOJ0XKEHHOEe
MeCTO, TO HOBasi MOCJENOBATEJbHOCTb OyIeT MaxKOpUpPOBaTb HC-
XOIHYIO TOCJIeI0BATENbHOCTb (OUEBHUAHO, Ty 2Ke HOBYIO MOCJENO-
BaTeJbHOCTb MOXKHO MOJY4YHUTb cpasy, no6aBuB 1 K mocjenHemy
YUCJy UCXOAHOH MOCJENOBATENbHOCTH, PABHOMY d;).

fcHo, uto npu no6aBjaeHUH K rpady HOBOro pebpa e = uv, Tae
w # v, TOYHO y ABYX BEpLIMH w W v CTeNeHH yBesanuarcs Ha 1.
OcTanoch Ba pasa BOCMOJb30BATLCS CHEJNAHHBIM 3aMe4yaHHEM.

O

Teopema 3.3 (XBarau, 1972). [lycmv G — 06biKHOBeHHbLL
epah, dy < ds < ... < d, — eeo nocaedosamesvrocme cmene-
e u n > 3. Ecau oas aroboeo Hamyparvioeo uucia k eepHa
UMNAUKAUUS

di <k<n/2—=d,_p>2n—k, (*)
mo epagp G 2amusbmoHo8.

HokasateabcTBo. CrenaeM CHadana TPH OUEBHAHBIX 3aMe-
YaHHUS.

1) Ecau dy < k, To 4KCJIO BEpIIHH, CTENEHb KOTOPHIX HE Tpe-
BoCcXOmuT k, Gosblie uan paBHO k. OueBUIHO, BEPHO U 06paTHOE
yTBepKIeHHe.
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2) Ecan dy,_, > n—Fk, TO 4KCJI0 BEPIIKH, CTENEHb KOTOPBIX HE
MeHble n — k, GoJblie WJIM paBHO k + 1 (IOCTaTOYHO 3aMETHUTB,
YTO B MOCJEN0BAaTeNbHOCTH dp_k, dp—k+1,---,dy UMeeTcsa k + 1
yuces). KoHeuHo, U 31eck BepHO 00paTHOE YTBEPXKAEHHUE.

3) Ecau ycsoBue (*) BepHO [Jist HEKOTOPOE MOC/IEA0BATEbHO-
CTH CTeleHel, TO OHO BEPHO U /51 MaxKOpUpYIolleHd ee HeyObIBa-
IOLIeH MO0CJ/IeL0BATENbHOCTH.

[IycTb Tenepb, OT NPOTUBHOTO, CYLIECTBYeT OOLIKHOBEHHBIH N~
rpad, rae n > 3, KOTOPbIH YAOBJIETBOPSIET YCJOBHIO (*), HO He sB-
JISETCS] TAMUJIbTOHOBBEIM rpadoM. Bynem no6aBnsTh K HEMy HOBBIE
pebpa 10 Tex MOp, MOKa He TOJYYMM MaKCHMAJbHBIH HEraMuJib-
TOHOB 00bIKHOBeHHBIH Tpad G. B cuny 3) rpad G ymoneTBopsiet
YCJIOBHIO (%).

3ameruM, uto rpadp K, ramuabToHoB mnpu n > 3. bynem
CUMTaTh, 4YTo rpadp G — 3TO MaKCHMaJbHBIH HEraMHJbTOHOB
6cToBHBIN moarpad rpada K,.

BosbMeM [Be Takue HeCcMeXKHble BepLIMHBI u W v rpaga G,
y1o cymma degu + degv siBnsieTcss HauOOJblIed U3 BO3MOXKHBIX.
Bes orpanuuenus obmnoctr 6ynem cuutath, 4yTo degu < degw.
Jo6aBum k G HOBoe pebpo e = wwv. Torma rpad G + e ramuJb-
TOHOB.

PaccmoTrpum ramusbToHOB LMK rpada G + e. B Hem obs3a-
TeJbHO TMPUCYTCTBYeT pebpo e = wwv. OrbpachiBas pebpo e U3
LMKJA, TONYYNM FaMUJIbTOHOBY (u,v)-Lenb B rpade G:

U= UL, Uy -y Uy = V.
[Tonoxxum
S = {i| cywecrsyer e; = uyu;11 € EG},
T = {i|cywecrsyer f; = u;u, € EG}.

[Mokaxem, ytro S NT = (). HdelicTBuTebHo, ecan j € SNT,
TO B rpade G MMeeTcCsl TaMUJIbTOHOB LIHUKJI:

e fi
u14uj+1—>uj+2—>-~-—>un—]>uj—>uj_1—>---—>u1.

U3 onpepesnenns S u T ciaepyer SUT C {1,2,...,n — 1},
nosromy 2degu < degu +degv = |S|+|T| = |SUT| <mn, T.e.
degu < n/2 n degu + degv < n.
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Tak kak SNT = (), HU omHa BeplUKHA uj, rae j € S, He
CMeXHa ¢ v = u,. OTclona B cuay Boi6Opa u ¥ v UMeeM degu; <
< degu. [Monoxkum k = degu. Torna nmeercs no kpaliHell Mepe
|S| = degu = k BepLulH, CTeNeHb KOTOPbIX He MPEBOCXOAHMT k.
B cuny 1) BeinosHsieTcs

dip < k< n/2.
[To ycaoBuio (%) mosydaem
dp—r =2n—k.

B cuny 2) umeercs mo KpaiiHeil mepe k + 1 BeplluWH, CTeneHb
KOTOPBbIX He MeHblle n — k.

BepuinHa u MoxkeT ObITb CMeXXHa camoe OoJiblilee ¢ k U3 3TUX
k + 1 BepumH, Tak Kak k = degwu. CjenoBartesibHO, CYLIECTBYeT
BEpUIMHA w, HE CMexXHas C u, AJas KoTopod degw > n — k. Torna
nonydyaem degu + degw > k + (n — k) = n > degu + degv, uto
NPOTHBOPEUHUT BBIOOPY U U V. O

CaenctBue 1. Ilycte G — oObiKHOBeHHBIH Tpad, d; < do <
< ... < d, — ero nocJjenoBaTesbHOCTb cTeneHedl U n > 3. ['pad
G raMUJIbTOHOB, €CJIM BBIMOJHEHO OJHO W3 YCJIOBHH:

1) di. > n/2 pas aw6oro k = 1,...,n (treopema [upaka,
1952);

2) degu+degv > n s NOOBIX IBYX PA3JHUHBIX HECMEXKHBIX
BeplIKH u, v rpada G (teopema Ope, 1960);

3) dr > k nns mo6oro HaTypajsbHOrO 4ucjaa k Takoro, 4To
1<k <n/2.

HokasarenbcTBo. Jl0CTaTOYHO YCTAHOBHUTB, UTO 1) = 2) =
=3) = (*). Umninkaunu 1) = 2) u 3) = (%) coBepLIEHHO
OYeBUIHBI.

2) = 3). IlycTb, OT NPOTHUBHOrO, BEpHO 2), HO He BEpHO 3).
Torma cyuiectByer Takoe ¢, uto 1 < ¢ < n/2 u d; < t. Bosb-
MeM IPOU3BOJIbHBIE UHCJaa T1,tp Takue, 4yto 1 < &7 < to < ¢
Torpa dy,,di, < di < t < n/2 Baeder dy, + di, < n, 0TKyna
B CUJY 2) BepLIMHBI vy, , U, CMeXKHBI. TakuM 00pa3oM, BepLINHbI
V1,V2,...,U; IOPOKIAIOT MOMHBIHA Moarpag.
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Tak kak d; < t, qwobas BepuiMHa v; 44 ¢ = 1,...,t cMex-
Ha He GoJsiee ueM C ONHOH BepuIMHOH v; anst j € {t+1,...,n},
npuueM |{t+1,...,n}| =n—t. 3ameTuM, uTo n—1 > ¢, NOCKOJIb-
Ky t < n/2. [loaToMy cyllecTByeT BeplIMHA v; IJIsI HEKOTOPOTO
j = t+1,...,n, KoTopas HeCcMexHa C BepLIMHAMU V1, ..., Vt.
[TockonbKy v; HecMexkHa cama ¢ co0OH, OTCIOfa clefyeT

dj <n—t—1.

Torna dy +d; <t+mn—1t—1<mn 1 BePUIHUHD V¢, V; HECMEXHbI H
Pa3JIMYHBI, YTO MPOTHBOPEUHT 2). O

Tamunromonosoli opyenvro oprpaca Ha3blBae€TCS €ro He3aM-
KHyTasl TIpocTasi OpLemNb, KOTOpasi MPOXOIUT Yepe3 KaxKAyH Bep-
wKHy oprpada To4yHo oauH pas. Opuuka oprpada, NpoXomsiIHi
Yyepe3 KaKAyl0 ero BeplLUMHY, Ha3bIBAETCS eamMuUAbMmOHO8bIM Op-
yuxaom. Oprpad Ha3bIBAETCH NOAY2AMULLMOHOBbIM, €CJH OH 00-
JlajaeT TaMUJIbTOHOBOH OpLENbIO, U — 2aMUAbMOHOBbIM, €CJIU OH
o6/aaeT raMUJIbTOHOBBIM OPLIUKJIOM.

O raMu/IbTOHOBBIX Oprpadax B 11€JIOM H3BECTHO HE OYeHb MHO-
ro. [IpuBenem 6e3 nokaszaresbcTBa aHaJjor TeopeMbl [lupaka.

Teopema 3.4 (Tyia—¥Ypu). [lycme G — opceasuobii n-
opepag. Ecau degv = n/2 u degv > n/2 Oas awboii eco
sepuiunol v, mo G — eamMuLbmoHo8 opepad.

PaccMoTpuM Temeps ONMH BaXKHBIM KJacC oprpadoB U BhISIC-
HUM, Korja oprpag U3 3Toro KJjacca OyneT raMUJbTOHOBBIM.

TypHupom HasbpiBaeTcss oprpad), OCHOBaHHE KOTOPOTO eCThb
NOJIHBIA rpag, T. e. JoOble IBe ero pasin4yHble BepIIHHbl COelU-
HeHbl TOUYHO OJHOW IyTOH W HeT meTesb. Takoe Ha3BaHHWe BHIOPAHO
B CBfI3H C TeM, UTO 3TH Tpadsl yA00HO HCIOIb30BATh AJIS OIMKCA-
HUST pe3y/ibTaTOB KOMaHAHBIX COPeBHOBAHHWH B HEKOTOPHIX BHOAX
cropTa.

Tak Kak TYpHHUpP MOXKET HMeTb UCTOYHHK (UJH CTOK), T.€. Bep-
IIHWHY, B KOTOPOH AYTH TOJbKO BEIXOAAT (3aXONSIT), TYPHHP MOXKET
ObITh U HEraMUJIbTOHOBBIM. €M He MeHee CIIpaBelJHBa

Teopema 3.5 (Peneu u Kamuon). 1) Jlwob6ou myprup nory-
2aMUNLBIMOHO8.
2) JItobotl 0pcesstbLl MYPHUP eAMUNLLIMOHOS.
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Hoxa3atenbcTBO. 1) YTBepKaeHHe OUEBHUAHO [Jis TYPHHPA,
colep:Kallero MeHee Tpex BeplUMH. [IpeanosoKuM no HHAYKLUH,
4TO JIOOOH TYPHHUP Ha 7 BeplMHAX MOJYraMHuabTOHOB. Paccmor-
pHUM TpOU3BOJBHBIA TypHHp (G, unMmenmMid n + 1 BepuiuH, rae
n > 2, ¥ NPOU3BOJBbHYIO BepliMHy u B HeM. [lo mpenmnosoxe-
HUI0O UHAYKUMH TypHHP G — « TNOJYTraMHUJbTOHOB, T. €. B HeM
CYLIeCTByeT raMHJIbTOHOBA OpLEeMNb

Ul —> Vg = = Uy

Ecnu B G umeetcs nyra ey = uvy WM ayra f, = v,u, TO, ode-
BUJIHO, TypHUP G mosyraMusibToHOB. [l03TOMy MOXKHO CUHTATh,
qyT0 B (G MIPUCYTCTBYIOT AYTH fi = viu U €, = uv,. B yKa3aHHOH
BbIlLIE FAMUJIbTOHOBOH oplenu TypHHpa G — u BO3bMEM MEPBYIO
BEpUIMHY v;, AJsl KOTopod B GG HMMeeTcs ayra e; = uv;. B cuny
BbI6Opa BepliMHbl v; B G UMeeTcs ayra f;—1 = v;_iu. Torma B
TypHUpPe GG MoJy4aeM raMU/bTOHOBY OpLieMb

Vi —> > Vi—1 = U—>V; = —> Up.

2) Bynem pmokaswbiBaTb GoJiee CHJBbHOE yTBepXKIeHHe: J06OH
OpCBSI3HBIH TypHHUP (G Ha M BepILIUHAX CONEPKUT OPLUKJIBI IJIHHBI
3,4,...,n.

OTMeTHM, 4TO /060N HEONHONEMEHTHBIH OPCBSI3HBIH TYPHUP,
O4YeBHUIHO, COLEPXKHUT He MeHee TpeX BepLlUHH.

[Tycte G — HeORHO3JEMEHTHBIH OpPCBA3HBIA TYpHHUP. Bo3bpMmeM
B TypHHpe (G TPOU3BOJIbHYIO BepUIMHY v. MHOXKeCTBO BepLIMH
TypHHpa G — v pacmajnaeTcs Ha ABa HelepeceKaloluXcst MOAMHO-
»kectBa Vi u Vo, roe B Vi coOpaHbl Bce BEPLIMHBI U, /IS KOTOPBIX
B (G uMeercs ayra M3 uw B v, a B Vo — Bce BepIIMHB w, A
KoTopeiXx B G mMeetcst ayra u3 v B w. Ecau Vi = (), To v — uc-
TOYHHK TypHHpa G, uTo HeBo3MOxHO. CJenoBatenbHo, Vi # () u,
aHasornyto, Va # (). Torma B cuity opcBsisHOCTH TypHHpa G 065-
3aTeJIbHO CYyIeCTBYeT AyTa g = wu JAJs HEKOTOpeIX w € Vo n u €
€ V3. Ilostomy B TypHHpe G mosyuyaeM OpUMKJ v — w — U —> v
IUIUHBL 3.

[Ipennonoxum Tenepb, 4To B G UMEETCs OPLUKJI

V1 —> Vg — -+ — Vg — U1
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nauHbl t, toe 3 < t < n. [Tokaxem, uto B G CyIIECTyeT OPLUKJI
niuHbl t + 1. TToaoKuM

U:VG\{Ul,UQ,...,Ut}.

[Iycte B mMHOXecTBe U HaligerTcs BeplIMHa u Takasi, 4to B G
UMelTcs AYTH f; = v;u U €; = uv; /11 HEKOTOPBIX %,j TaKHX,
yto 1 < 4,5 <t ui#j. PaccmoTpum nBa caydas.

1. Ecnn @ < j, TO cyllecTBYeT s Takoe, 4To ¢ < s < j U B G
IPUCYTCTBYIOT OYTH fs_1 = Us_1U U €5 = uvs. 1OTAA B TypHHpE
G mnosiydaeM OPUHKJ AJUHBI ¢ + 1:

Vi — 7 Vs—1 > U—> Vg —> " — VUt — V1.

2. Ilyetb j < i. Ecau B G cymectByeT ayra fi; = v1u, TO MbI
OKasblBaeMCsl B YCJIOBHSIX PacCMOTPEHHOro cJjydasi, IZle BMeCTO
naphl 4,j Hano B3sTb napy 1,j. CsenoBaresbHO, Mbl MOXEM CUH-
TaTh, YTO CYLIECTBYeT Ayra e; = uv; U, aHaJOTHYHO, CyLeCTBYeT
nyra f; = vyu. Torna B TypHupe G mnosydaem OpUHKJ IJAHBL ¢+ 1:

V1 — = V¢ 7 U — V1.

Taxkum o6pa3omM, Mbl MOXKEM CUMTaTh, 4YTO MHOXKecTBO U pac-
najfaeTcsl Ha [Ba HelMepeceKamIUXcs MoaMHoxecTBa Vi U Vo Ta-
KHX, 4TO:

1) B Vi cobpanbl Bce BepiuuHBl u € U, HJs1 KOTOPBIX AyTa,

MHUKAEHTHAs u W BepludHe v; (i = 1,...,t), UMeeT BUA e; = uv;;
2) B V cobpanbl Bce BepIIMHBl w € U, HJs1 KOTOPBIX AyTa,
UHLUHIEHTHAs u U Bepiuinne v; (¢ = 1,...,t), uMeeT BUL f; = v;u.

Ecan Vi = (), To TypHup G He OymeT OpPCBSI3HBIM, TaK Kak
TOrJa He CYLIeCTBYeT MMPOCThIX Opliernel ¢ HayaaoM B V5 U KOHLOM
B {v1,...,v:}. CnenoBaresnsto, Vi # () u, ananorudso, Va # 0.

Jlerko BHIETb, YTO B CHJIy OPCBSI3HOCTH TypHHpa G cylie-
CTBYIOT BepIIWHBl wy € Vo U wy € Vi, 1 KOTOPEIX B G UMeeTCst
ayra

g = wawi.

Torna B TypHupe G moJyuyaeM OPLHUKJ IJHWHBL ¢ + 1:

Wg —> W1 — Vg —> -+ - —> Uy — Wa. O



Irhasa 4

MATPOMADI

§ 4.1. MONYMOLAYNAPHBIE PELLUETKM,
YCINOBME YXOPOAAHA-AEOEKMHOA

Hanomuum, 4to pewemxoii HaseiBaetcsi anrebpa L ¢ nByMms
O6HMHapHBIMU OmNepalusiMU A U V TakKUMH, 4TO 14 00X a,b, c €
€ L BuinonHsercs

1) aAa=a, 1Y aVa=a,

2) anb=bAa, 2YaVvb=>bVa,
3)a/\(b/\c) (aNb) Ac, 3)Yav(bVe)=(aVd)Ve,
4) a A (aVb) =a, 4)yaV(anb)=a

B pemetke L MOXHO BBECTH OTHOLIEHHe YaCTUYHOTO TOPSiM-
Ka <, noJiaras

a<bsanb=a (a,beL).

OtmeTHM, 4TO aAb U aVb ABJASIOTCS COOTBETCTBEHHO TOUHBIMH
HWDKHeH W TOYHBIMH BepXHEH TrpaHHWLaMU [JJs 3JeMeHTOB a U b
OTHOCHUTEJIbHO <.

Pemerka L HasbiBaeTcsi M00yAapHOL, eCln

azb—=aN(bVe)=bV(aAc)

JUIs 00X a, b, ¢ € L.
L7151 aneMeHTOB a U b pewieTKH L TakuX UTO a < b, MOJIOKHUM

[a,b] ={z € L|a < z < b}.
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OTO TOAMHOXKECTBO 3aMKHYTO OTHOCHTEJbHO omepauuii A u V,
T.e. IBSeTCS MOAPELIeTKON, U Ha3blBATCS UHMEPBALOM PeLleT-
KU L.

Jlemma 1. /[as awoboix anemenmos a u b modyrapHoti pe-
wemixu L unmepsanwt [a Ab,a] u [b,aV b] usomopgro.

IokasartenbcrBo. OmnpenennM oTobpaxeHue ¢ u3 [a A b,a] B
[b,a V b] u oToGpaxenue ¢ u3 [b,a Vb] B [a Ab,a], nonaras

¢(x) =z Vb (x €lanbal]),

Y(y) =yAa (y€[baVbl).

3aMeTUM, 4TO

aANb<z<a=b=(aAb)Vb<¢(z)<aVb

b<y<aVb=aAb<¢(y)<aAn(aVb) =a.

Hanee, nasi moboro = € [a A b, a] BbIOJMHSETCS
vop(x) =(xVd)Aa=zV (aAb) =z,

T.€. Y¢ TOXKIECTBEHHO Ha [a A b,a] W, aHAJOrHUHO, P1p TOKAe-
cTBeHHO Ha [b,a V b]. CaemoBaTesbHO, ¢ U ) — JBe B3aHMHO
o6paTHble GHEKLHH.

Kpome Toro, ¢ u 1) coxpaHSIIOT OTHOLIEHHE <:

11 < 22 = ¢(21) < P(22),

Y1 < y2 = P(y1) < P(y2)

IJIs1 TIOOBIX X1,%2 € [a Ab,a]l ¥ y1,y2 € [b,a V1]
Orciofa ciefyer, uto ¢ — H30MOP(HU3M MOLPELIETKH [a A b, a]
Ha moapeleTky [b,a V b]. O

Uepes <- Oynem 00603Ha4yaTb OMHOULEHUE NOKPbLMUS B pe-
wetke L , T.e. Mbl noJiaraem a < b, eciu a < b U uHTepBas [a, b]
JByX3JleMeHTeH.
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Perietka L Ha3blBaeTCsi NOAYMOOYAAPHOLL, €CTH
aANb<a=b<aVbd

s Jqobblx a,b € L. B cuny nemmbl 1 mobas MonynsipHas pe-
IeTKa MOJYMOAYJIsIpPHA.

[Tycte V' — KOHeyHOMepHOE BEKTOPHOE MPOCTPAHCTBO Hal Te-
gaom F'. Torna pewerka Sub V' moanpocrtpaHcTB npoctpaHctBa V,
KaK HM3BECTHO, MOLYJSIPHA U, CJIELOBATEJNbHO, TTOJyMOLYSpHA.

PaccmoTpuM Tenepb peleTky L, B KOTOpPOH Bce LeNH KOHeu-
Hbl. Bynem rosopute, uto L ynoB/eTBopsieT ycaosuro XKopdara—
Medexkunda, ecnu pas mo6OBIX IBYX 3JeMeHTOB a,b € L Takux,
4to a < b, Bce MakcuMmasbhble (a,b)-uend B L UMEIOT OfHHAKO-
BYIO JJIMHY, T.€. BCeraa M3 yCJOBHUH

a=1uy <uy < ...<Upy=0>,
a=vy <V < ...<v,=0b
BLITEKAeT m = n.

Teopema 4.1. Jliobas noisymodyrsipHas peuiemka, 8 KOmo-
poil sce yenu Koweuwbvl, ydosiemsopsem ycarosuro Xopdawa-—
Jledexunoa.

Hoka3arenbcTBo. Dynem nokasbiBaTh ciiefyioliee yTBepxKie-
Hue: AJs1 J16bIX a,b € L Takux, 4yto a < b, ec/iu Kakas-11ub60 Mak-
cumaJgbHas (a,b)-Lernb UMeeT AJIUHY M, TO JN100as MakCHMaJbHast
(a,b)-uenb uMeeT mJIUHY M.

[Ipu m = 1 umeem a <-b W yTBepxkIeHHe odeBUAHO. [lycThb
YTBEPXKIEHHE BepHO /sl JI0OOTO WHTEpBasa, UMEIOLIEro MaKCH-
MaJbHYIO0 LeNb IJWHBl MeHblIed m, u m > 2. Paccmorpum nBe
MaKkcuMaJbHble (a, b)-Leny:

a=1uy <up < ...< Uy =Do,
a=vy <V < ...<v, =b.

B CUJTY TNIPEANOJOKEHHUSA MHAYKIHHU Mbl MO2KE€M CHUTATb, UTO N >
= m. Ecau U1 = V1, TO, NIPUMEHAA NPEAINOJOKEHHUE UHYKIHHU K
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UHTepBany [ui,b], noaydaeM m — 1 =n — 1, T.e. m = n. [lycTb
u; # v1. B cuny monmyMomyJsipHOCTH BBHIMOJIHSETCS up, v <
< up Vvy. [To npennosnokeHn0 HHAYKIKMH JI00asi MAaKCUMaJlbHas
(u1,b)-uens nmeer nauny m — 1. CjiefoBaresibHO, Ja00as MaKkCH-
masbHasi (up V v, b)-uenb umeer gauny m — 2. OTciopa cienyer,
yro Jiobas MakcumasbHas (v, b)-uenb umeer aanHy m— 1. Torna
m—1=mn—1, T.e. oNATb UMEEM M = N. O

Jajiee mox OTHOWIEHHeM <- Ha pelleTke L GyneM NMOHUMATb
00belMHEHHe OTHOLIEHHUS] MOKPHITHUS < - M OTHOLIEHHS paBeH-
cTBa =. B nanpHeiiieM Mbl GyneM paccMaTpUBaTh pelIeTKH, 00-
Jajamlide HauMeHbUIUM 3JIeMEeHTOM, KOTOpBI OyneM HasblBaTb
HyneM W OymeM o6o3HauaTb uepe3 0. Amomom OyneMm Ha3bIBaTb
3JIEMEHT pelIeTKH, MOKPLIBAIIINA ee HAUMEHbIIUH deMeHT 0.

Jlemma 2. [lycmo L — noaymodyaspHas pewemka ¢ Hyiem
0. Toeda ors aw0bbix u,v,w € L 8vinoansemcs

uUu<v—=uVwsvVuw.

B wacmuocmu, dan arboeo a € L u amoma p makozo, umo
p £ a, 8biNOAHsIEMCS

a<aVp.

HoxkasarenbctBo. Ecin v <uVw, TouVw=(uVw)Vuv=
= ovVw. [lyctb v € uVw. Torna u = vA(uVw), TaK Kak 4 < v, U
vV (uVw) =vVw. OTciona B CHIY MOJYMOLYJISIPHOCTH TOJTydYaeM
uVw<vVw. O

[Tycte L — monymonynsipHasi peiietka ¢ Hyjem O, B KOTO-
po#l Bce uenu KoHeuHbl. Yepe3 dima 6ymeM 0603HauaTh AJIUHY
MakcuManpHOH (0, a)-Lend. DTo ompenesneHHe KOPPEKTHO B CHIY
teopeMmbl 4.1. dynkunio dimx 6ynem HasblBaTb QPyHKyuel pas-
meprocmu Ha pelieTke L.

Teopema 4.2. [Iycmo L — noaymodyrapHas peulemka c Hy-
szem 0, 8 komopoil ece yenu xoneurwvl. Toeda:
1) Oas ar0boix a,b € L

dim(a A b) 4+ dim(a V b) < dima 4 dim b;
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2) pewemka L moOyrspra 8 mom u mosbKO 8 mom ciyuae,
Koeda 0as Atobuix a,b € L

dim(a A b) 4+ dim(a V b) = dima + dim d.

HoxkasarenbctBo. 1) [Iycth a Ab = ug < up < ... < Uy =
= a. OGbequHss BCe 3/JE€MEHThl 3TOH LEeNU C b, B CHJY JIeMMbl 2
noJiyyaem

b=ugVb<u1 Vb< ... <uy,, Vb=aVvhb.
Ortciona cienyet

dima — dim(a A b) = m > dim(a V b) — dim b,

dima 4 dim b > dim(a A b) + dim(a V b).
2) Ecnu peterka MonyJisipHa, TO HHTepBaJbl [aAb, a] 1 [b, aV ]
u3omopoHbl no gemme 1. CrienoBaresbHO,

dima — dim(a A b) = dim(a V b) — dim b.

O6paTHO, MPeAnoJNOKUM, UTO IJs JIOOBIX a,b € L BbINOJHS-
€TCsl PABEHCTBO

dim(a A b) + dim(a V b) = dima + dim b.

IIycts, oT npoTUBHOrO, pelletka L Hemony/spHa. Toraa, Kak Hs-
BECTHO, OHa COHEPKHUT meHTtaroH (puc. 16) B kauecTBe mompe-
LIETKH.
Jlas 2/1eMeHTOB MEeHTaroHa B CHJIy HAIEro MpearosoxKeHUs
nosyyaem
dimu + dim v = dim ¢ + dim a,

dimu + dimv = dim ¢ + dim b,
T.e. dima = dim b, 4TO HEBO3MOXKHO. O

OTMeTHM, YTO HepaBeHCTBO U3 1) HA3LIBAIOT HEPABEHCMBOM
NOAYMOOYAAPHOCMU.
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Puc. 16

IIpumep. I[lycte V' — KoHeuHOMepHOe BEKTOpPHOE NPOCTpPaH-
ctBo Hapg tesoMm F. Torpma pewerka Sub V' moampocTpaHCTB mpo-
cTpaHcTBa V' — 3TO MOAyJsipHas pelleTka ¢ HyJaeM, B KOTOPOH
BCe Leny KoHeuHbl, 1 dim U coBnanaet ¢ 06bIYHOH pa3MepHOCTBIO
nognpoctpanctea U. KoneuHo, SubV ynoBseTBOpsieT yCJOBHIO
Kopnana—Jleneknuaa, a paBeHCTBO H3 YTBEPKIEHHS 2) TEOPEMBI
4.2 ectb 0o6bluHas (hopMysa AJS Pa3MEPHOCTH CYMMbl M Ilepece-
YeHUs MOANPOCTPAHCTB.

§ 4.2. KOHEYHOMEPHbIE TEOMETPUYECKMUE
PELLUETKU U MATPOUDI

HeonnoanemeHTHyI0 peileTky L Ha3blBAIOT KOHEYHOMEPHOL
eeomempuieckoll peulemkoil, ec/ii OHa:

1) noana, T.e. CyLeCTBYIOT TOUYHAs HUXKHSI M TOUHAsi BepX-
Hsisl TPAHUIBI IOOOT0 MHOXKECTBA €€ 3JIEMEHTOB,;

2) He copep:KUT GECKOHEUHBIX LieTel;

3) moueuna, T.e. JOOOH ee 3INEMEHT TPEACTABUM B BHIE
00beIMHEHUS] HEKOTOPOTO (BO3MOXKHO, 6€CKOHEYHOT0) MHOXKECTBA
aTOMOB;

4) nosyMonyJsipHa.

3ameTuM, 4TO B cuay 2) pelleTka L MMeeT HAaUMEHbLIMH H
HauOOJIbIIKUN 3JIEMEHThI, KOTOPblE YI0OHO CUMTATh COOTBETCTBEH-
HO TOYHOH BepXHeHW W TOUYHOH HHXKHEH TpaHMLEed NYyCTOro MHO-
JKECTBa.
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[TpumMepoM KOHEYHOMEPHOU TeOMETPHUECKOH peIIeTKH MOXKEeT
CJY>XHTb pelleTKa MOANPOoCTpaHCTB Sub V' no6oro KoHeuHOMep-
HOTO BEKTOPHOTo npocTpaHcTBa V' Han TesoMm F'.

Pemetka L HasbiBaeTcs peuiemxoil ¢ 0ONOAHEHUAMU, €CITH
OHa HUMeeT HauWMeHblIHH ajgemMeHT 0, HanGosblIMi snemMeHT | U
s oboro u € L cyuectByeT v € L TakoH, 4To

uNv=0,uVv=1.

DJIeMEHT v Ha3bIBAIOT TOTHA JONOAHEHUEM dTEMEHTA u.

Peierka HasblBaeTCa peulemxoti ¢ 0omHocumenvHolmu OOnOA-
HeHuaMuU, ecau JIOOH ee MHTEpBaJ €CTb pelleTKa C AOMOJHe-
HUAMH.

Teopema 4.3. Jlobas KoHeuHOMepHAs 2eomMempuuecKas pe-
ulemKa A8ASEMCS peulemsoli ¢ OMHOCUMEAbHbIMU O0NOAHE-
HUAMU.

IokasareabcrBo. [lycTb [a,b] — HHTepBas KOHEYHOMEPHOH
reomeTpuyeckoi peerku L u u € [a,b]. Cpenu sjnemeHTOB u' €
€ [a,b] Takux, uto uAu' = a (OTMETHM, YTO 3TO PaBEHCTBO BEPHO
npu «' = a), BO3bMeM MaKCHMaJbHbIH 37eMeHT u'. [TokaxkeM, 4To
uVu' =b, 1.e. w — HONOJHEHHE 1Js1 u B UHTEpBaJje [a,b].

[lycts, ot mporuBHOro, u V u' < b. Bosbmem atom g < b
pewetkn L Takoit, uto ¢ £ w V u'. Tako#i aToM cyliecTByeT B
cuty toueuHoct pewetkd L. Torma q € u u g £ u'. Tosoxum
u” = Vq. OueBunHo, a < v’ Vg < b, T.e. u” € [a,b]. Tak kax
q £ v, mo jemme 2 mosydaem v’ <u'Vq=u".

B cuiy makcumanbHoct v’ BeinosHsieTcs a < u A u”. Torma
cyuectByer aroM p < u A u” < w,u’ pewerkn L Tako#, 4To
p%a=uAu HdeHo, yto p € v/, uHaue u3 p < v U p < u
noaydaeM p < u A v’ = a. Tak kak p < u”, oTcioma cienyer
uw<u' Vp<u, 1. e v =u Vp. Torma nonyuyaem

g<u' <u'" Vu= W' Vvp)Vu=14'V(pVu)=1uVu,

4TO MPOTHBOPEUUT BHIOOPY ¢.
Takum o6pasoM, u V u' = b H, cjegoBaTeNbHO, u' — IOMOMHe-
HHe AJst u B [a, b]. O
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Teopema 4.4. Jloboli unmepsasr KOHEUHOMEPHOL eeomem-
puHeckoll pewemKku A6A1emcs KOKeYHOMEPHOL eeomempuiecKol
peuiemrot.

HokaszarenbcTBo. OUeBHIHO, HYXKHO MPOBEPUTD JIHUIIb TOYEY-
HOCTb MHTepBaJja. [lyctb B peuieTke L BeIMosHSIETCs a < ¢ < b.
Torna ¢ = Vjerp; mjsi HeKOTOpbIX aToMoB p; (i € I) peuetku L.
OueBHIHO, CPENH YKa3aHHBIX aTOMOB CYIIECTBYET TaKoi aToM p;,
4to p; % a. bynem cunrath, yto p; Lamaj € J CIupy <a
nasi k € T\ J. Torna no sieMme 2 mpebIoyLero pasjesa 3J1eMeHThl
p;j V a ABJISIOTCS aTOMaMHu B HHTepBaJe [a,b] nas j € J u

c=cVa=(Vierpi)Va= Vier(p; Va)=
=(Vjeslpj Va))Va=Vecs(lp; Va).

[lyctb E — nemyctoe MHOxecTBo. OToGpaxkeHue A — (A)
MHOXecTBa P(FE) Bcex MOAMHOXKECTB MHOXKecTBa E B cebst Ha-
3bIBAETCS ONepamopom 3aMblKarus, ecau anas mobeix A, B C E
BBITIOJIHSETCSI:

1) AC (A);

2) AC B= (4) C(B),

3) ((4)) = (A).

YcnoBue 1) HasbiBaeTCsl HANPABAEHHOCMbIO, YCJIOBHE 2) —
MOHOMOHHOCMbIO, & YCIOBUE 3) — UOeMNOMEHMHOCHbIO Onepa-
TOpa 3aMBbIKaHHS.

[TonmuoxectBo A C E HasbiBaeTcsl 3aMKHymoim, eciu A =
= (A).

Jlemma 1. [lepeceuenue awboeo cemeticmsa 3amMKHYmMbLX
NOOMHOINCECMEB 3AMKHYMO.

HdoxkasarenbctBo. [Iycts A; (i € I) — ceMeHCTBO 3aMKHYTHIX
nogMHoxecTB. Torga B cuny MoHoroHHocTH (N A;) C (4;) =
= A; nas mo6oro j € I. Orciona nonyuaem (N;A;) C N;A,;,
T.e. M;A; = (M;A;) B CrJly HampaBJeHHOCTH OMeparopa 3aMbl-
KaHUS. O

Yepes Sub E 0603HauMM MHOXeCTBO BCeX 3aMKHYTBIX IOJ-
MHOXKECTB orepaTopa 3aMblKaHHsl Ha FE. flcHo, uTo B cuiay Ha-
npaBjeHHOCTH £ € Sub E.
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CaenctBue 1. Sub F — nosiHasi peleTka OTHOCHTeNbHO C.

Hoka3areascTtBo. B Sub E cyiiecTByeT To4Hasi HHXKHSS rpa-
HHMLA AJ15 JI000ro ceMeicTBa 3/1eMEHTOB — 3TO UX IlepecedyeHue,
a Takxe nMmeeTcsl HauboJbluni sieMeHT F (ynoOHO c4uTaTh, YTO
HaubOJbILINK 3JeMEHT eCTh IepecedyeHre MYCTOro ceMeHcTBa 3Je-
MeHTOB). Kak Xopolo H3BecTHO, B TaKOM C/ydyae YaCTHYHO YIIO-
psLOYEeHHOE MHOXKECTBO SIBJSIETCS TOJHOH pelleTKoH (T. e. cyle-
CTBYeT M TOYHAsl BEPXHsS IpaHHLla [Js JI000ro ceMeHcTBa 3Je-
MEHTOB). O

3ameruM, uto B Sub F onepauud nepecedeHuss A U 06benH-
HeHUs1 V yCTPOEHbI CJIeAYIOHUM 00pa3oM:

ANB=ANBwu AV B=(AUB).

IIpumep. ITyctb V' — BekTOpHOE MPOCTPAHCTBO HaA TesaoM F.
Uepes (A) o603HaYuM JHHEHHYI0 000/0uKy MHOKecTBa A C V.
Ouesunno, A — (A) (A C V) — oneparop 3ambikaHusi Ha V/,
a pemetka SubV moampocTpaHCTB mpocTpaHcTBa V UM ecTb pe-
IIeTKA 3aMKHYTHIX MOJMHOMXECTB.

Mampoudom wnu komburamoproii npedeeomempueti M (E)
Ha3bIBaeTCsl HEMYCTOe MHOXKECTBO E BMecTe ¢ 0mepaTopoM 3aMbl-
kanus A — (A)(A C E) Takoe, 4TO:

4) (akcuoma 3aMeHbl) AJs JOObX p,g € Fu A C F us q &
& (A) u g € (AUp) BoiTekaer p € (AU q);

5) (akcuoma cyleCcTBOBaHUSI KOHEUHOro 0asuca) JAJist JioO0ro
A C FE cyluecTByeT Takoe KOHeuHoe MHOXecTBO B C A, 4To
(B) = (4).

Marpoun M (F) HasbiBaeTcss 00bIKHOBEHHbIM WU KOMOUHA-
mopHoU ceomempuetl, eciu

6) (0) =0 u ({p}) = {p} ana moboro p € E.

B nanbhefiiemM Mbl GyIeM OTOXKIECTBJATbH MHOXECTBO {p} ¢
€ro 3JeMEHTOM p, YTO HE BbI30BET HeJOpasyMeHHH, U OyneMm IMH-
catb (p) = p.

3aMKHyTHIe MOAMHOXKecTBa MaTtpouna M (FE) Oynem Ha3bBaTh
ero aucmamu win noonpocmparcmeamy. dcuo, uro () — Hawu-
MEHBIIWE JIUCT B pelieTke JuctoB Sub F marpouna M(E).

Jlemma 2. [lycmo A — aucm mampouda M (E) up € E\ A.
Toeda A G (AUp) 8 pewemke Sub E aucmos mampouda M(E).
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JokasateabctBo. OueBunHo, A C (AUp). [lycts B — takoil
auer, uto A C B C (AU p). Bosbmem snement ¢ € B\ A. Torna
g¢ A= (A) uqe (AUp). Otkyna B CHIy aKCHOMBI 3aMeHbl
nosyyaeM p € (AUgq) C B, 1. e. AUp C B. CuenoBaresbHo,
(AUp) C B n nostomy B = (AUp). O

Caencrue 2. Ecin p € E\ (), To (p) — aToM pelreTky
Sub E.

Teopema 4.5 (Bbupxkrod u Yurtuu). 1) Pewemka aucmos
mampouda 6ASeMmMCs KOHEUHOMEPHOL eeomempuiecKol peuiem-
Kou.

2) Ilycmo L — KOHEUHOMEPHAS 2eOMempuuecKas peulemxa
u E — mnomcecmso ee amomos. [rs kaxncdozo A C E noroxcum

(A) ={p e E|p < VA}

Toeda muomecmeo E emecme ¢ omobpascenuem A — (A) agas-
emcs 00bIKHOBEHHbIM MAMPOUOOM, peULemKa AUCMO8 KOMOPO20
usomopgpra L.

HokasarenbctBo. 1) PaccmoTpum pelietky Sub E JHcTOB
HekoToporo matpouna M(FE). B cuny cnenctBusi 1 3ta perier-
Ka nojHa. OHa SIBJISETCS TOUEUHOH, TaK Kak

A=V{({p)|pe A\ (D)}

nnsi oboro A € SubFE u 1o CiaeAcTBUIO 2 3JeMeHTH (p), The
p € A\ (D), ecTb aTombl peutetku Sub E.

[Tokaxem, uto pemerka Sub E nonymonyasipua. [Iycts A, B —
auctel © AN B C A. BosbMeM asiemeHT p € A\ (ANB) = A\ B.
Torna A = ((AN B) Up). Orciona nosnydaem

AVB=(AUB) = (BUp)

u B C(BUp) no jgemmMe 2, T.e. BC AV B.
[IpoBepum Temepp, uto Sub E He comep:KUT OGeCKOHEYHBIX
nerned.
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[ToxaxkeMm cHauasa, 4to Sub E' He HMeeT CYeTHBIX BO3pacTa-
IOLIUX Lernel, T. e. Sub F ynoBieTBOpsieT yCJI0BHI0 06pbiBa Bo3pac-
raroux uenei. Ilycts, ot npotusHoro, A; C Az C ... — Bo3pac-
Talollas Lenb JUCTOB. B CHITy aKCHOMEI CYIIeCTBOBAHHSI KOHEYHO-
ro Gasuca CylecTByeT KoneuHoe MHoxectBo B C [ J;o | A; Takoe,
uro (B) = (U;o; Ai). B cuiy koHeuHocTH B AJisi HEKOTOPOrO
j € N Brimonnsercs B C A;. Torna

oo
A (A =(B)C 4,

i=1
4YTO HEBO3MOXKHO.

[Tokaxem Ternepb, uto Sub E He MMeeT CUETHBIX yObIBAIOIIUX
uenei, T.e. Sub E/ ynoBneTBOpsieT YCJ0BHIO 0OpbiBa yOBIBAIOLIMX
ueneid. Ilyctb, or mportuBHoro, A; O Ay D ... — yO6biBaio-
mas uenb Juctos. Has kaxnoro ¢ € N BeiGepeM 3jeMeHT a; €
€ A;\ Aiy1 v nonoxuM A = {ai,a9,...}. Ilonoxum rakke
B; = {ai,ai+1,...} nas moboro i € N. Ilockonbky (Bjt1) C
C A;11, nas mwoboro i € N puinosusietest a; & (Biy1).

[Ipennonoxum, uto a; € (A\a;) nns Hekortoporo t € N. Torza
a; € (Bi\at) uay & (Biy1) = (By\at) (3mech, oueBUAHO, ¢ # 1).
Orcrona cnenyer, 4To cymectsyet j € 1,...,¢t — 1 Takoe, 4T0

at € (Bj\ar),ar & (Bjy1 \ ar).
[Tpeo6pasysi mepBoe yCJ/IOBHE, MOJydYaEM
ar € ((Bj+1Ua;) \ ar) = ((Bjt1 \ ar) Uay).
Tenepb B CHJIy dKCHOMbI 3aM€Hbl 3aKJa4aeM, 4TO
aj € ((Bj+1 \ ar) Uar) = (Bj1),

YTO HEBO3MOKHO.
Mbl ycrtaHoBH M, 4TO a; & (A \ at) oas ao6oro ¢ € N, Ho 310
NPOTHBOPEUHUT aKCHOMeE CYIIEeCTBOBAHHS KOHEYHOTo 6asuca.
Taxkum obpasom, Sub E ynoBieTBopsieT yCI0BHIO 0OpbIBa BO3-
pacTamoLUX LeNned U yCJOBHIO 00pbIBa yOBIBAIOIIMX LiEMeH.
Ilycte P — mnpousBosbHas uenb u3 Sub E. B cuay ycso-
BUSI 00pbIBa yObIBAIOIMX Liened B P uUMeeTcss HAaMMEHBIUUH 3Je-
meHT A;. Ecoin P\{A1} # 0, o B P\{A;} umeercs HauMeHbLINHH
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sneMeHT Ay. Ecn P\ {Ay, A2} # 0, To B P\ {41, A2} umeercs
HauMeHbIIKH sneMeHT As. [Ipomosmkas atoT npouecc, Mbl Oynem
CTpOUTh Bo3pacrawoulyio uenb Ay C Ay C As C .... B cuay
YCJIOBHSI 00OpHIBA BO3PACTAIOIINX LIEMeH MPoLece NOCTPOEHHUS BO3-
pacTawollel Lenu 3aBeplIUTCS Ha HEKOTOPOM liare, T.e. Lelb P
KOHeYHa.

Hrak, B pewerke Sub F HeT 6eCKOHEUHBIX LeMnel U Mbl 3aBep-
UK 10Ka3aTeJbCTBO YTBepXKAeHHUs 1).

2) Jlerko mpoBepuTh, uTo oToOpaxeHne A — (A)(A C E)
SIBJISIETCST ONepaTOPOM 3aMBIKAHHsI Ha MHOXECTBe aTOMOB E Ko-
HEUYHOMEPHOH reoMeTpUYecKOd pelueTkH L.

3aMeTHUM TaKxKe, UTO MOAMHOXKECTBO M3 F 3aMKHYTO TOrZa H
TOJIBKO TOT[A, KOIZJa OHO COCTOMUT M3 BCEX aTOMOB, JIEXKALIUX IOL
HEKOTOPbIM 3JIeMEeHTOM pelleTKH L.

[TokaxkeM, 4TO BBIMIOJHSIETCS aKcHoMa 3aMeHbl. [1ycTb ¢ & (A)
u g € (AUp) nas Hekoropeix p,q € E u A C E. Torna B
pewetke L umeem ¢ £ VA u ¢ < (VA) V p. U3 atux ycjosu#
BoITekaeT p £ VA. Torna B cu/y monyMOAyJIsIPHOCTH M JIEMMBI 2
U3 TpelblAyLIero pasiena Inojaydyaem

VA< (VA)Vpu VA< (VA)Vg< (VA)Vp.

CnenoBarenvto, (VA) V ¢ = (VA) V p n nostomy p < (VA) Vg,
T.e. p € (AUq).

[IpoBepuM Temepb aKCHOMY CYLIECTBOBAHHS KOHEUHOro 6asu-
ca. [lyctb A C E u A # 0. B unrepsane [0, VA] Gynem cTpouthb
Bospacratoulyio uemnb. [lyctb assi Hekotoporo ¢ € N yxe moctpo-
eHa LelNb

O=ug <up < ... <u;_1

U u;—1 < VA. OueBHJHO, CylIeCTByeT aToM p; € A TakKoH, uTo
pi L u;_1. [Tonoxum u; = u;—1 V p;. fdcHo, 4To w1 < u; < VA,
U MBI [OJIy4aeM Lemnb

O=ug <up < ... <uj_1 <u;.

Tak xak B pemwerke L HeT GeCKOHeYHBIX LeNeld, yKa3aHHbIH Ipo-
1ecc NOCTPOEHHs BO3paCTAOLIel LMK 3aBepLIUTCS HA HEKOTOPOM
1Iare ¥ Mbl MOJYYHM LeMNb

O0=ug <uy < ...<u, =VA,
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rae n € N. Tlonoxum B = {p1,...,pn}. Mbl umeeM B C A u

VA=Up =Up_1VDPn=Up2VDPn1VPp=
=...=pV---Vp, =VB.
CrnenoBarenbHo, (A) = (B) W Mbl IPOBEPUJH BbIOJHEHHE aKCHO-

MBI CyLIECTBOBaHHUSI KOHEUHOro Oasuca.
I/ITaK, MHOXXecTBO F BMecTe ¢ YKa3aHHbIM OIepaTopoM 3aMbl-
KaHus obpasyer marpoun. [lockonbKy

0)={peE[p<Vd=0}=0

() ={e¢€ Elqg<p}=p,

3TOT MaTPOUJ SIBJsIETCS OOBIKHOBEHHBIM.
PaccmoTpum otobpaxeHue

¢(u) ={p € Elp<u}

pewetku L B pemetky Sub E. OueBHaHO, 9TO 0TOOpaxKeHUe CIO-
pbeKTHBHO. OHO HHBEKTHBHO, TIOCKOJBKY B CHJy TOYEUHOCTH pe-
wetku L BoimosHsietest w = V¢ (u) pas awboro u € L. Caenosa-
TeJIbHO, ¢ — Ouekuus L Ha Sub F.

Ecmu u; < ws B L, 10 ¢(uy) C ¢(ug) u, obparHo, ecqu
P(u1) C ¢(uz), 10 uy = Vo(u) < Vo(uz) = us.

Takum obpasom, ¢ — u3oMOp(PU3M pelleTKH L Ha pelleTKy
Sub E. O

3ameTuM, YTO JOKa3aHHas TeopeMa FOBOPHUT O TOM, 4YTO Cyllle-
CTByeT B3aUMHO OJHO3HayHOe COOTBETCTBHE MeXIy KOHeYyHOMep-
HBIMH T€OMETPHUUECKUMHU pelleTKaMH U OObIKHOBEHHBIMH MAaTpPOH-
IaMH.

B pewerke Sub E nucroB matpoupa M(E) B cuiy ee mo-
JIYMOIYJSIPHOCTH M OTCYTCTBHUSI OeCKOHEUHbIX lielled orpeseseHa
(byHKLHS pasMepHOCTH. JIMcThl pasmepHocTH 1, 2 1 3 OyneM Ha-
3bIBaTb COOTBETCTBEHHO MOYKAMU, NPAMbIMU U NAOCKOCMAMU.

IIpumep. Ilyctb V' — n-mepHOe BeKTOpHOE MPOCTPAHCTBO Haf,
tesiom F. Pemerka Sub V' nopmpoctpaHcTB mpocTpaHcTBa V' osiB-
JIieTCsl KOHEUHOMEpPHOH reOMeTpUYeCKOH pelleTKOH, M03TOMY IO
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TeopeMe Bupkropa-YuTHu efl oTBeuaeT HEKOTOPbIH OOBIKHOBEH-
HBIH MaTpOU[, KOTOPBIH HA3BIBAIOT BEKMOPHOL NPOEKMUBHOL 2eo-
mempueii PG(n — 1, F) nad meaom F.

B 3aksoueHue 3Toro paspena obcynum 6e3 n0Ka3aTesbCTBa
CTpPOeHHEe MOAYJSPHBIX KOHEYHOMEDPHBIX T'€OMEeTPUUYECKHX pelle-
TOK.

[Tycts U — HeKOTOpOE HemycToe MHOXKeCTBO 3JIeMEHTOB, Ha-
3bIBaeMbIX moukamu, a £ — HEKOTOpOe CEMEHCTBO MOIMHOXKECTB
u3 U, Ha3bIBaeMbIX npamvimu. MHoXecTBO Todek U U mpsAMbIX L
Ha3blBAETCS NPOEKMUBHOL eeomempuetl, eciu:

1) yepes mo0ble 1Be pa3jHuHble TOYKH MPOXOAUT TOUHO OfHA
npsimasi;

2) nmobasi mpsiMasi COIEPXKUT He MeHee TpeX pa3/UYHBbIX TOUeK;

3) (akcwoma [lamia) ecau Tpu TOYKH a,b,c 06pasyoT Tpe-
YTOJIbHHK, T. €. He JiexKaT Ha ONHOH MPsSIMOM, U HeKOTOopasi mpsimMast
[ mepeceKaeT 1Be CTOPOHBI TPeyToOJbHHKA, HO HE B TOUKax a,b, c,
TO OHA TIepPeCceKaeT U TPEThI0 CTOPOHY TPEYTOJbHHKA.

Puc. 17

Ilodnpocmparcmeom A NPOEKTUBHOH reOMETPUH Ha3bIBaeTCs
TaKoe ee MHOXECTBO TOYeK, KOTOpOe BMecCTe C JIIOObIMH IBYyMS
pasJUUHBIMM TOYKaMH M3 A COHEp:KUT U MPAMYIO, MPOXOASILYIO
yepe3 HUX.

BeeneM nonsiTHe g-pazmeprocmu WU eeomempuueckol pas-
mepHocmu JJsl NOANPOCTPAHCTB INPOeKTHBHOH reomerpuu. Ilo
OTpeleseHHI0 TOUKH HUMEIT g-pasmepHocTb 0, a mpsMble —
g-pasmepHocTb 1. Ilyet A — mNpOM3BOJIBHOE MOANPOCTPAHCTBO
g-pasMepHOCTH k U p — Touka, He Jexawas B A. O6benluHUM
BCe NpsIMBle, NpoXofsline yepe3 p U Touky U3 A. [lonyunm, kKak
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HeTPYIHO YCTAHOBUTB, MOANPOCTPAHCTBO. DTO MOLNPOCTPAHCTBO
10 ONpeJlesIeHHI0 UMeeT g-pa3MepHOCTb k+ 1. MoxKHO NpoBepUTS,
4TO MOHATHE ¢-Pa3MEPHOCTH BBELEHO KOPPEKTHO.

Jlo6aBUM K HalIMM TPeM aKCHOMaM elle OIHY aKCHOMY:

4) U vMeeT KOHEUHYIO g-Pa3MepPHOCTb.

Ecau U umeer g-pa3amepHOCTb M, TO TOBOPSAT, YTO MPOEKTHB-
Hasi reometpusi (U, L) nMeeT g-pasMepHOCTb M.

[lepeceuenue w060ro ceMelcTBa MOANPOCTPAHCTB MPOEKTHUB-
HOH reoMeTpPHUH, OYEBUAHO, fIBJSETCS MOANpocTpaHcTBoM. [ToaTo-
My MHOXecTBO Sub{{ Bcex NOANPOCTPAHCTB IPOEKTHBHOH reoMeT-
pun (U, L) siBASETCs MOMHOM PeLeTKOH OTHOCHTENbHO TEOPeTHKO-
MHOXKEeCTBEHHOr0 BKJoueHHsd. HeTpynHo noKasaTb cienylollee
yTBEpPKIEHHE.

Teopema 4.6. Subl{ — moOdysapHas KOHeuHOMeEpHAs 2e0-
Mmempuueckas peulemka 04 A000U NPOEKMUBHOL 2eomempuu
U, L).

Teopema 4.7. Jlobas npoekmusHas eeomempus g-pasmep-
Hocmu m > 2 U30MOPPHA BEKMOPHOL NPOEKMUBHOL eeomempuu
PG(m, F) Oas nekomopoeo measa F.

J151s1 TPOEKTHUBHBIX TJIOCKOCTEH, T. €. IPOEKTHBHBIX TeOMeTpUH
g-Pa3MepHOCTH 2, CIIpaBefJUBa CJeLylolias

Teopema 4.8. [Ipoexmusras niockocme u30MOpPHA 6ek-
mopHoil npoexmusnol eeomempuu PG(2,F) 0rs Hexkomopozo
meaa F moeda u moavko moeda, Koeda oHa ydosiemsopsiem
akcuome [lezapea: ecau 08a mpeyeorbHUKA a1, ds,as U by, ba, bs
nepcnexmustb. OMHOCUMEAbHO HeKOmMOopoil mouky v (m.e. 045
a0boeo i = 1,2,3 npamas, npoxodauias ueped a; u b;, npo-
xooum u uepes v), MO MOUKU MNepecederiss COOMBemcmeaeH-
HbLX CMOPOH MPeyeoLbHUKQ Aexcam Ha Hexomopoil npsamoil 1
(puc. 18).

3aMeTHUM, UTO €CJM JJsi OOBIUHOH eBKJHLOBOH MJOCKOCTH,
BO-TIEPBBIX, PaCLIMPHUTb MHOXeCTBO TOYekK, H00aBHB CeMeHCTBO
HecOOCTBEHHBIX TOYEK 110 OAHOM 1J/151 KaxKAO0ro Nnydka napaJiesb-
HBIX NPSIMBIX, BO-BTOPBIX, PACUIMPUTh KaxkKAYl0 NPsIMYI0, 100aBUB
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Puc. 18

HeCcOOCTBEHHYIO TOUKY IMy4yKa MapaJjijesbHbIX €H MPsAMBbIX, U, Ha-
KOHell, B-TPeTbUX, PACLIHPUTb MHOXECTBO NMpPSMBIX, 100aBHUB Of-
Hy HecoOCTBEHHYIO MPSMYIO, COCTOSIILYIO U3 BCeX HECOOCTBEHHBIX
TOYEK, TO MOJYYHUM Oedapeosy (T.e. YIOBJETBOPSIOLLYIO aKCHOME
Jlezapra) MpOeKTHUBHYIO MJIOCKOCTb. Puc. 19 cayxuT ummoctpa-
UMed 1/ 3TOro MOCTPOEHHUS.

Teopema 4.9 (Bupkrod). ModyaapHvie KomeuHomepHbLe
eeomempuiecKkue pewemsky UC4epnovl8aromcs NPambimu npous-
gedeHuaMU KOHEeuH020 uucaa peuwemok euda SubU daa npoex-
musnHoLx eeomempuil (U, L).

OTMeTHM, UYTO B CHJY TpeABAYIINX TEOpeM (UTypHPYIOLIHeE
3[ech NpsMble MHOXHTeNH Subl{ npencTaBasiioT coO0H pelleT-
KU TIOAIIPOCTPAHCTB KOHEYHOMEPHBIX BEKTOPHBIX NPOCTPAHCTB HaL
TeJaMH, 32 MCKJ/IOUYeHHeM cjydaeB, korna (U, L) — Hene3aprosbl
TNPOEKTHBHbIE MJIOCKOCTH. K HacToslieMy BpeMeHHU ellle He MoJy-
YeHO TOJIHOM KJacCH(UKaLUK He1e3aproBbIX MPOEKTHBHBIX I110C-
KOCTeH.

OTMeTHM TaKxKe, YTO AUCTPUOYTHBHBIE KOHEUHOMEDHBIE T'eO-
METPHUECKHE peLIeTKH HCUepPIbIBAIOTCS KOHEUHBIMH Oy/eBBIMH
ajrebpami.
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§ 4.3. OCHOBHbIE MOHATUA TEOPUHM MATPONAOB

[Tpumem cHauaja BaXKHOE COTJIALIEHHE:

Bcrody 8 daavruetiuiem movl 6ydem paccmampusams MmMOAbKO
KOHeuHble Mampouobl.

Takum o6pasom, mampoud M(E) mis Hac — 3TO KOHEUHOE
Hermycroe MHOXKecTBO E BMmecte ¢ otobpaxeHueM A — (A) MHO-
)ectBa P(E) B cebsi, yIOBJIETBOPsiIOIIee aKCHOMAM:

1) (nanpaBaenHocts) A C (A) nas nwboro A C F;

2) (MOHOTOHHOCTB) s J00bX A, B C E

ACB=(4)C(B);

3) (unemnorentHoCcTh) ((A)) = (A) nns moboro A C E;
4) (akcroMa 3ameHbl) aJsi J0ObX p,g € Eu ACFE

q¢ (A),qe (AUp) =pe (AUg).

Matpoun Ha3bIBaeTCsl 00bIKHOBEHHbIM, €CIA OH YIOBJIETBOPS-
eT CJeAYIoLed NONOJHATENbHOU aKCHOME:
5) () =0 u (p) = p nis moboro p € E.
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W3 noxkazaHHOro paHee BBITEKAeT, YTO pelleTka Sub E JHCTOB
(xoneunoro) matpouna M (E) siBaseTcs KOHEUHOH reoMeTphue-
CKOH pelleTKOH, T.e. OHa:

1) KoHeuHa;

2) ToueuHa (060N ee JeMEHT eCTh 00belMHEHHE KOHEUHOrO
yycJa aTOMOB);

3) mosyMOmysipHa.

[lepefinem Temepb K pacCMOTPEHHIO OCHOBHBIX MOHSATHH Teo-
PHH MaTpPOMIOB.

[Tycts M = M(E) — npou3BoJbHbIH MaTpora. MHOXKeCTBO
A C F HasbiBaetcst Hezagucumovim, ecan p & (A \ p) mist ao60ro
p € A (B IPOTHUBHOM CJyuae MHOXKECTBO A Ha3blBaeTCs 3A8UCU-
moim). Uepes Ind(M) nau mpocto Ind 6ynem o060o3HauyaTh MHO-
JKECTBO BCeX HE3aBUCHMBIX NMOAMHOXKeCTB M3 F. OTMeTHM, UTO
§ € Ind.

Jlemma 1. 1) Jlio6oe noomHoxrecmso He3asucumozo mHoxce-
cmea He3asucumo.

2) [lycmo A — nesasucumo u p € E\ A. Toeda mHoxcecmso
AU p Hesasucumo 8 mom u moAvKO 8 mom ciy4ae, ko20a p &

# (A).

HokasarenbCTBO. YTBepKaeHue 1) oueBHIHO.

2) HeoGxonuMocTb yc/10BHsI CalefyeT U3 onpeneneHus. O6pat-
HO, nycTb p & (A). BosbmeM g € A. Eciin g € ((A\ ¢) Up), To Ha
OCHOBaHHH aKCHOMBI 3aMeHbl U ycsioBus ¢ € (A\ ¢) nonydaem p €
€ ((A\q)Uq) = (A). Takum obpasom, ¢ & ((A\g)Up) 1, o4eBUHO,
p & ((AUp)\p), T.e. AUp — He3aBUCHUMOE MHOMKECTBO. O

[Tyctb A — npousBosbHOE nMogMHOXKecTBO U3 E. Jlio6oe Mak-
CHMaJIbHOe He3aBHUCHMOe MOIMHOXKecTBO B, comepxkaiieecs B A,
6ynem HasbiBaTb 6asou mroxecmsa A. Baspl mHOxecTBa E 0Oy-
neM HasbiBaTh Oasamu mampouda M. Uepes Bs(M) uau npo-
cTo Bs Oynem o6o3HauaTh COBOKYMHOCTh Bcex 6a3 marpounna M.
MuHuMa/IbHblEe 3aBUCHMbIE MOAMHOXecTBa U3 F OyneM HasblBaTh
yuxaamu matpoupa M. Uepes Ccl(M) uau mpocto Ccl 6ynem
00603HayaTb MHOXECTBO BCeX LMKJOB Marpounna M.

Jemma 2. [as awbozco noomHoxcecmsea A usz E svinoars-
emcs:
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1) (B) = (A) 0as aroboii 6aser B mromecmsa A;

2) ecau I — nesasucumoe mHoxmecmso u3 A u B — 6asa
mroxcecmsa A, mo |I| < |B|; 8 wacmuocmu 6ce 6a3v. mHOdNMe-
cmea A pasHOMOUHbL;

3) ar0boe Hezasucumoe nOOMHOMECMB0, codeprcaujeecs, 8 A,
moxcem bGoimo pacuiupero 0o 6asvl mHoMecmsa A.

HokasarennctBo. 1) [lycte B — 6aza mHoxectBa A. Ecan
p € A\ B, To BUp 3aBucuMo U noatoMy p € (B) B cumy
nsemmbl 1. CoepoBaresnbio, A C (B), T.e. (A) C (B) C (A).
Orkyna BbiTeKaeT paBeHCTBO (A) = (B).

2) Ecau I C B, To, oueBuaHo, |I| < |B|. Iycts p; € I\ B.
Torna p1 ¢ (I \ p1) u MHOoxecTBO B U p; 3aBucumo. [lo sem-
Me 1 umeeM p; € (B). CnenoarenvHo, B Z (I \ p1). Torna
cylecTByeT ¢ € B Takoit, uto ¢1 ¢ (I \ p1). B cuay gemmbl 1
mHoxectBo Iy = (I'\ p1) Uqy HesaBucumo u |I1| = |I|, |[L N B| >
> |I N B|. Ilpoponxast fefcTBOBaTh aHANOTMYHBIM 06Pa30M, Mbl
HalileM He3aBucuMoe MHOxkecTBO I; C B Takoe, uto |[| =
— |1, <|BI.

3) OueBuaHoO. O

Parneom r(A) nonmHoxkecTBa A n3 E HasbiBaeTcs o6Liasi MOLL-
HocTh Beex 6a3 U3 A. Uucno r = r(M) = r(E) HasbiBaeTcsi pan-
eom mampouda M(E).

Jemma 3. [[as awbozco noomHoxwcecmsea A usz E svinonrs-
emcsa:

1) 0<r(A) <A

2) r(A) = |A| & A — Hesasucumoe MHONCECMBO;

3) r(A) = r((A4)) = dim((A)), ede dim — ¢ynxyus pasmep-
Hocmu 8 peutemke Sub E aucmos mampouda M.

JlokasareabcTBO. 1) U 2) OUEBUHHI.

3) lycte B = {by,...,b;} — 6aza mHoxkectBa A. [lo nemme 2
umeeM (B) = (A). Eciu p € (4) \ B, 10 p € (B) U MHOXeCTBO
BUp 3aBucumo B cuay jeMmMmbl 1. CrenoBatesbHo, B — 6asa mJs
(A) u mbl monyuaem r(A) = r((A)) = k.

B cuny HeszaBucumoctu B pas qwboro ¢ = 1,...,k — 1 BBI-
MOJIHSIETCS
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Torna, npumeHsis JeMMy 2 U3 NpeAbIAYLLEro paszena, nojaydyaem
LIeNIOUKY TOKPBITHH

<@> C<b1> C~<b1,b2> C ... C~<b1,...,bk> = <A>,

T.e. k= dim((A)) B pewerke Sub E. O

Ilycts A — nucr matpoupa M. ToBOpAT, YTO MHOXKECTBO
H C A siBastetcst noposcdaroujum nisi jaucta A, ecau (H) = A.
[Toposknaroiiye MHOXeCTBA JHUCTa £ Ha3bIBAIOTCS NOPOHOQrOUU-
mu mHoxcecmsamu mampouda M.

Jlemma 4. Munumanrvroie noposxcdarouiue MHONecmsa Au-
cma A u moavko oHu asaaromcea 6asamu ora A.

JHoxkasareabctBo. =. [lycts A = (H) u B — 6asza gia H.
Tak kak r(H) = r(A), B — 6a3a u nas A. Torna (B) = A u,
cjefoBatenbHo, H = B B cuiay MUHHManbHOCTH H.

<. Ilycte B — Gasa pas qucra A. Torna A = (B). Eciu H C
CBu (H)=A, tor(A) =r(H) < r(B), 4T0 NPOTHBOPEUHBO.

O

Jlemma 5. /[1s ar0b6oco A C E u p € E svinoausemcs:

1) pe (A) & p € A uau cyuecmsyem I C A makoe, umo
I e€Ind u IUp ¢ Ind;

2) pe (A) & pe A uu cywecmsyem C € Ccl makoe, umo
peCCAUp;

3)pe(A) & r(AUp) =r(A4).

JoxkasateabctBo. 1) Ilycts p € (A)\ A u B — 6asa paisa A.
B cuny nemmbl 3 umeem r(A) = r({A)), nostomy B — 6asza u
nasi (A). CnenoBarenbio, B U p ¢ Ind u, kpome toro, B € Ind.

O6patno, nycte I € A, I € Ind u I Up & Ind. MHox)ecTBO
I U p 3aBucumo, nostomy B cuiy jgemmbl 1 umeem p € (I) C (A).

1) u 2) 3KBUBaJIEHTHblE YTBEPXKAEHHS. DTO JIETKO 3aMETHUTD,
eCJIM BCIIOMHUTh OMpefiesieHHe UK.

3) Tax kak Bcerma (AU p) D (A), nonyuyaeM p € (A) 3KBU-
BaseHTHO (A Up) = (A), 4TO, B CBOIO OUepelb, IKBHUBAJEHTHO
r(AUp) =r(A) B cuay nemmsl 3. O
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§ 4.4. PA3JIMYMHBIE AKCMOMATHU3ALLUU
MATPOMO OB

Teopema 4.10 (Akcuombl He3aBucumocTtu). 1) [lycmo
M(E) — (kowneunoiii) mampoud u Ind — cemeticmso eco Hesa-
sucumolx mHoxcecms. Tozoa:

(I1.1) 0 €Ind; X C I € Ind srewem X € Ind drs arwbozo X;

(1.2) 0aa arwboix I,J € Ind maxux, umo |I| < |J|, cyuje-
cmeyem p € J \ I, das komopoeo I Up € Ind;

(1.2") 0as ar0boco A C E sce makcumarvhole 8 A He3asucu-
Mble NOOMHONECMBA PABHOMOUYHDL.

2) O6pammo, nycmo cemeticmso I noOMHONECME KOHEUHO20
Henycmoeo mHoxecmsea E ydosremesopsem ycaosusm (1.1), (1.2)
uau, wmo sksusasenmno, ycaosusam (1.1), (1.2), ede T uepa-
em poav Ind. Toeda T cosnadaem c cemelicmeom He3a8UCUMbLX
MHONecm8 00HO3HAUHO onpedenrerHoeo mampouda Ha E.

HoxkasarennctBo. 1) CpoiictBo (I.1) OblIO yXKe 0TMeuyeHO B
gemMe | w3 mpembinyuiero pasgena, a csodictBo (1.2') — B Jem-
me 2. Ipumenus (1.2") k IUJ, rae I, J € Ind u |I| < |J|, noayuum
(1.2).

2) O6parHo, nycth Z ynosnerBopsieT yciosuio (1.1), rme Bme-
cro Ind durypupyer Z. Jlerko Bumeth, uto Toraa (1.2) skBuBa-
sentHo (1.27). TlosTomy Oymem CYMTAaTh, YTO BBITOJHSIOTCS BCE
tpu cBoiictea (I.1), (1.2) u (1.2').

OO611yt0 MOIIHOCTh MaKCHMaJbHBIX Z-MOOMHOXeCTB U3 A Ha-
3oBeM Z-paneom mHOxkecTBa A u 0603Haunm uepes Zr(A). 3ana-
num otobpaxenne A — (A)(A C E), nosnaras mjsi nNpOU3BOJIb-
Horo p € E: p € (A) Torma W TOJBKO TOrAa, Korna p € A wiu
cyuectByer [ C A rtakoe,uto I € Zu IUp ¢ 7.

3aMeTHM, YTO B CHJy JIeMMbl O MpPeABIAYLIEro pasiesa HCKO-
MBIH OnepaTop 3aMblKaHUsl 00513aH ObITb TaKHM.

CBoOliCTBa HAMpaBJEHHOCTH W MOHOTOHHOCTH [Jisl 3a[aHHOTO
0TOOpaKeHHUs] OUEBHIHBI.

[Ipexpie ueM 10Ka3bIBATh UIEMIIOTEHTHOCTD NOKAXKEM, UTO /IS
qo6oro A C E BBINOJHSETCS PABEHCTBO

Tr(A) = Tr((A)).
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[IycTh, OoT mpoTUBHOrO, cyuecTByoT Takue I, J € Z, yto I C
CA JC(A)m

[I| =Zr(A) < Zr((4)) =|J|.

Torna B cuny (1.2) naiimercsi p € J \ I, nasi kotoporo I Up €
€ 7. YuutbiBast MakcuMajpHocTh I, noayuaem p € (A) \ A. Ilo
onpenesennio (A) cywecrsyer takoe I’ C A, uto

I'eZ,I'UpgT.

Ouesuano, B cuny (I.1) MoxkHO cuutaTh, uto I’ siBisieTcsl Mak-
cuMasibHbIM Z-MHOXecTBOM U3 A, T.e. |I'| = |I|. Torna Zr(A) =
= |I'l < |IUp]. Io ycnosuio (1.2) cyuwectsyer ¢ € (I Up)\ I,
anist kotoporo I'Ug € T.

Eciu g € I, o I’ Ug C A, 4TO NPOTHBOPEUHT MAKCHMAJIbHO-
ctu I'.

Ecau ¢ =p, To I'Up € Z, 4T0 NPOTHUBOPEUYUT BEIOOPY MHOMKE-
crBa I'.

Takum o6pasom, Zr(A) = Ir({A)).

Jloka)keM MAEMIOTEHTHOCTb Halllero oTOOpaXeHwsi, T.e. Mpo-
BepuM, uto ((A)) = (A) nas nwbdoro A C E.

[Tycts, ot npoTuBHOro, cyuiectyeT p € ((A)) \ (A). Bosbmem
HEeKOTOpoe MakcumanbHoe Z-mMHOxecTBo B u3 A. Tak kak p ¢
¢ (A), no onpeeseHnto 3aMblKaHus (A) BeimosHsercs BUp € 7.
CJieoBareJibHO,

Ir((4)) = Ir(((4))) =
> |BUp|=Zr(A)+1=Ir((A) + 1,
4TO HEBO3MOXKHO.

[TokaxkeM Terepb, YTO BBIMOJHSETCS aKCHOMa 3aMeHbl. [lycTb
ACE,p,geFE, q¢(A) uqe (AUp). Torna no onpeneneHuio

3aMblkaHus cyuectsyet I € Z, nas kotoporo I C AUpu IUq ¢
¢ T. Tak xaK q € (A), Mbl MeeM

pel,(I\p)UgeTl.

[Tonoxum I' = (I\p)Ugq. Torna I' € T u I' Up ¢ I, T.e.
pe(AUg).
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Wrak, Hal onepatop 3aMbiKaHHs 3agaeT MaTpoun M Ha E.

Hakonen, A € 7 BLimoJHsAeTCS TOrJa M TOJbKO TOTAA, KOTAa
p & (A\ p) nas awboro p € A, uTo, B CBOIO Ouepeib, IKBHBA-
JeHTHo yeaosuio A € Ind(M).

Takum obpaszom, Z = Ind(M). O

Yeqosus (1.1) u (1.2) Ha3BIBAIOT aKcUOMAMU HE3ABUCUMOCTLLL.

Teopema 4.11 (Axcuomsr 6a3). 1) [Tycme M(E) — (koneu-
Houti) mampoud u Bs — cemeiicmeo eco 6a3. Toeda:

(B.1) Bs # 0; ecau B1,Bs € Bs u By # By, mo By € Bs u
By € By;

(B.2) ecau By, Bs € Bs, mo das arb6ozo by € By cywecmasy-
em by € By maxoti, umo (B \ by) Ubs € Bs.

2) Obpammo, nycmo cemeticmeo B nOOMHOINCECE KOHEUHOCO
Henycmoeo mroxcecmea E ydosasemsopsem ycaosusm (B.1) u
(B.2), ede B uepaem poav Bs. Toeda B sersemcs cemeiicmsom
6a3 00Ho3HauUHO onpedesenno2o mampouda Ha F.

Hoka3arensctBo. 1) CoiictBo (B.1) oueBuaHO, a CBOHCTBO
(B.2) Boitekaer u3 (1.2) U ycioBHSI paBHOMOIIIHOCTH 6a3.

2) O6patHo, mycTb ceMeHCTBO B3 ymOB/IETBOPSIET aKCHOMaM
(B.1) u (B.2), rne Bmecto Bs ¢urypupyer B.

[TokaxkeM cHayaja, 4YTO Bce [B-MHOXKECTBa PABHOMOILHBL.
[lycts By,Bs € B, |Bi| =t u

By = {b1,ba,...,b}.
[To akcuome (B.2) cymectByetT ¢; € By Takoi, 4To
{Cl,bg,..‘,bt} € B.

3mect ¢1 & {ba,...,b:} B cuny ycaosusi (B.1). Aunanorudso, cy-
IeCTBYeT co € By TakoH, 4uTo

{Cl,Cg,bg, .. .,bt} eB
" cy & {c1,bs,...,b:}. [lpomoskasi 3TOT mpouece, Mogydum

{c1,¢2,...,c:} €B
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JIJIsT HEKOTOPBIX MOMApHO PA3JHUYHBIX 3JIEMEHTOB C1,Ca,...,C; €
€ Bs. B cuay akcuombl (B.1) nosyuaem {ci,ca,...,ct} = Ba,
T. €. |B2| =t= |Bl|

[TogmuoxecTBo A u3 E Oymem HasbiBaTh 3-He3asucumbim,
ecJIi OHO COJEepPXKHUTCS B HeKoTopoM B-MHoXkecTBe. fcHo, uto B-
MHOXKECTBA — 3TO MaKCUMaJibHble [3-He3aBUCHMble MHOXECTBA.
O603HauuM uepe3 Z COBOKYIHOCTb BCeX [3-He3aBUCHUMbBIX MHO-
JKECTB.

3amMeTHM, UTO CeMeHCTBO Z YIOBJIETBOPSET aKCHOME He3aBH-
cumoctH (1.1). Ilns 3aBeplueHus N0Ka3aTeJbCTBA TEOPEMBI AOCTA-
TOYHO MPOBEPHUTDb, YTO ceMelicTBO Z ynoBJetBopsieT akcuome (1.2)
U BOCII0JIb30BaThCsl TeopeMoi 1.

[yets I,J € T u |I| < |J|. 3aduxcupyem B-MmHOXKecTBO Bs,
conepxailee J. Cpenu B-MHOXecTB, comepxkawux I, BbiGepeM
Takoe B-MHOXecTBO Bj, /s KoToporo nepecedeHue B; N By co-
JIEPKUT HAUOOJIbIIIEE BO3MOXKHOE YUCJIO IJIEMEHTOB.

[Tokaxem, uto Bi\I C Bs. [lefiCTBUTE/IbHO, €CJIH CYLIECTBYET
b1 € By \ I takoit, uto by € Bs, To 1o akcuoMe (B.2) cymectryer
bs € By, 1Jd KOTOPOTO

B= (B \b)Ubs € B

u by # ba, Tak Kak by & Ba, a by € By. Torna |[BNBy| > |B1NBs|,
YTO HEBO3MOXKHO, NMOCKoJbKY [ C B.
Takum obpaszom, By \ I, J C By, npuuem

|BLN |+ I = |Bi| = [I] + ] > |Bi| = |Bs].

CurenoBarenbHo, cymectByetr p € (B1\I)NJ. Tak kak IUp C B,
up e J\I, a/eMeHT p ABASETCS UCKOMBIM. O

3amerum, uyto ycaosue (B.2) naswiBaioT akcuomoii [lmeiinu-
4a o samene.

IMpumepst. 1) [lycte £ = {v1,...,0;,} — HEKOTOpPOe MHO-
JKeCTBO BEKTOPOB BEKTOPHOro mnpocTpaHcTBa V' Hapn TenoMm F.
PaccMoTpuM MHOXKECTBO BCeX MaKCHMAasbHBIX JIHHEHHO He3aBH-
CUMBIX MOAMHOXKeCTB U3 F. OHO yIooB/ieTBOpsieT akcuomMaM 0a3s
(B.1) u (B.2), T.e. Mbl ¥MeeM MaTpoun Ha E ¢ TakuM cemeii-
cTBOM 6a3. DTOT MaTPOUA HAa3bIBAIOT BEKMOPHLIM MAMPOUOOM
Had meaom F.
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2) Ilyete G — mpousBoJbHBIHA HeHysneBo# (n,m)-rpad. [lo-
cTpouM mampoud yuksos rpada G, xoropblii OyneM 0603Ha4aTh
uepe3 M(G). B kaudectBe ocHOBHOro MHOKecTBa F Bo3bMeM EG,
a B KayecTBe 6a3 3TOT0 MaTPOMAA — OCTOBBI (TOUHee, Kaxjaast
6a3a — 3TO MHOXKeCTBO BCex pebep HEKOTOPOro ocroBa). Axcuo-
ma (B.1) oueBuaHa, a akcnoma (B.2) BeIONHSIETCS B CHJTY JIEMMBI
4 u3 § 2.1. fcHo, 4TO B 3TOM MaTpouae HE3aBUCHUMBIMHU MHOXe-
CTBaMH OymyT alUKJ/JHYeCKHe MHOXecTBa pebep, a LUKJIAMH —
06bIUHBIE LHKJBI I'paga.

[Tycts M(E) — mnpou3BOJIbHBEIE MaTpOUI Ha KOHEUHOM MHO-
)KecTBe F.

Bossmem A C E. B kauecTBe CUCTEMbl HE3aBUCHMBIX MHO-
KecTB Ha A paccMOTPUM He3aBHUCHMble MHOXKECTBa HMCXOLHOTO
MaTpouaa, comepxkauuecs B A. fcHo, uTo Ha A MBI MOJYUHIN
MaTpPOH[I, KOTOpPHH 06o3HauawT ueped M(A) u HaswiBaT 1n00-
mampoudom UCXONHOTO MaTPOUAA.

[Iycts E1 — KOHeYHOe MHOXKECTBO U ¢p — CIOPbeKTHBHOE 0TO00-
paxkeHue FE; Ha FE. Onpenesum cjefymolUM 00pa3oM MaTpPOHUJ
M(E,) Ha mHoxecTBe Ej. Ilyeth r — panr matpouna M (E).
CemeficTBO 3/1eMeHTOB {a1,...,a,} C F; HazoBem 0a30#, ecqu
{#(a1),...,¢(a,)} — 6a3a matponpa M (E). OueBuaHO, aKCHO-
Mbl 0a3 BBIMOJHSIIOTCS, W Mbl moayuusnu matpoun M(E;). Ipu
nepexone oT E K Ej Kaxabld 3/7eMeHT a U3 E Mbl 3aMeHsieM Ha
HEKOTOpOe KOHEeUHOe MHOXKECTBO 3/1eMEHTOB (COCTABJSIOIINX MOJ-
HbIH Mpoo6pa3 seMeHTa ¢ OTHOCHTENBHO ¢). [l TOro yTo6s! Mo-
JIyUUTb MPOH3BOJBHYI0 6a3y maTponaa M (FEp) Mbl MOXeM MOCTY-

MUTb CaefyomKM o6pa3om: 6epeM cHadasna 6asy by, ..., b, Marpo-
una M(FE), a 3aTeM B MOJHBIX MPoo6pa3ax 3/eMeHTOB by, ..., b,
GepeM COOTBETCTBEHHO IO OLHOMY 3JEMEHTY daq,...,a,. AHano-

THYHO YCTPOEHBI W He3aBHCHMble MHOXecTBa MaTtponpa M (Ej).
MoxHo MbiCaUTh cebe, uto MaTpoun M (E7) mojydeH U3 MaTpo-
una M (E) ¢ moMOIIbI0 «Pa3MHOXKEHHUS» 3JIEMEHTOB, T. €. 3aMEeHO#H
KaXKJIoTo djeMeHTa U3 F/ Ha HeKoTopoe 4uciso ero Konui. [loarto-
my Matpoun M (F,) Oymem HasblBaTh pasdysanuem mampouda

M(E).
[Iycte V' — BeKTOpHOe mpocTpaHCTBO Haj TejoM F'. Bosb-
MeM HEeKOTOPYIO CHCTEMY BEKTOPOB v1,...,Un, U3 V (BO3MOXKHO,

C TIOBTOpeHUsIMU BekTopoB). [TocTponm MaTpoun M, oTBeyaromui
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3TOU cucTeMe BekTOpoB. Marpoun M OyneT UMeTb m 3Je€MEeHTOB.
J1J11 IPOCTOTHI MBI MOXKEM CUMTATh, YTO dJ€MeHTaMu Matpouna M
SIBJISIFOTCS JIEMEHTH V1, . . ., Uy, T. €. BCE OHH PA3JHNYHBI KaK 3Je-
MeHTBl Marpouja M, HO HEKOTOpbIE U3 HUX MOTYT COBMAAaThb Kak
3J1eMeHThl BEKTOpPHOro npoctpaHcTBa V. B kKauecTBe 6a3 BO3b-
MeM BCe MaKCHUMaJjbHble JUHEHHO He3aBUCHMbIEe MOACUCTEMBI W3
V1, .+, Um. Mbl mosmyunau marpoun M, KOTOPBIH, OUEBHUAHO, SIB-
JIleTCsl pa3fyBaHHEM HEKOTOPOTO BEKTOPHOrO MaTpoujaa Haj Te-
jgom F. B panbHeilieM pasayBaHHEe BEKTOPHOrO MaTpouia Hap
TesqoM F' Takxe OymeM HasblBaTb 8eKMOpHuIM Mmampoudom Had
meaom F'.

[Iycth
Q11 12 e A1m
Q921 922 e Qo
A =
Ap1 Ap2 ... Opm

— HeKoTopasi MaTpuia Hag TejgoM F. CTpoku MaTpuisl A sBJs-
I0TCSl 3JIeMeHTaM{ IPOCTPaHCTBA BeKTOPOB-CTpoK F™. Tloatomy
Marpule A oTBeuyaeT BEKTOPHBIH MaTpoUI Han TejoM F, cOCTO-
SLWUHA U3 M 2JEeMEHTOB — CTPOK MaTpulbl A. DTOT MaTpOUA Ha-
3bIBalOT mampoudom cmpox Marpuubl A. OTMeTHM, 4TO 3lech
CTPOKH C DPa3sHBIMH HOMEpaMH SIBJSIOTCS PAsHBIMH 3JeMEHTaMH
MaTpPOUJA, XOTS HEKOTOpble M3 HMX MOrYT COBNAJaTb Kak 3Je-
MEeHTBI TpocTpaHcTBa F™. AHaJOTHUHO OMpenessieTcss Mampoud
cmoabuos mMarpuubl A.

Teopema 4.12 (Panroesie akcuomsi). 1) [lycmo M(E) —
(koHeurwil) mampoud u r — eeo panzosas pyukyus uz P(E) s
N U {0}. Toeda 015 awbvix A, B C E svinoansemces:

(r1) 0 < () < |Af

(r.2) AC B—r(A) <r(B);

(r.3) "(ANB)+1r(AUB) <r(A)+r(B).

2) O6pamno, nycmo wexkomopas ¢ynkuus ™ uz P(E) 6 NU
{0}, ede E — koueuroe Henycmoe mHoxncecmso, yoosiemsopsem
yeaosuam (r.1), (r.2) u (r.3). Toeda ona ssasemcs paHzo80L
@yuKkyueil 00H03HaUHO onpedeserroeo mampouda Ha E.
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HokasarennctBo. 1) Caoiictea (r.1) u (r.2) oueBuanbl. Jloka-
xeM (r.3). fcro, uto ANB C (A)N(B) u AUB C (A4) V (B).
HMcnosb3yst HepaBeHCTBO MOJYMOIYJASPHOCTH, KOTOPOE BBIMOJIHS-
eTCsl B pellIeTKe JIUCTOB, MOJydYaeM

r(ANB)+r(AUB) <r({A)N(B))+r((A) vV (B)) <
<r({(A) +r((B)) =r(A) +r(B).

2) O6parHo, nycTb Hekotopasi (yHkuus 7 u3 P(F) B N U
U{0}, rne F — KOHEYHOe HEMyCTOE MHOXECTBO, yIOBJETBOPSIET
yeaosusim (r.1), (r.2) u (r.3).

[TogmHoxkectBO I C E Ha30BeM T-HE3A8UCUMbBIM, €CJIH Bbl-
nosnsieress 7(I) = |I|. O6o3HaunM uepe3 Z MHOXKECTBO BCeX
T-HE3aBUCHMbIX MOAMHOXKecTB U3 F. B cuay (r.1) BeimosHsieTcs
7(0)=0,1e. 0.

HoxaxeM, 4To ceMmelicTBO Z YIOBJETBOPSieT aKCHOMaM He3a-
sucumoctu (I.1) u (1.2').

Cunauana nposepuM akcuomy (I.1). Ilyete I € T u X C I.
[Tpennosoxum, ot mportusHoro, yro 7(X) < |X|. Torma, ucnoss-
3ys (r.3) u (r.1), nonyyaem

[l =7() =7(X U\ X)) <7(X)+7(I\ X) —7(0) <
< X[+ [I\ X[ = 1],

uro HeBo3MoxkHO. CaemoBaresbHo, 7(X) = |X|, .e. X € 7.

[Tpexpe uem mepeiiTd kK npoBepke akcuoMbl (I.2'), mokaxkem
CJ/lelyIolilee BCIOMOraTeIbHOe YTBEPKAEHHE.

[lycte B — MakcHMasbHOE T-HE3aBHCHMOE MOAMHOXKECTBO
mHoxectBa A C E. Torna 7(A) = |B|.

Eciu A = B, 10 7(A) = 7(B) = |B| B cuily 7-He3aBUCUMO-
cti B. Ilyecte B C Au A\B = {p1,...,p:}. B cuny makcumaip-
HOCTH B nasi qroboro ¢ = 1,...,¢ MHOXecTBO B U p; He SIBAsSeTCS
T-HE3aBUCHMbIM, T1I09TOMY

|B| =7(B) < 7(BUp;) < |BUp;| = |B| + 1.

Orciona caenyert, uro 7(B Up;) = |B|.
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[Tpennosoxum, uro 7(BUpi U---Up;) = |B| 0ss1 HeKoTOporo
j=1,...,t—1. Torna, npumensis (r.2) u (r.3), moaydaem

\B|:7'(B)ST(BUp1U-~-Upj+1)§

<T(BUp1U---Up;) +7(BUpjt1) —7(B) =
= |B|+ |B| - |B| = |B|,

T. €. T(BUpl U"'Upj+1) = |B|

Teneps n3 moxasanHoro BeITeKaet, uto 7(A) =7(BUpi U...
~-Up) = |B).

OTmeTHM, 4TO B CHJy BCIIOMOraTesbHOTO YTBEPXKAEHHs BCe
MaKcHMaJIbHble T-He3aBUCHMble MoaMHOXKecTBa U3 A C E uMeloT
MOILLHOCTb, paBHYI0 T(A), T. e. 1Js T BbinoJHsieTcst akcroma (1.27).

WTak, Mbl yCTaHOBHJIM CIpaBemIuBOCTb aisi Z akcHombl (1.27).

CJylenoBaTeJibHO, ceMeHcTBO Z SBJIsieTCSl CeMeHCTBOM He3aBH-
CHMBIX MHOXeCTB HekoToporo matpouna M (E) Ha MHOXecTBe F.

Ocrasioch NPOBEPUTh, YTO UCXONHAsI (PYHKIMS T COBMNAJAET C
paHrosoit ¢yHkuned marpouna M (E). Has 6ok 6assl B mpo-
13BoJIbHOrO MHOKecTBa A C E B CHJly BCIIOMOTaTebHOrO yTBep-
xpaenus umeem 7(A) = B = r(A), 0TKyaa BBITEKaeT, YTO T COB-
najgaer c r.

Teopema nokasaHna. O

Teopema 4.13 (Akcuomsbl ukiaoB). 1) Ilycmo M(E) — (ko-
Heunwiil) mampoud u Ccl — cemeiicmso ezo yukros. Toeda:

(C.1) O &€ Ccl; ecau C1,Cy € Ccl u C1 # Co, mo C1 € Cy u
Co € Cy;

(C.2) ecau C1,C5 € Ccl, C1 # Cy u p € C1NCy, mo cywe-
cmeyem C € Ccl maxkoti, umo C C (Cy UCy) \ p.

2) O6pamuo, nycmo cemeiicmso C NOOMHONCECME KOHEUHO-
eo Henycmozo muoxcecmsa E ydosremsopsem ycaosusm (C.1)
u (C.2), ede smecmo Ccl gueypupyem C. Toeda cemeiicmso C
cosnadaem c cemelicmeom UUKAO8 OOHOZHAUHO ONPedeserHO20
mampouda Ha E.

HoxkasarennctBo. 1) Ceoiicteo (C.1) oueBHIHO BBITEKAET U3
ompefieJieHHs] UK.
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Jasi noxkasarenbcrBa (C.2) H0CTATOUHO MPOBEPUTH, YTO MHO-
x)ectBo D = (Cy UCy) \ p 3aBHCcHMO (TOra OHO COLEPXKUT MHHH-
MaJibHOe 3aBHCHMOE MHOXKeCTBO — LHKJ). Tak kak D C C7 U Oy,
MBI MOJIy4aeM

r(D) < r(C1 UCs) < 7(C1) +1r(C) —r(C1 N Cs) =

:‘Cl|—1+|02|—1—|01ﬂ02|:|ClUCQ|—2<
<|01U02|71:|D|,

T.e. D — 3aBUCHMOe MHOXEeCTBO.

2) O6patHo, mycTb ceMe#icTBO C YAOBJETBOPSIET YCJOBHIO TEO-
pembl. MHokecTBO I C F HazoBeM C-He3aBHCHMbIM, €CJIH OHO He
COlepKUT HU onHoro U3 MHoxecTB C € C. Uepes I 0603HauuM
ceMelcTBO BceX C-He3aBHCHMBIX MHOXECTB, coiepKauuxcs B F.
[TpoBepuM, uto cemeiicTBO C yIOBAETBOPSIET aKCHOMaM He3aBHCH-
moctu (I.1) u (1.2).

[Mockonbky @) & C, umeem § € Z u akcuoma (I.1), oyeBugHO,
BBITIOJIHSIETCSI.

[IpoBepuM crnpaBensuBocTh akcuombl (1.2) nns cemefictBa Z.
[TpenmnoJsioxuM, YTO CyIIeCTBYIOT MHOXecTBa [, J € Z Takue, 4TO
|T] < |J|, nast xotopeix (I.2) HeBepHo. Cpeny Bcex Takux nap I,.J
BbiGepeM Ty, y Kotopo# MmouiHocTb |I U J| muHumasbHa. [loso-
xum J\ I = {p1,...,p:}. Ecu t = 1, to, oueBunno, I C J u
yreepxaeHue (1.2) Boimosusiercs. [TlosTomy umeem ¢ > 2.

B cuny namero npennonoxenus I Up; € 7 nas Jjo6oro ¢ =
=1,...,t. CnenoBarensHo, cyuecrsyer C; € C Takoe, 4to C; C
C I Up;, u B cuiy C-HE3aBUCUMOCTH MHOXKecTBa I UMeeM p; €
€ C; nast moboro ¢ = 1,...,t. dcHo, yto MHOX)ecTBa Cf,...,C}
MOMAPHO Pa3/IUYHbL.

Paccmorpum muoxkectBo C. Hnis Hero BepHo p; € C7 C T U
Upi. B cuny C-HesaBucumoctu J cymectByetr g1 € I\ J Tako#,
uro ¢ € Cy. Pacemorpum teneps muoxkectBo (I\ q1) U p;.

Eciu (I'\ ¢1)Up1 & Z, to cywectsyer C' € C, misi KOTo-
poro p; € C' C (I\ q1) Up1, u, caepoBaresbHo, B cuay (C.2)
cywectsyer Takoi C” € C, uto

C" C(CLUC) \py C 1.
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[Tpumau x nporuBopeuuto ¢ ycaosuem I € 7.
[Tycte (I \ ¢1) Ups € Z. 3ameTtum, 4TO

((I\q)Up) UJ[ < |[TUJ]

[Tostomy B cuay BeiGopa napel I,J mast mapwl (I \ ¢1) U p1,J
CYILECTBYeT 3JIEMEeHT pj;, Tle j > 2, TaKoi, 4To

(I\g1)Up1 Up; €.

Bosbmem muoxectBo C; € C. Jlasa Hero BeimosHsieres p; € C; C
CIUp;. Ecmn g1 € Cj, 10 C; C(I\qi1)Up; € (I\q1)UpiUp;,
4To Hepo3MoxHo. CaenosarenbHo, q1 € C3;NCL u C; # Cy. Torna
no akcuome (C.2) cymecteyer C € C, A/ KOTOPOTO

CC(CUuC)\q1 C(Cj\q)U(Ci\aq1) €

C((I\Nq)Up)U((I\q1)Up1) =
={\q1)Up1 Up; €T,
YTO HEBO3MOXKHO.

Urak, cemelicTBo Z ynOBJEeTBOPSIET aKCHOMAaM He3aBUCUMOCTH
(I.1) u (1.2). CnenoBatenbHo, cyulectByeT Mmatpoun M (E) Ha
MHOXecTBe F, /151 KOTOPOro ceMeicTBO Z fBJsIeTCS CeMeHCTBOM
Ind He3aBucuMBIX MHOKecTB. V3 onpenenenns C-HE3aBUCHMOCTH
JIeTKO caenyet, uto cemeiictBo C coBmamaer ¢ MHOxecTBOoM Ccl
uKKJ0B Matpouna M (E).

Teopema moxasaHna. O

CaenctBue 1. Ilyctb I — mpou3BOJIbHOE HE3aBUCHMOE MHO-
xectBo Marpouna M (E) up € E. Torna IUp conepkuT He GoJee
OJIHOTO LHKJA.

Hoxka3areabcTBo. [lycTb B I Up comepKUTCS iBa PasJHuHBIX
uukaa C7; u Cy. OueBupHo, p € C; N Cy B CUJIy HE3aBUCHMO-
ctu MHOxkectBa [. Torna mo akcuome (C.2) cymectByer uka C
TaKoH, 4TO

CC(Chuly)\pCl,

4TO HEeBO3MOXHO. O
CneacrBue 2. Jlns 060kt 6a3el B Matpouna M (E) u mo6oro

p € E'\ B MHOXecTBO B U p COIEPXKUT TOUHO OIMH LUK U 3TOT
LHUKJI TIPOXONUT Uepes p.
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§ 4.5. NBOMCTBEHHBIA MATPOM]

[Tycts M = M(FE) — npousBosbHbiii Matpoua. Hass X C F
qepes X 6yneM o603HauaTh, KaK OObIYHO, TEOPETHKO-MHOXKECT-
BEHHOe [OMOJHeHHe, T.e. X = F \ X. Hdnas npousBo/ibHOH Gasbl
B € Bs marpouna M MHoxecTBo B GyneM HasbiBaTb e€ro Ko6a-
30ul. Yepes Bs™ 0603HauMM MHOXKeCTBO Bcex Ko6as matporaa M,
T.e. Bs* = {B| B € Bs}.

Teopema 4.14. Mnoxcecmso Bs* scex kobaz mampouda
yoosaemsopsiem akcuomanm 6as (B.1) u (B.2).

Hoka3areasctBo. [lockonbky nms mobeix X, Y C F ycioBus
X C Y u X DY >sksuBagentHnl, akcuoma (B.1), oueBumHo,
BbIMOJIHSIETCS 15t Bs™.

[lycts Tenmeps By u By — aBe ko6aswl ¥ p € By. Tak kak
p € Bi, B MHOXecTBe By U p uMeeTcsi ToyHO omuH uuka C.
[Mockosbky uka C He JexuT B Bs, cymectsyer ¢ € C N By.
MtuozxectBo (By Up) \ ¢ He COIEPXKHT LIMKJIOB, TaK KaK Mbl pas-
DYLUMJIM €IHHCTBEHHBIH LHKJ, yAaJuB 3jeMeHT ¢. [loaTomy 3T0
MHOXKECTBO HE3aBHCHMO M €ro MOLIHOCTb paBHa MOIIHOCTH Oa-
3bl By. CnepoBarednbHo, (By Up) \ ¢ — 6asa. Torma nasi cooTBeT-
CTBYIOLIEH KOGA3bl BBITIOJHSIETCS

(BiUp)\q=(B1Up)Uq= (B1\p)Ugq,

rae q € Bo. Takum 06pa3oM, Mbl poBepu/an akciomy Llteiinuia
0 3aMeHe 1Jis K00a3. O

B cuay nokasaHHOH TeopeMbl ceMedcTBO KoOa3 Bs* samaer Ha
E Matpoun, B KOTOPOM MCXOLHBIE KOOA3bl UTPalOT posb 6a3. ITOT
MaTpOUA HasblBaeTcsl dgoicmeerHvim K MaTpouny M u 0603Ha-
yaercsl yepe3 M* = M*(E). Koneuno, (M*)* = M.

3aBUCHMbIEe U HE3aBUCHMble MHOXKECTBA, LUK/l MaTponna M*
Ha3bIBAIOTCSl COOTBETCTBEHHO KO3ABUCUMbIMU U KOHE3ABUCUMbL-
MU MHOXECTBaMH, Koyukasamu Marpouna M. Panrosas QpyHKUUs
Marpouna M* HasplBaeTcs Kopaneosou QyHuxyued matpouna M
u o6osHauaercs yepe3 r*. O4yeBUIHO,

(M) +r*(M) = | E].
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[lycTe HMeeTcsi HeKOTOpOe YTBepKIEHHE O MPOU3BOJbHOM
Marpouze. Eciv B HeM 3aMeHUTb BCe HCIOJb3yeMble MaTPOM[-
Hble MOHSITHS Ha COOTBETCTBYIOLIME KOMOHSTHS W HaoGOpOT, TO
MBI TIOJIyUUM yTBEpKAEHHE, KOTOPOE HA3BIBAETCS 080LUCMBEHHbIM
K UCXONHOMY yTBepxKaeHHt0. OYeBHUAHO CIIPaBEJIHB

IIpunnun aBoicTBeHHOCTH. Ecau Hekomopoe ymaepicde-
Hue 8epHO 05 A00020 mampouda, mo 080LCMBEHHOe K HeMmy
ymeepcderue makxce 8epHo 015 1106020 mampouda.

Crenmyiomas JieMMa JIerkKo BBITEKAeT U3 ONpeleseHHH.

Jlemma 1. [Ipoussosbroe noOmHONCECMBO 31EMEHMO8 MAM-
pouda 3asucumo mozda u moavko mozda, Kozda OHO umeem
Henycmoe nepeceuerue ¢ Kaxoot K06a30L.

B cusny npuHLMIA ABOHCTBEHHOCTH BEpHO CJjeLylollee ABOM-
CTBEHHOE yTBepKIeHHeE.

Jlemma 2. [Ipousgosbroe noOmMHONCECMBO 3LEMEHMO8 MAM-
pouda Kosasucumo moeda u moavKo mozoa, Koeda OHO umeem
Henycmoe nepeceuerue ¢ Kaxcoot 6a30i.

Jlemma 3. [las aw0boco Henycmozo He3agucumoeo MHONce-
cmea I C E mampouda M cyuwecmsyem maxoi koyuks C*,
uymo |INC*| = 1.

Hoka3arenbcTBo. MHOXeCTBO [ MOXHO MPOIOJXKHUTb [0
HekoTopo#l 6asbnl B. Bosemem p € [. Torma EUp COLEPKHUT
TOYHO OAUH KOUMKJ C™*, njsi KoToporo BbinmoJiHsieTcss C* N B =
={p}=C*nN1. O

Jlemma 4. [{as aroboeo yuksa C u awbozo koyuksa C*
cnpasediuso ycaosue

CNCt| £ 1.

HokasareanctBo. [Ipennosoxum, ot mporuBHoro, 4ro C' N
N C* = {p}. IockonbKy B cuay JeMMbl 2 Kouuka C* — 3T0
MHHHMa/IbHOE TOJAMHOXKECTBO M3 [, uMeioliee Hemycroe mepe-
ceueHHe ¢ KaXJI0i 6asoil, MHOXeCTBO C' — 3TO MaKCHMAJbHOE
MOIMHOXKeCTBO U3 I, He comeprkamee 6a3. CrenoBatensto, C Up
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COLEPKHUT HekoTopylo 6a3y B. MuoxectBo C' \ p He3aBHCHMO U
—*

nexut B C' Up. [To akcnome HesaBucumoctu (1.2') cymectsyer

0asa B;j Takasi, 4To

C\pCB CC Up

(mockosbKY c" Up COmepKUT 6asy B, no6oe MakcuMaabHOe He3a-
BHCHMOE TIOIIMHOKECTBO M3 c U p siBasieTcss 6asodl Matpowuna).
Tak kak C  He comepxuT 6a3, umeeMm p € Bj. CienoBaTesbHo,
C C Bj, 4TO HEBO3MOXHO. O

CJIEZ[y}OI_U,ee YTBep2KAEeHHE HaM MOHAN00UTCS B AaJibHEHIIEM.

Teopema 4.15. [loomrnoocecmso X C E ssrsemcs uukiom
mampouda M moeda u moavko moeda, Koeda X ecmob MUHU-
ManbHOe MHONcecmso cpedu Henycmolx noomHoxcecms u3 E,
y0081emBoPAIOUUX CBOLICMBY:

|X NC*| # 1 0aa aoboeo yuxaa C*.

JoxkasarensctBo. Ecau X siBsseTcss LUUKJIOM MaTPoOUIa, TO
CHJTy JIeMMBI 4 OH yZIOBJIETBOpPSIET TpeGyeMOMY CBOHCTBY, a B CHJTY
JIeMMbl 3 UM€EeT MecTO HeoOXOAHMask MUHUMAaJbHOCTb.

O6patHo, mycTs X — MHHHMaJIbHOE MHOXECTBO CPelH Helly-
CTBIX MOIMHOXKECTB U3 F, yIOBJETBOPSIOLINX yKa3aHHOMY CBOH-
cTBy. B cuay semmbl 3 MHOXKecTBO X 3aBHCHUMO H, CJeOBaTe/b-
HO, colep:KUT HeKoTopeldl uukJa C. Ha ocHoBaHHH JieMMbl 4 U
MUHUMaJbHOCTH X mojydaeM X = C. O

Ecau Ha KoHeuHOM HEMMyCTOM MHOXKeCTBe FE B KauecTBe €IHuH-
CTBEHHOH 0asbl B35ITh MHOXECTBO E, TO BO3HHKHET, OYE€BHUIHO,
MaTpPOHJ, KOTOPBIH HA3BIBAIOT C80600HbIM UITH OUCKPEMHbIM MAT-
pouzmom Ha E. 3necs Ind = P(E), r(A) = |A| (A C E) u Ccl = .

Marpoun Ha E, 1BOHCTBEHHBIH K CBOOOTHOMY MaTpPOHAY, Ha-
3blBaeTCs mpusuasoHoim MatpougoM. OH HMeeT eIWHCTBEHHOe
HE3aBHUCHMOE MHOXKECTBO M eJUHCTBEHHYI0 0a3y — IYCTOe MHO-
)ecTBO, mostomy 7(A) = 0 s qwo6oro A C E. Ero unkaamu
SIBJISIIOTCS OJIHO3JIEMEHTHBIe TOAMHOXeCTBa U3 F.



§ 4.5. Jlsoticmeenmbii mampoud 89

[lyctb G — mnpousBoJIbHBEIE HeHYJNeBOH (n,m,k)-rpag. Pac-
cMOTpUM MaTpoup uukiaoB M = M(G) rpapa G Ha MHOXKe-
ctBe £ = EG. Bazamu storo marpouna 6ynyT MHOXKecTBa pebep
rpaca, cocTap/sone ero ocToBel. OueBHAHO, paHT MaTpPOHIA
r(M) = n — k ectb panr rpada G, a ero kopasr r*(M) =m —
—r(M) = m —n + k coBnagaer ¢ UMKIOMATHYECKHM UYHCJIOM
rpada G.

[lycts B — nekoropasi 6aza matpoupa M = M(G). Torma
COOTBETCTBYIOLLYI0 K06a3y B HasblBalOT ellle H KOOCTOBOM (3TO
MHOXKECTBO TexX pebep rpada, KOTOpble HY?KHO OTOPOCHTb U3 Ipa-
(ba, 4TOOB MOJYUHTb €ro OCTOB). B cHay JeMMBI 2 KO3aBUCHMEIE
MHOXecTBa MaTpouna M (G) — 3To Te M TOJNbKO Te MHOXKECTBA
pebep rpada, KOTOpble UMEIOT HEMyCTOe MepecedeHre ¢ KaxaoH
6asoii. CrenoBatesbHO, KO3aBUCHMbIE MHOXKecTBa U3 M (G) — 310
Te U TOJIbKO Te MHOXKecTBa pebep, MPU CTHPAHUH KOTOPLIX B Tpa-
(e G paspylialoTcs Bce OCTOBBI, T. €. YBEJIHUHUBAETCS YHUCJIO KOM-
TIOHEHT CBSI3HOCTH. TaknM 06pa3oM, KO3aBUCHMble MHOXKeCTBa U3
M(G) — 310 B TOYHOCTH paspesaroliiie MHOXKeCTBa pebep rpada,
a TOrAa KOUMKJb — 370 paspesnl! CiieqoBaTesbHO, LUKJBL U pas-
pe3bl rpaa — 3TO B3aUMHO ABOHCTBeHHble 00BeKTh. Marpona
M*(G), nBo#icTBeHHBIH K MaTpouny M (G), Has3bBalOT mampou-
dom paspesos rpaga G.

Ortmernm, uto ajs awboro nepesa T matpoun M(T) ceoGo-
neH, a Mmatpoun M*(T) TpuBHaJIEH.

IIpumep. PaccmoTpum MaTpous LMKJOB CJaeqyloliero rpadga:

Puc. 20

Torna
1) E ={e1,e2,e3,e4,e5} — OCHOBHOE MHOXKECTBO MaTpPOHAA;
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2) Bl = {62563764}732 = {61563764}733 = {61762764} -
MHOXKecTBO 0as;

3) Bl = {61,65},32 = {62,65},33 = {63,65} — MHO2KeCTBO
Ko0as3;

4) {e1,ea},{e1,e3}, {ea,e3},{€a} — MHOKECTBO KOLMKJIOB,
COBMAJA0Iee C MHOXKECTBOM Pa3pe3oB paccMaTpUBaeMoro rpada.

§ 4.6. YXAQHbIA AJITOPUTM

HyCTb E — HeHyCTOG KOHEeYHOEe MHOXXeCTBO U wW — prHKLLI/IH
u3 E B MHOXKeCTBO aeficTBuTesbHbIX uuces R. Hueno w(e) Gynem
HasbiBaTb 8ecom aremenma e € F. Jlas moboro nenycroro A C

C FE nonoxum w(A) = > w(e) u 6ynem HasbiBaTh w(A) secom
ecA
mHoxecmsa A.

3adukcupyeM HekoTopoe cemeiictBo Z C P(E), B KOTOpoM
uMeeTcss XOTsl Obl OHO HelycToe MHOXKecTBO. Bynmem cMmoTpeTb
Ha Z KaK Ha 4acTHUHO-YTMOPSiJ0YeHHOEe MHOMXKECTBO OTHOCHTEJb-
HO TEOPeTHKO-MHOXKECTBEHHOTO BKJueHHs. [las ymoGcTBa age-
MEHTBbl YaCTHUHO-YIIOPSI0UeHHOr0 MHOXecTBa Z OylneM Ha3bBaTb
obvekmamu.

Bynem nanee cuutarb, uto Z yIOBJIETBOPSET aKCHOME HE3aBHU-
cumoctH (I.1), T.e. MOAMHOXKeCTBO 00bEKTA SIBASETCS 0OBEKTOM.

PaccMoTpuMm crenyiolyo 3agauy:

B uwacmuuno ynopadouennom muoxcecmee obvexmos I no-
CMpoums MAKCUMAAbHbLL 00BEKM MUHUMAALHO B03MONCHO2O0
seca.

HccnenyeM, npu Kakux YCJA0BHSIX HA ceMelcTBO 0O BEKTOB cile-
LYIOLUIUH aJrOpUTM pellaeT I0CTaBJEHHYIO 3aj1ady.

2XKanneiit anroput™. 1) B kauecTBe e; BbiOepeM B F a/ieMeHT
HaHMeHbLIEro BO3MOXKHOIO Beca Tako#, 4to {e;1} € 7.

2) IlycTb a/eMeHTH e1,...,e;—1 yXKe BbiOpaHbl. B KadecTBe
e; BoibepeM B E 3jeMeHT HaWMeHbIlIero BO3MOXKHOTO Beca TaKoH,
4To

ei €{er,...,ei1} ufer,...,e} €L,

3) BoimosiHsieM 2) 1o Tex mop MoKa 3TO BO3MOXHO. [Ipo-
necc 06513aTe/IbHO 3aBepLIUTCS U OyleT NOCTPOeH MaKCHMaJsbHbIH



§ 4.6. XKaonovui arzopumm 91

00BEKT
B={ey,...,e,} €T.

Teopema 4.16. [Tycmo cemeticmso ob6vekmos I ydosremso-
psem donoanumenvro axcuome wesasucumocmu (1.2), m.e. T
aeasemcs cemeticmeom Ind scex Hesasucumovix mHOMCECMS
HeKomopoeo Hempusuasbrozo mampouda Ha E. Toeda atoboe
mHoxMcecmso B, nocmpoenHoe acadnvim areopummom, 6Oydem
MAKCUMANbHOIM 0OBEKMOM MUHUMANLHO BO3MONHOCO BeCd.

HokasatenbctBo. [lycte 7 — ceMelCTBO HE3aBUCUMBIX MHO-
»KeCTB HEKOTOPOro HeTpuBUasibHOro Matponna M = M(FE) n 06b-
ekT B = {e1,...,e,} NMOCTPOEH KaJHBIM aJTOPUTMOM, KaK yKa-
3aHo Bbille. O4eBUAHO, B siBisercs 6a3oil marpouna M.

[TycTb, oT mpoTHBHOrO, B He siBjsieTcss 62304 MHUHMMAJbHONO
Bo3MOxHOro Beca. Cpenu 6a3 MHHHMAJbHOTO BO3MOXHOIO Beca
BeIOepeM 6a3y B’, mss kotopo# uucao |B N B’| umeer Hau6ob-
mee BO3MOXKHOe 3HaueHHe. Tak kak B # B’, umeem B € B'.
BosbMeM 3JIeMEHT e; ¢ HAUMEHbIIHM HOMEPOM TaKOH, 4To e; & B’.
Torna {e1,...,e;—1} € BN B’. MHoxectBo B’ U e; conepxur
touto onut uuka C. [lockonbky C' € B, cyuectsyer e € C'\ B.
dcno,uto e € B'. Tlonoxkum B” = (B’ Ue;) \ e. Ot6pocus e,
MBI Pas3pylInjId eIUHCTBEeHHbIH KA B B’ U e;. CienoBarenbHo,
B" — nesaBucumoe MHOXecTBO Marpouna M u |B”| = |B’|, 1.e.
B" — 6asza marpouna M. Kpowme Toro, ouesumso, |B” N B| >
> |B’ N B|. Mostomy w(B") > w(B’) B cuiy Beibopa Gassl B'.
Tak xak w(B") = w(B’)+w(e;) —w(e), nonyuaem w(e;) —w(e) >
> 0, T.e. w(e;) > w(e). [locnenHee HepaBEeHCTBO MPOTHBOPEUHT
TOMY, UTO HA §-M IIare XKaHOTO aJropuTMa OblJ BHIGPAH 3JEMEHT
€;, a He 3JeMeHT e, x0T e & {ey,...,e;—1} C B W MHOXKeCTBO
{e1,...,ei_1,e} C B’ He3aBUCUMO. O

[Tyctb G — cBsI3HBIH HeOQHO3JEMeHTHBIH rpad. PaccmoTpum
Ha MHOXecTBe ero pebep F = E(G) HeKOTOpyIO BECOBYIO (yHK-
LU0 w, KOTOpas KaxKJIoMy peOpy e CTaBUT B COOTBETCTBHE Bec
pebpa w(e) € R. CemeiictBo 7 auuk/anueckux HabopoB pebep
SIBJISIETCH CEMEHCTBOM HEe3aBUCHMbIX MHOXKECTB MaTpPOMIA LIUKJIOB
M(G) rpada G. bazamu 3TOrO0 Marpouna SIBASIOTCS, MO CyLLe-
CTBY, ocTOBH rpada G. B cuay nokasaHHOH TeopeMbl XKaiHbIH
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aJITOPUTM B JJAHHOM CJlyuae CTPOMT OCTOB MHHHMMAJbHO BO3MOXK-
Horo Beca B rpade G.

Cuenyoliee npeioxKeHHe MOKA3bIBAeT, UTO BHIIIOJHEHHE aK-
croMbl HezaBucuMocTH (1.2) HeoGxomumo nJjist TOro, 4TOOBI MPH
JII060H BecOBOH (DYHKLHH »KaIHBIH aJrOPUTM BCErAa CTPOUJ OBl B
ceMeHCcTBe 00beKTOB Z MaKCUMaJbHBIH 00BbEeKT MHHHMaJbHO BO3-
MOXKHOT'O Beca.

Ipennoxenne 4.1. [lycmo cemeiicmso ob6vexmos I we yoo-
sremeopsem axcuome rezasucumocmu (1.2). Toeda cyuwecmsy-
em gecosasn Qynxyua w u3 E e R, drs komopoti awoboe npume-
Hexue HaodH020 arsopumma cmpoum 8 I MaKcumasvroli ob6o-
eKm, He ABASIOUULICS MAKCUMANbHOIM 00BEKMOM MUHUMANLHO
803MONHOCO Beca.

HdoxkasatenbcTBo. [IycTh cemelicTBO 06beKTOB Z He YHOBJe-
TBOpsieT akcuome HeszaBucumocTH (1.2). Torma cywectsytot I, J €
€7 rakue, uto t = |I| < |J|=t+1,raet e N, u IUp &7 nas
qwboro p € J\ I. Ilyets [INJ| = s, rne s € NUO. OueBnpHo,
s < t.

B kayecTBe BecOBOH (hYHKIMHU PACCMOTPUM CJEYIOILYIO (DYHK-
IO

-1, eel,
s—t—0,5
we) = LR e,
0, ec E\(ITUJ).

OueBHaHO,
s—t—0,5
t—s+1
Ilpu Taxo# BecoBOH (PYHKLMH w KaAHBIH aJrOPUTM CHauasa 00s-
3aTeJIbHO BbIGEpeT BCe 3JeMeHThl MHOXKeCTBa I, a 3aTeM (BO3MOX-
HO) BblOepeT a/eMeHTHl U3 E\ (IUJ) 1 MOCTPOUT HEKOTOPOE MaK-
cuMasbHoe MHOXecTBO I Takoe, uto I C I} v w(l) = w(l) =
= —t.
3ameTuM Jallee, 4TO

-1< <0.

s—t—0,5

wlJ)=—s+({t+1-3)- o =—t—-0,5 < —t.
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Pacuupum J 10 HEKOTOPOro MakCHMaJbHOrO B Z MHOXKecTBa Jj.
Torna, oueBunHo, w(J1) < w(J) < w(ly).

CuenoBatesibHO, JI000€ MOCTPOEHHOE XKAIHBIM aJTOPUTMOM
MakCHUMaJIbHOe MHOXKeCTBO [; He SIBJsIeTCS MaKCHMaJbHBHIM 00b-
€KTOM MHHMMAaJbHO BO3MOXKHOIO Beca. O

§ 4.7. ASOMOP®D®U3Mbl MATPOU[IOB

[yets My = M(E1) u My = M(FE>) — nBa Matpouna. Duek-
THBHOe oTobpaxkeHue ¢ U3 £ Ha Ey Ha3blBaeTCsl U30MOPHUIMOM
maTtpouna M; Ha Matpoun Mo, ecau s Jawbdoro B C E; MHO-
)KecTBo B siBsisieTcs 6a3oil Matpoupa M Toraa U TOJBKO TOT[A,
Korna ero o6pas ¢(B) siBasercs 6a3oii marpouna My. OueBHaHo,
NpU U30MOp(HU3Me LUKJbI ePeXonsiT Ha LHKJbl, K0Oa3bl — Ha KO-
6a3bl, He3aBUCHUMble MHOXKECTBA — Ha He3aBHCUMble MHOXKeCTBa
U T I

Onpepenenre u3oMop(pr3Ma 5KBHBaJEHTHBIM 00pa3oM MOXKHO
IaTh, UCIOJb3Ys JH0060e U3 OCHOBHBIX MAaTPOUAHBIX MOHATHH (Oa-
3bl, K00a3bl, He3aBUCHMble MHOXKECTBA, KOHE3aBHCHMblE MHOXe-
CTBa, 3aBHCHMble MHOXKECTBA, KO3aBUCUMble MHOXECTBA, LIUKJBbI,
Kouukael). [IpuBenem mJjsi mpumepa ompeneseHue H3oMopduaMa
Ha f3blKe KO3aBHCHMBIX MHOXKECTB.

BuekTrnBHOE oTOGpaxkeHue ¢ u3 F; Ha E5 HaselBaeTcsi H30-
MopdusMoMm Mmarpouga M; Ha Matpoup Ms, ecnu 1s Jr060ro
A C E; mMHOoXecTBO A K03aBUCHMO B M7 TOTIa U TOJIBKO TOrIa,
Korza ero o6pas ¢(A) — K03aBHCHMOe MHOXKECTBO B M.

Mui 6ynem nucate My = Mo 1 TOBOPUTD, UTO MaTpounsl Mi u
My uzomopgrot, ecau cylecTByeT u3omophusm Matpousa M Ha
marpoun Ms,. 3aMeTuM, uto U3 My = My BeiTekaer My = M.

Jltobolt marpoun, H30OMOP(HBIE BEKTOPHOMY MaTpoOMIy Ham
TejqoM F', Takxe OyfeM HasblBaTb 8eKMOpHbiM Hal TejoM F.
OueBugHo, J1060# BEKTOPHBI MaTpoun Han TejoM F usomop-
(eH MaTpouiy CTOJNOLOB HEKOTOPOH MaTpHLbl Hald TesJoM F.
JleficTBUTENBHO, B COOTBETCTBYIOIIEM KOHEYHOMEPHOM BEKTOPHOM
NPOCTPAHCTBE HANO B3SITb 0A3UC U MEPEHUTH OT BEKTOPOB, OTBEYa-
IOLUIUX 3J1eMeHTaM MaTpouia, K UX KOOPAHHATHBIM CTOJOLAM.

Marpoun HasoseM epaguueckum, ecnu oH U30MOp(eH MaTpo-
Uy LIMKJIOB HEKOTOPOr0 HeHY/NeBOro rpada, u — Kogpaguueckum,
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€CJId OH M30MOp(eH MATPOHIY pa3pe3oB HEKOTOPOrO HEHYJNEBOTO
rpaga.

Teopema 4.17. Mampoud yuxaros M(G) nenyregoco epaga
G usomopger mampoudy cmorbyo8 mampuypl UKYLIeHMHOCMU
I(G) nad dsyxaremenmuoim nosem Zs.

HoxasarenbctBo. [lisi npoussosbroro A C E = E(G) uepes
I(A) ob6osnauum mogmatpuiy marpuusl I = I(G), cocTaB/ieHHYIO
U3 cTo/OLOB, oTBevawlux pebpam n3 A. JloctaToyHo H0Ka3aTh,
uro rank I(A) < |A| rorna u Tosnbko Torna, korga noxprpad (V, A)
conepxuT UuKI, e V =V_G u A # 0.

[Tycts C' — uwmka noarpaga (V, A). Paur marpuusl I(A) He
M3MEHHTCS, €C/IM H3MEHHTh HyMepaluio BepiinH U pebep. [lepe-
HyMepyeM BeplUuHbl U3 V U pebpa U3 A takuMm o6pa3om, uToObI
BepLIKHbl U pebpa LuK/aa C' MMeJqd HauMeHblIHe BO3MOXKHBIE HO-
mepa. Torna matpuua I(A) mpumer BUL

Il *
(615)
rie Iy = I(C). dna kBampaTHO# MaTpuubl [; Han mojeM Zs
BoinosiHsieTcss detl;y = 0, Tak kKak Iy = 0 HUAM B KaxXJI0M
cronbe MaTpulbl /i HMeeTCs TOUHO [BAa 3JEMEHTa, pPaBHHIX I,
a octajbHble 3jeMeHTH paBHbl 0. CijiefoBaTesbHO, paHT MaTpH-
ubl I(A) ctporo MmeHblie yuc/aa ee CTOJAOLOB, paBHOro |A|, T.e.
rank I(A) < |A].

O6parHo, NpeanosokuM, uTo HeHyJeBod noarpa¢ (V, A) ss-
JISleTCsl alMKJANYeCKUM. Bo3bMeM OHY M3 HETPUBHAJbHBIX KOMIIO-
HeHT CBs3HOCTH Hi 3Toro moarpada. MameHuM HyMmepanuio Bep-
wuH U pebep rpada G. OnHOH W3 BHUCAYMX BEPLIMH v; U HH-
UUIEeHTHOMY ell pebpy rpacda H; mpunuileM HoMmepa, paBHble 1.
[lepeiinem k rpady Hy; — vy;. OnaTb ONHOH M3 BUCSAUUX BEpPLIMH
rpapa H; — vy ¥ MHUUIEHTHOMY el peOpy NpUIMIIeM HOMepa,
paBHble 2, U T. 0. Tak mepeHyMepyeM BepLIMHBI H pe6pa KOMIIO-
HEeHTBl CBSI3HOCTH H7p, NMOKa He OCTaHeTCs TOUHO OflHA BeplLHHA,
KOTOPYI0 Mbl 3aHyMepyeM I03xke. 3aTeM aHaJOTHYHBIM 06pa3oM
MOCTYIIUM CO CJleqylolllell HeTPUBHAJbHON KOMIIOHEHTOH CBSI3HO-
ctu Hy rpada (V;A) u 1. 1. B KoHue mpouecca 3aHymepyem
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BEPLIKMHBI, KOTOPblE OCTaJMCh He3aHYMePOBaHHBIMU I0Cje ofpa-
GOTKH BCEX HETPHBHAJBHBIX KOMIOHEHT cBsisHOoCTH rpada (V) A).
Marpuua I(A) npumer BHA

1 0 0 0
* 0 ... 0
* x 1 ... 0

* *

OueBHHO, ee paHT paBeH YUCIY CTOJOLOB, T.e. rank(A) =
= |Al. O

Teopema 4.18. Mampoud, Osolicmserrovili K 6eKMOPHOMY
mampoudy Had mesom F, maxice ssrsiemcs 8eKmopHbim Had
meaom F.

Hoka3arenbcTBo. OuyeBHaHO, CBOGOAHBI W TPUBHAJNbHBIN
MaTpOUABbl SIBJSIOTCS BEKTOPHBIMH HAJ TMPOU3BOJBHBEIM TesJoM F.
Onu U30MOp(HHBI MATPOUALY CTOJNOLOB COOTBETCTBEHHO eIMHUUHOM
W HYJIEBOH MaTpHUL, MOAXOASLIEr0 MOpsAKa Hal TejoM F'.

[Iycts M — mnpou3BOJIbHBIA HETPUBHAJIbHBIA U HECBOOOIHBIH
MaTpOUJ, KOTOPBIH sIBJsieTCs BEKTOPHBIM Haja TejoM F, u r =
= r(M). Torma B cuy 3ameyaHwus, ciesaHHoro Beile, M wuso-
MOp(eH MaTpouay CTosnbLOB HEKOTOPOH (¢ X m)-MaTpuubl P Hap
teqioM F. deno, utorank P=ru 0 <r < m.

PaccMoTpuM c/lefyIOLIYI0 ONHOPOAHYI0 CHUCTEMY JIMHEHHBIX
ypaBHEHUH Haj MPOCTPAHCTBOM BEKTOPOB-CTOJOLOB F':

PX =0. (1)

[Iycte
X15X27"'7X7n—r (2)

— 6asuc mpocTpaHcTBa pelieHui cuctemsbl (1). CocTaBUM U3 3THX
cTosbuoB (m X (m — r))-MaTpuLy

Q= (X1, X2,..., X;n—y).
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[Tokaxewm, yTo Matpoun M ™ usomopdeH MaTpoULy CTPOK MaT-
puusl ) Han Teqom F.

OrtmernM cHauasia, uto rank @ = m —r = r(M*). Hasnee
BCIIOMHHUM, 4TO 0a3aMM Matpoupaa M™ aBJS0TCA OONOJNHEeHHs 0as
matpousa M. PaccmoTpum oTobpaxKeHue ¢, KoTopoe i-H croJber
MaTpulbl P nepeBOAUT Ha ¢-10 CTPOKY MaTpulbl ). [Tokaxewm, uto
3TO 0TOOpaXKeHHE U eCTb UCKOMBIH M30MOPQHU3M.

Ham pocTatoyHo yCTaHOBUTb, YTO CHCTeMa KaKHUX-JAHOO 7
CTONOLOB MaTpullbl P JMHeHHO He3aBUCHMa TOTAA U TOJNBKO TO-
ria, Korja JIMHeHHO He3aBHCUMa JONOJHAKILAA ee cucTeMa m —r
CTPOK MaTpullbl (). JlononHsA0ILas CHCTeMa CTPOK — 3TO CHCTEMaA
CTPOK, HOMepa KOTOPBIX HOMOJHSIOT HOMepa CTOJOLOB HCXONHOH
CHCTeMBI CTOJIOLOB 10 MHOXKecTBa {1,...,m}.

BosbMeM NpoK3BOJBHYIO CHCTEMY U3 r CTOJIOLOB MaTpULBl P.
Jlns npoctoThl 0603HaUeHHH GyneM CUHTATh, UTO B3SITHI MIEPBLIE T
cTo1610B. PaccyxneHusi B o611eM cayyae nMpoBoasTcst abCOMIOTHO
AHAJIOTUUHO, HO TPeOyIT rpoMo3akux obosHadenui. [lyete P —
3T0 (¢ X r)-TMOAMATpULla MaTpulbl P, cocTaBieHHast M3 B3SThIX
NepBbIX 7 CTONOLOB. PaccMOTPUM ONHOPOAHYIO CHCTEMY JHHeH-
HBIX YpaBHEHHWH Hal MPOCTPAHCTBOM BEKTOPOB-CTOJOLOB F:

PY =0. (3)

Ecan cron6upl Marpuubl Py JIMHEHHO 3aBUCHMBbI, TO CHCTEMa
(3) umeer HenyneBoe peweHue Y. 1o6aBUM K HEMY CHH3Y m — T
HyJe#i, ToJyduM HeHyseBoe pelieHue X cuctembl (1). Boipasum
X uyepes 6asuc (2) npoctpaHcTBa perneHud cuctembl (1):

X = Oéle + OZ2X2 + -+ Oémf'r‘mera (4)

rie cpefiu Ko3(h(hULHEHTOB eCcTb XOTsl Obl OJUH HeHYJeBOH 3Je-
MeHT U3 F'. BBeieM B paccMOTpeHHe CTOJOLbI

XXX (5)

U3 npoctpaHcTBa F™ ", nosydeHHble COOTBETCTBEHHO U3 CTOJ0-
uoB X1, Xs, ..., X,,_, oTOpaceiBaHHeM MepBLIX 7 KOMIOHEHT. Co-
CTaBUM H3 3THX «ype3aHHbIX» cTon6LoB ((m —7) X (m —r))-Mmar-
puly:

Qi = (X}, X3, XDy ).
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Marpuua Q1 — 3To KBajparHas MaTpHlla MOPsiAKA m — r, KO-
TOpast SIBJSETCS MOAMATPULIEH MAaTPHULBI () ¥ PACIOJIOKEHA BHH3Y
matpulbl (). M3 paBeHcTBa (4) caenyet

0= CY]_X]/_ + CYQXé + -+ a’I’I’L*TX"Ifn,77‘7 (6)

T.€. cUCTeMa CTOJIOL0B KBaApaTHOW MaTpuubl ()1 JHHEHHO 3aBHU-
cuMma. Torna JUHEHHO 3aBUCHMA U CHCTEMA CTPOK 3TOH MAaTPHILBI,
T. €. IHHEHHO 3aBUCHMA CHUCTEMA U3 1M — r MOCJAETHUX CTPOK Mart-
puus Q.

O6partHo, MyCcTb cUCTeMa KaKHX-JTHOO m — T CTPOK MaTpu-
bl () JuHelHO 3aBucuMma. s mpocToThl 0603HaUYeHUU Oynem
CUUTATb, UTO 3TA CHUCTEMA COCTOUT W3 IOCJENHUX M — T CTPOK
matpuubl (). Torna JuHeliHO 3aBHCcHMa cucTeMa (D) «ype3aHHBIX»
CTONIOLOB, COCTABMASAIMIMX MaTpuly (1. CrenoBaTesbHO, HEKO-
TOpasi HeTpUBHAJbHAs JHHeHHash KoMOWHauus (6) «ype3aHHBIX»
cronbuos paBHa 0. C nmomouibio paBeHcTBa (4) ompenesuM CTOJ-
Gerr X. [TockosbKy cucTema cToJibIoB (2) JUHEHHO He3aBUCHMA,
umeeM X = 0. Cronben X siBjsieTcs peiieHrneM cuctembl (1), Tak
KaK OH paBeH JIMHeHHOH KoMOMHaL KK 6a3uca NPOCTPAHCTBA pellle-
HUH 3TON cHcTeMBbl. Torna cronbell Y, mosydeHHbIH U3 crondna X
oTOpaceIBaHUEM TIOCJAEIHUX M — 7 HYJEBBIX KOMIIOHEHT, SIBJISET-
Csl HeHYJ/IeBbIM peleHdeM cuctembl (3). CienoBaTe/bHO, JUHEHHO
3aBHCHMa CHCTEMa M3 MEepBHIX 7 CTOJOLOB MaTpuubl P, 4To U
Tpe6OBaNOCh N0Ka3aTh. O

§ 4.8. MPOCTPAHCTBO LUMKIIOB BUHAPHOIO
MATPOUIA

Matpoun HasbiBaeTcs OUHAPHbIM, €CJU OH SIBJSETCH BEKTOP-
HBIM Haj roJieM Zs. B cuiy pesynbraToB mpenblayliero pasziena
MaTpOUA LMKJOB U MaTPOUI pa3pe3oB J060ro HeHyseBoro rpada
SIBJIAIOTCS OMHAPHBIMH MaTPOUIAMM.

[Tycte M (E) — npousBosbHbIE GHHApHBIH MaTpous. [Ipespa-
tiM P(E) B BeKTOpPHOE MPOCTPAHCTBO Hal TMoJjeM Zg, moJaras
st mobbix X, Y € P(E)

XY =(XUY)\(XNY), 1- X=X, 0-X=0.
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OueBunHo, P(E) — BeKTOpHOe NPOCTPAHCTBO Han Zo OTHOCH-
TeJbHO CHMMETPHYECKOH Da3HOCTH @ W 3aJaHHOIO yMHOMKEeHHS
Ha cKaJjspel U3 Zg = {0,1}.

O6o3uauum yepes L(M) nonmuoxkectBo u3 P(E), cocrosiiee
U3 BCeX MOIMHOXKECTB MHOXecTBa F/, MpeACTaBUMbBIX B BUJE 00b-
eMHEeHHs TI0MapHO HerepeceKaluxcsl [UKI0B Matpouna M (ko-
HEuHO, CPefid HUX GYyAeT MycToe MOAMHOXKeCTBO () u 6ok LUK
matpouna M). 3adukcupyem HeKoTopyw 6asy B matpouma M.
Torma nas qwo6oro e € B uyepes C, 0603HAaYUM €MHCTBEHHBIH
LMKJ, KOTOPbIH COLEPKUTCS B MHOXKecTBe B U e.

Teopema 4.19. [lycmo M = M(E) — npousgovruiii bunap-
Holl mampoud. Toeda:

1) L(M) — nodnpocmpancmeo 8eKmopHoe0 npocmpamcmaa
P(E);

2) {C.|e € B} — 6asuc npocmparcmea L(M) nad no-
nem Lio;

3) dim L(M) = r*(M).

HokasarenbcTBo. [lockoibky M — BeKTOPHBIH MaTpPOHU]
Hal Zs, OH H30MOP(EH MATPOUIY CTOJIOLOB HEKOTOPOH (I X m)-
MaTpuubl P Hajx noseMm Zso. IIycTb ¢ — COOTBETCTBYIOUIMH H30-
mMopuam TakoH, uto ¢(e;) = p;, tne E = {e1,...,em}, a p; —
3TO0 i-# cTosbel MaTpuubl P.

Iast mo6oro X C E nonoxum S(X) = > ¢(e), roe cywm-
eeX

MHpOBaHHe BelleTcsl B POCTPAHCTBE BEKTOPOB-CTO/GLOB Zb. Ko-

HeuHo, Mbl cuurtaeM, 4to S(@) = 0, rone 0 — HyseBo# cTosnber U3

ZL. U3 onpenenenus Bunno, uto S(X UY) = S(X) + S(Y) ans

JI0OBIX IBYX Hemepecekawuuxcs nogMHoxects X, Y C E.
ITokaxkeM cHayaJga, uto gjas Jwboro X C E

X € L(M) & 5(X) =0.

HeiicrButensHo, nyctb C = {e;,,...,€;,} — LHKJI Marpou-
na M. Torna ero o6pas {pi,,...,D;, } OTHOCHTEJNbHO H30MOPHH3-
Ma ¢ OyneT MUHHUMAaJbHOU JMHEHHO 3aBUCHMOH CHCTEMOH CTOMG-
uos Matpulbl P. CjenoBare/lbHO, HEKOTOpasi HeTpPUBHAJIbHAS JU-
HellHasi KOMOWHALHUS 3TUX CcTOJOLOB paBHa O:

aipi, + -+ oup;, = 0.
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B cuny MUHHManbHOCTH CHCTEMBI CTOJIOLIOB BCE CKAaJsipbl paB-
uel 1, T.e. S(C) = 0. [yets tenepp X = Cy U ... U Cy — 06b-
elMHEHHe MOMApHO Hemepecekawuuxcs uuk/aoB. Torna S(X) =
=S(Ch)+---+5(C) =0.

O6parro, nyctb X C E, X # 0 u S(X) = 0. Torna cucrema
CTOJIOLOB MaTpulibl P, COOTBeTCTBYIOLIAs MHOXKeCTBY X OTHOCHU-
TeJIbHO ¢, JUHeHHOo 3aBucuMa. [loatomy X — 3aBrcuMOe MHOXe-
cTBO MaTpouna M H, ciaenoBaTesbHO, cyuiecTByeT uuka C; C X.
[Tonoxum X3 = X \ Cy. Torna 0 = S(X) = S(X1) + S(Cy) =
= S(X;). Eciu X7 # 0, to cymectyer uukia Co C X;. Iosio-
KuM Xo = X7\ Co u 1. 0. Uepe3 HeCKONBKO IIArOB MHOXKECTBO
X Oyzmer pas6uto B oObeduHeHHe ceMeHCTBa MOMNAapHO Hemepece-
KaIOLMXCS LIUKJIOB.

[Tposepum Tenepsb, urto L(M) — moampocTpaHCTBO MPOCTpaH-
crBa P(FE). Ilas 3TOro 10CTaTO4HO H0Ka3aTh 3aMKHYTOCTb L (M)
otHocuTenbHO @. [lyets X, Y € L(M). Torna S(X) =S(Y) =0
U MBI [I0JTy4aeM

S(XaY)=S{X\(XNY)} U{Y\(XNnY)}) =
=S(X\(XNY))+S(Y\(XNY)) =
=SX\(XNY)+SXNY)+S(XNY)+
+S(Y\(XNY))=5(X)+S(Y) =0,

T.e. XY € L(M).

Takum o6pasom, L(M) — mMOANPOCTPAaHCTBO MPOCTPAHCTBA
P(E).

[lokaxem Tenepb, uto {C.|e € B} — Gasuc mpocTpaHCTBa
L(M). CHayasia poBepuM, 4TO 3Ta CHCTEMA JIHHEHHO HE3aBHCH-
ma. [lycTb ej,...,e; — NPOU3BO/IbHASI CHCTEMA Pa3JMUHBIX 3Jie-
mentos u3 B. Torna

{617’-‘7€t}gcel@"'@ce”

T.e. Co, &+ D C,, # 0. Nnbimu cioBami, J06asi HeTPUBHAJbHAS
JIHefHast KoMOuHalus BekTopoB cucrembl {C, |e € B} oTinuHa
OT HYJIS.
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Tokaxewm Terepb, uto {C,|e € B} — cucrtema 06pasyiolux
npoctpanctBa L(M). [Tycts X — npou3BOJIbHBIN HEHY/IEBOH 3Jie-
MeHT U3 L(M), T.e. X # ). Torna X — 3aBHCHMOE MHOXECTBO H,
cJIe[IoBaTeNIbHO, OHO MepecekaeTcs ¢ KaxkaoH Kob6asoi. [Tonoxum

XﬂE:{el,...,et}#@.

Paccmorpum mHOXkectBO YV = X @ Cey & -+ @ C,,. OueBuaHo,
Y € L(M) u YNB = (. Orciona crenyer ¥ = 0, 1.e. X =

:C€1 @...@C@tli
Uraxk, {Ce |e € B} — 6asuc npoctpanctsa L(M) u, cienosa-
tenbHo, dim L(M) = |B| = r*(M). O

[TpoctpanctBo L = L(M) Ha3bIBaOT NpOCMPAHCMBOM UUK-
1068 GuHapHoro matpoupa M = M(E), a ero 6asuc {C.|e €
€ B} — ¢ynoamenmanrvroli cucmemorli 4uKA08 OTHOCHUTENBHO
6a3pl B. Tax kak marpoun M* Takxke OUHapeH, Mbl MOJydaeMm
npocmparcmso koyukaos L* = L(M*) u ¢ynOamenmanonyio
cucmemy xoyuxaos {C% | f € B}, npuuem dim L* = r(M).

Teopema 4.20. [lycmoy f € Bu Ce,,...,Ce., — MmHOMECMBEO
scex yukao8 gyndamernmanrvroll cucmemol, codepxcawux f. To-
eda

Ci={fe1,... e}

HoxasarenbctBo. [lonoxum X = {f e1,...,e;}. MHOXKecTBO
B U f conep:UT TOUHO OHH KOLHKJI C%. Ouesnmno, X C BUY.
[To3TOMYy [0CTATOUHO YCTAHOBUTb, YTO X SIBJSETCS KOLHKJIOM.
[lo Teopeme, nBoiicTBeHHOU K TeopeMme 4.16, X siBjisieTcsi KOLHMK-
JoM, ecid X eCcTb MHHHMMAJbHOE MHOXECTBO CPEeIH HEMyCThIX
MOAMHOXKeCTB U3 F, ymoBjerBopsiiomnx cpodcetBy | X NC| # 1
s arodoro nukaa C'.

[Tycts C' — uuka. OH OfHO3HAYHO MPEACTABUM yepe3 (yHAa-
MEHTa/JbHYI0 CHCTEMY LIHKJOB B BHIE

C:Cul@...@CuS)

rae Uy, ...,Us — TOMAapHO pasJuyHble 37eMeHThl u3 B. PaccMot-
pUM [Ba CJydasi.

1. llyete f € C. Torna f € C,, #AA HEKOTOPOro u;, THE
ie{l,...,stu{f,u;} CXNC, 1re. [ XNC|>1
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2. pennonoxum Temnepsb, yto f & C.

2.1. Ecau f He BXOOMUT HU B OAuH U3 UUKJIOB Cy,,...,Cy,, TO
Uty .., us € X u X NC =0, 1.e. onsats umeem | X NC| # 1.

2.2. TlycTb Tenepb f BXOAWT B HEKOTOPBIH U3 LUKJOB O, . ..

.,Cy,. Torna f BXOOWUT B YeTHOE YHCJIO YKa3aHHBIX LIHUKJIOB.
Canenosarenibho, f € Cy, u f € Cy; NIA HEKOTOPHIX Pa3IMYHBIX
u; ¥ u;. Torma {u;,u;} € X NC uonars [ X NC|# 1.

Hrak, mbl ycranoBuad, 4to | X NC| # 1 pas nwo6oro uukaa C.

[IpoBepuM, YTO 3TO YCJOBHE HapyllaeTcs AJsi COOCTBEHHBIX
HEMmyCThIX MOAMHOXKecTB MHOXKecTBa X. [lyectb Y C X u Y # ().
PaccmoTpum nBa cayvas.

1. Tlpennosoxum, uto f ¢ Y. Torma Y C Bu MO3TOMY MHO-
XKecTBO Y KoHe3aBHcHMO. COrJIaCHO JieMMe, NBOHCTBEHHOH JieM-
Me 3 u3 paszena 6, cyuiectByer Tako# uuka C, uto [Y NC| = 1.

2. lyets f € Y. Torma cywectsyet ¢ € {1,...,t}, njs KoTo-
poro e; € Y. CaepoBatenvho, Y NC,, = {f}, T.e. [Y NC,,| =1

Hrak, X sBAsieTCs KOUHUKJOM U MO3ITOMY C’} = X. U

§ 4.9. MPOCTPAHCTBO LMKIIOB X1 MPOCTPAHCTBO
PA3PE30B NPAA

[Tycts G — mnpousBoJibHBIA HeHyJeBoH rpad. Matpoun UHK-
n0B M = M(G) u matpoun paspesos M* = M*(G) rpada G siB-
JISIIOTCST OMHAPHBIMH MaTPOMAaMH. PaccMOTpPHUM MOANpPOCTPaHCTBA
L =L(M)u L* = L(M*) npoctparctBa P(F) Han noneMm Zs,
rie F = EG. IlpoctpanctBa L v L* Ha3blBalOT COOTBETCTBEHHO
NpoOCMPAHCMBOM UYUKAO8 U NPOCMPAHCMBOM pa3pe3os rpada G.
Yacro nx 0603HauaT cooTBeTCTBEHHO Yeped L(G) u L*(G).

3adukcupyeM HekoTOphd ocToB B rpada G (tounee, nox B
Mbl TOHUMaeM MHOXeCTBO pebep ocToBa). Pebpa rpada, gexaiiie
B B, 6yneM HasblBaTb semeamiu, a pebpa, jgexauiue B B, — xop-
damu. Basuc {C. |e € B} npocrpanctsa L(G) HasblBaloOT Qyt-
damenmanvrotll cucmemoti yukios rpada G, a 6asuc {C’;E |f €
€ B} — ¢yHnOamenmanvHoil cucmemoil paspe3os rpada G. 3a-
MeTuM, uto dim L(G) = r*(G) = m —n + k — 3T0 UMKJIOMATH-
yeckoe yucio (n,m,k)-rpapa G, a dim L*(G) =r(G) =n—k —
ero pasr. Orcioza JIerko BBIBOAHUTCS CJENYIOLee YTBEPKIEHHE.
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Jlemma 1. Jlwb6oii (n,m,k)-epagp codepmcum He 60aee
2m=ntk _ 1 yukaos u ne 6osee 2" * — 1 paspesos.

IIpumep. Paccmorpum caenytomuit rpag G 1 ero octoB B:

Puc. 21

[lpumensis teopemy 4.20, HaiimeM (yHOAMEHTAJbHYIO CUCTEMY
pa3pes3oB, OTBEYANOIIHX 3TOMY OCTOBY:

1) {61762};

2) {es,e2,¢4,¢6};

3) {er,ea,e6};

4) {es,eq,€e8}.

W3 pesynbTaToB pasjesa, MOCBSIEHHOTO 3UJIepPOBLIM Tpadam,
JIETKO BBITEKAET CJeNYIollee YTBEePKIEHHE.

Teopema 4.21. [Iycmo G — npoussoavHblil HeHysesol epag.
Mmnoxcecmeo pebep X C E seasemcs 8eKmMopom npocmparcmea
yukaos L(G) epaga G moeda u morvko moeda, koeda & pebep-
HO nopoxcdenrnom nodepage G(X) 6ce komnonernmol c8s3HOCMU
ABASIOMCS JLLAePOBLIMU epadamu.

[Ipexkxne 4yeM H3y4YHTh YCTPOWCTBO BEKTOPOB IPOCTPAHCTBA
paspe3oB rpada (G, MoJy4HUM psili BCIOMOTaTeJNbHBIX Pe3y/bTaToB,
4acTb U3 KOTOPBIX TPeNCTaB/sieT U CAMOCTOSTEJNbHBIH HHTEpEC.

[lyets A,B C V = VG. Yepes (A, B) GyneM o6o3HayaTh
MHOKecTBO pebep rpada G, coeiMHSAIOIINX BepIIMHbI U3 A ¢ Bep-
muHamu w3 B. [lyets V = Vj UVe — pasbrieHHe MHOXKeCTBa
BepIUWH rpada (G Ha IBa BO3MOXKHO MYCTBIX HelepeceKarwlInXcs
nogMHoxectBa. MuoxectBo pebep (Vi,Va) Oymem HaswiBaTh ce-
yenuem rpada G. OyeBHAHO, JM060E ceyeHHe JUOO MYCTO, JUO0
SIBJISIETCS pa3pe3alollluM MHoxKecTBOM pebep rpada G.
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Jlemma 2. Jlroboil paspes epagha sasrsemcs eco ceveHuem.

HoxkasareabctBo. [lycTh npu ynaieHuu pebep paspesa S us
rpada G kKoMmmoHeHTa cBsi3HOCTH (1 rpadha G pa3buBaercss Ha
IBe KOMIOHeHTHl cBsizHocTH G u GY. Tlonmoxum Vi3 = VG u
Vo =V \ V1. OueBunHo, S = (Vi, V3). O

B npoctpanctee P(FE), rane E — MHOKecTBO pebep HeHyJeBo-
ro rpaa G, 3adukcHpyeM KaHOHHYeCKHH 6asuc, COCTOSLIUM U3
BCEX OJHO3JIEMEHTHBIX MOAMHOXKECTB MHOXecTBa E:

{e1},-. -, {em}
[yets X,Y € P(E). Torna

X = 011{61} S---D am{em}7

Y = ,61{61} S---D /Bm{em}

IJIST HEKOTOPBIX (1. .., Qm, B1,- .., Bm € Zo = {0,1}. 3amernm,
4TO CTONMGIBI KOOPAHHAT BEeKTOPoB X # Y B JaHHOM cCJydae
MPEACTABJSIOT CO00H XapaKTepUCTUIECKHe (PDYHKIIMHU [JIsl TOIMHO-
x)ectB X u Y MHoxecTBa E. Onpenenum ckaasproe npossede-
Hue B P(E), nonaras

X-Y=a1B1+ -+ ambm € Lo.

Jlerko mpoBepuUTb, UTO ONpelie/leHHOe TaKUM 00pa3oM CKaJsspHOe
Npou3BefeHUe JIUHEHHO M0 KaXKA0H KOMIIOHEHTe.

Kak o6bluHO, HazoBeM BeKTOpbl X U Y OpmocoHaAbHbIMU W
sanumeM X L Y, ecin XY = 0. OueBugHo, X opToroHasnbHO Y
TOTHA U TOJBKO Torna, Korma X U Y MMeloT 4eTHOe YHC/IO OOIIUX
pebep.

[lycts U C P(FE). Bynem nucats X L U, ecau Bektop X
opToroHaJjieH Jno6omy BeKTopy U3 U. Onpenesum opmoeoHarvHoe
donoanerue UL MHOXKecTBa U, mosaras

Ut ={X ePE)|X LUy

HerpynHo ycraHoBuUTb, 4To UL fB/IsIeTCS MOANPOCTPAHCTBOM MPO-
crpancrea P(E).
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Jlemma 3. Jlwoboii uuxkas opmoeonarern A0O0MY CeUeHUIO
epaga.

IokasatenbcrBo. [lycte C — wuka, a S = (V7, Vo) — ceue-
nue rpada G, rne VG = ViUVs,. 3adukcupyeM OIHH U3 ABYX 00-
xonoB no nukay C. HayHem nBHUraThcsi M3 HEKOTOPOH HauaJbHOH
BepIUMHbl ¥ B HalpaBjeHHU o6xona no uukay C. bes orpanuue-
HUSl OOILIHOCTH MOXKHO cuuTath, uto v € Vi. Ilockosbky o6xon
LMKJa 3aKaHUYMBaeTCs B BepLIMHE v, KaXKIOMY Mepexofy Mo peo-
py u3 Vi B V, 00si3aTe/ilbHO COOTBETCTBYeT CJAEAYIOIIMHA 338 HUM
(uepe3 HeKOTOpOe YMCJIO 1IATOB) Tepexon mo pebpy us Vo B V7.
Takum o6pasom, pebpa n3 nepecedenuss C'N .S pasbuBalTcs Ha
napsl, noatoMmy C' 1 S UMeIOT YeTHOe YHUCJI0 0OLUX pebep. O

Ha ocHoBanuu jemm 2 u 3 mosydaem

CaencrBue 1. Jl1060i LHKJ OpPTOTOHAaJeH JIOOOMY paspesy
rpaga.
Teopema 4.22. L+ = L* u (L*)t = L.

JoxkasareanscTBo. [lokaxkem cHauasa, yto L 1 L*. ITlycth
XeLunY e L* Torna n1g X u Y cyliecTBYIOT pasJioxKeHHUs

s t
x=cy=c;
i=1 j=1

COOTBETCTBEHHO Yepe3 LHKJbl U pa3pesbl (pyHIaMeHTaJbHBIX CH-
crem. OTciona B CHJIY OPTOTOHAJbHOCTH LIMKJIOB U Pa3pe3oB Bbl-
TeKaeT
XY =Y (Ci-C;)=0,
i,
Te. X LY.

W3 nokasauHoro noaydaem L* C L+ u L C (L*)*. Uz obpat-
HBIX BKJIOUEHHE 10KaxeM BKaiouenue (L*)L C L, npyroe BK/IO-
YeHHe MPOBEPSIETCs] aHAJOTHUHO.

[ycts X € (L*)*. Tonoxkum X N B = {ey,...,e;} (cayuai,
koria X N B = (), mbl He uckJouaeM). Pacemotpum BekTop Y,
3anaHHbld ycqoBueM ¥ = X @ C., @ --- @ Ce, (3mech YV = X,
ecnti X N B = (). Ouesupno, Y N B = (), 1.e. Y C B. Kpome
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toro, Y € (L*)*, tak kak Ce, & -+ C,, € L C (L*)*. Ecan
Y # 0, 10 Y — HemycToe He3aBUCHMOE MHOXKECTBO, U TO3TOMY B
cusy JieMMBl 3 M3 pasnesia 6 cyiiectByeT paspes C* Takoii, uTo
|[YNC*| =1, 1.e. Y He oproroHasex C*, 4T0 HEBO3MOXKHO. TakuM
obpasom, Y = @) u, cnepoBatesnvio, X =Ce, @ ---®Ce, € L. O

B cBsi3u ¢ nokasaHHOU TeopeMoil 3aMeTHM, YTO MPOCTPAHCTBO
P(E) He BCerna MpeiCTaBUMO B BHIE MPSMOH CYMMBI MOANPO-
crpaHctB L u L*. [IpumepoM MOXKeT CJAYKHUTb CJAeAYIOIHUN rpad:

€

N/
AN

Puc. 22

3/ech MHOXECTBO {ej,€q,e3,€4} SBISETCS ONHOBPEMEHHO H
LUUKJOM M paspesoM, T.e. L N L* He sBaseTCcSd HYJEeBbIM MOI-
NPOCTPAHCTBOM M NO3TOMYy cyMMa L ¢ L* He saBJseTcs NpsMOH
CYMMOH.

Jlemma 4. CuMMempu%ecxaﬂ pa3Hocmo ceuerutl 6A8emcs
ceueHuem.

HoxkasareabctBo. [lycte V = Vi UV, = V3 UV, S =
= (V1,Va) u Sy = (V5, Vi), Tosoxum

A=VinVs, B=VinVy, C=VoanVs, D=VyNV,.
Torma

S1=(AUB,CUD)=(AC)U(A D) U(B,C) U(B,D),

Se=(AUC,BUD)=(A,B)U(A,D)U(C,B) U(C,D).
Orciona BbiTeKaeT

S1® 8 =(A,C) U(A,B) U(B,D) U(C,D) =
=(AUD,BUC),

rne V = (AUD) U(BUC), 1.e. S; ® S, siBasieTcst ceuenuem. [J
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Teopema 4.23. [lycmo G — npoussosvHulil Henyaesol epag.
Tozda ceuenus epaga G U MOALKO OHU ABAAIOMCS BEKMOPAMU
npocmparcmsa paspesos L*(G) epaga G.

HoxkasareabctBo. [lycte S — ceuenue rpada G. [lo semme 3
ceyeHHe S OPTOrOHANBHO JIOGOMY LHKJIY M3 (yHAAMeHTalbHOH
cucteMbl LHKJAOB. CaepoBatensHo, S L L. OTKyna BbITEKAET, 4TO
SelLt =L

O6patHo, nycth S € L*. Torna S mpenctaBUMo B BHAE CHM-
METPUUECKOH Pa3HOCTHU pa3pe3oB U3 (PyHAaMeHTaJbHOW CHCTEMBI

paspesoB:
S=C{e---aCf.

Otcrona Ha oCHOBaHUM JieMM 2 U 4 mojydaeM, 4to S sIBJsieTCS
ceyeHHeM. O

§ 4.10. MOHOTOHHBIE MONYMO/AYNSAPHBIE
®YHKUMU. MHAYLUHUPOBAHHbIM MATPOMA

[lyctb F — HenmycToe KoHeuHoe MHOXKecTBO. PyHKuus f
u3 P(E) B NU {0} Ha3bIBaeTCs MOHOMOHHOL NOAYMOOYAAPHOLL
@yHKkyuell, ecqi OHa YIOBJETBOPSET PAaHTOBBIM akcHomaM (r.2)

u (r.3).

Jlemma 1. [lycmo f — monomorHas noarymooyaspras QyHk-
uus uz P(E) 6 NU {0} makas, umo f(0) = 0. Toeda maxumu
ace ceoilcmeamu obradaem pyukyus f+ us P(E) ¢ NU {0},
3a0anHas paseHcmeom

J¥(4) = min(F(U) + |4\ U))

oas arwboeo A C E.

JokasateabctBo. CsoiictBo f1 () = 0 BbimosHsieTcs: ode-
BUIHBIM 06pasoM. [IpoBepum MoHOTOHHOCTH (PyHKIMHK fT. [TycTh
Ay C Ay C E. Torpa pasi npousBosibHoro U C A BBIBOIUM

FUNADN+HANUNAL| = fF(UNA)+[AN\U| < f(U)+]A\U],

oTKyna oueBunHO BoiTekaeT f1(A;) < f1(Asz).



§ 4.10. MoromowHble nosymodysspHole GYHKYUL 107

Jasee, ucnonb3ysi NpoCTble TEOPETHKO-MHOKECTBEHHbIE pac-
cyxaeHust (puc. 23), HETPYAHO MPOBEPHTD, UTO AJs J0ObIX A C
CACFEuB; CBC F vuMeer MeCTo paBeHCTBO

|A\ A1| +|B\ Bi| =

=[(AUB)\ (A1 UBy)|+ [(ANB)\ (A1 N By)|.

Puc. 23

OTciona B CHJY MOJYMOLYASPHOCTH GYHKUUH f mosydaem
(f (A1) + [AN Au)) + (f(B1) + B\ Bi|) >
> (f(ALUB1) +[(AUB)\ (A1 U By)|) +
+ (f(A1NBy) + (AN B)\ (41 N By))).
Teneps, ucnonb3ys noJayd4eHHOEe HePaBEHCTBO, BBIBOAHUM

FHA) + [1(B) = (f (A1) + AN Ay +

min
A1CA,B1CB

+ f(B1) +|B\ B1]) > Alg%%ﬂgB(f(Al UBy)+

+(AUB)\ (AL U B[+ (AN By) +
+HI(ANB)\ (AN B)l) > XgAng,iil/lgAnB(f(X) +
FIAUB) X[+ F(Y) +[(ANB)\Y]) =
=fT(AuB)+ fH*(AnB). O
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Jlemma 2. [Tycmo f — makas se Pyukyus, Kax 8 semme 1.
Tozda:

1) ecau |U| < f(U) 0as aoboeo U C A, mo fT(A) = |A|;

2) ecau |U| > f(U) 045 nekomopoeo U C A, mo f+(A) <
< |4

HoxkaszarenbctBo. [lycts |U| < f(U) nas awboro U C A.
Torna f(U) +|A\U| = |A|(U C A) u o U = () umeem f(0) +
+ A\ 0| = |A|. CrenosaresbHo, fT(A) = |A|.

Ecmu |U| > f(U) nas vekoroporo U C A, to f(U)+|A\U| <
< |A|, u notomy ft(A) < |Al O

Teopema 4.24 (3omonnc). [Tycmv E — nenycmoe KoHeuHoe
MHONCECMB0 U f — MOHOMOHHAA NOAYMOOYAAPHAL QYHKUUSL U3
P(E) 6 NU {0} makasa, umo f(0) = 0. Toeda cyujecmeyem
mampoud My(E) na muosxcecmse E, 0as komopoeo:

1) pynruus f+ asrsemcs paneosoii Qynxyueii, m.e.

r(4) = min(/(U) + 14\ U]

oas atoboco A C E;
2) npoussosvroe mHoxcecmeo A C E Hezasucumo 8 mom u
moavko 8 mom cayuae, koeda |U| < f(U) dan arboco U C A.

Hoka3areasctBo. B cuny semmbl 2 nas moboro A C E ume-
em 0 < fH(A) < |A], 1.e. fT ynosretBopsieT paHroBOH aKkCHO-
me (r.1). Takum o6pasom, f+ ymoBJeTBOpSET BCEM TPEM paHro-
BBIM aKCHMOMaM H, CJIe[0BATEJBbHO, SABJSETCH PAHTOBOH (hyHKLHEH
TOYHO OfHOro Marpoupa Ha E. O6Go3HauuM 3TOT MaTpOUA yepes
M(E).

[TpousBosbHoe mogmMHOKecTBO A C E He3aBUCHMO B MaTpOH-
ne My(FE) rtorma u TosbKO Toraa, kKorua r(A) = |A|, T.e. Korna
f1(A) = |A|. B cuay neMMBbl 2 MOC/Ie[IHEE YCIOBHE SKBUBAJIEHTHO
tomy, uto |U| < f(U) pas awbéoro U C A. O

Marpoun My (E), ykasaHHB B TeopeMe, OylneM Ha3blBaTh
MaTpPOMIOM, HHIYLHPOBAHHBHIM MOHOTOHHOH MOJyMOAY/SIPHO#M
¢byHkuuen f.
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[Tonesno 3ameTHTh, UTO €CJAM y IPOM3BOJBHOM MOHOTOHHOH
noaymonyJsipuoit ¢pyukuuu w3 P(E) B NU {0} 3Hauenue ot my-
CTOro MHOXKeCcTBa 3aMeHUTb Ha (0, TO mMoanpaBjeHHas (QyHKUHS
CHOBa OyneT MOHOTOHHOH NOJYMOLYNAPHOH (DYHKLHEH W K HeH
MOXKHO MPHMEHSTb JOKa3aHHYI0 TEOpeMy.

3aMeTHUM TakxKe, YTO €ClU f YNOBJIETBOPSIET BCEM TpPeM paH-
rOBbIM akcuomaMm, To f+ = f.

OrmeTHM, 4TO TeopeMa DIMOHJCA 1aeT OfMH W3 HauboJsee Mo-
JIE3HBIX METOOB KOHCTPYMPOBAHHSI HOBBIX MaTPOHJOB, B UEM MbI
CMOXKeM yOequTbCs B CJAeNyIOMINX ABYX pasienax.

§ 4.11. TPAHCBEPCAIJIbHbIE MATPOUbI

[lycte G = (V, R) — nBymOJbHBIE rpad, AOMSIMHU KOTOPOrO
ABJIAIOTCA HemycThle MHOXectBa X M Y, T.e. V = X UY nu
qmoboe pebpo e € R coenuHseT HEKOTOPYIO BepIIMHY H3 X C
HeKOTOpo# BeplIHMHOH M3 Y. B nanpHelimem Takod rpag G Mbl
Oynem 3anucbiBath B Bufie G = (X, R,Y’) niu, 4To 3KBUBAJIEHTHO,
B Buge G = (Y, R, X). Huas yno6crtBa Mbl GyeM MHCaTb KPaTko
zy € R, eciu B R nMeetcst pebpo BUaa e = xy.

Hns nponssosbHOro A C X MoJioKuM

R(A) = |J{yeYlay € R}.
a€A
Jlemma 1. Dyuxkyus f(A) = |R(A)| us P(X) e NU {0}
ABASLEMC MOHOMOKHOU NoAymoOyaspHoll Qynkyueid u f(0) =
=0.

JokasareabctBo. Ycnosue f(()) = O BblnoJHsIETCS OYeBHI-
HbIM 00pa3oM M (YHKUHS f MOHOTOHHA, TaK KakK AJs J0OBbIX
A C B C X BepHo BkJoueHne R(A) C R(B).

[Tpennonoxum nanee, uto A, B C X. Torna B cusiy cooTHo-
wennit R(AU B) = R(A)UR(B) u R(AN B) C R(A)N R(B)
nosyyaem

[R(AU B)|+ |R(AN B)| < [R(A) U R(B)| + |[R(A) N R(B)| =
= [R(A)[ + [R(B)],
T.e. OyHKIUS f TONyMOLyJsIpHA. O
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B cuny Teopembl DnMOHACA M3 MpenblAyLIero pasfesna QpyHK-
uus f, ykasaHHas B JeMMe, HHAyuupyetr Matpoup My(X)
Ha MHOoxectBe X. Dynem o603HauaTb 3TOT MaTpoun 4epes
T(X,R,Y). B marpoune T(X,R,Y) He3aBHCHMble MHOXeCTBa
A XapaKTepusylTCs YCI0BHEM

|U| < |R(U)| nast moboro U C A,
a paHrosas quHKU,I/IH 3a1aeTCsad paBeHCTBOM

r(4) = min ([RU)| + A\ UY).

JlioGo# marpoun, usomopdHbii Matpoupy Bupa T(X,R,Y),
6yneM HasblBaThb MPAHCEEPCANbHbIM MAMPOUIOM.
AHajsioruuso npeapiayiiemy ajis jgioéoro B C Y nojoxnm

R(B) = | J{z € X |xb € R}.
beB

Dyukuus g(B) = |R(B)| us P(Y) B NU{0} nnayunpyer MaTpous
M,(Y) = T(Y.R, X).

Iapocouemarnuem P B nBynoasHoMm rpade G = (X, R,Y) Ha-
3bIBAIOT TakKoe MOJMHOXKecTBO pebep u3 R, uro /obble ABa pas-
JIUUHBIX peOpa U3 P HeCMeXHbl, T.€. He MMEIT OOLINX KOHILe-
BbIX BeplurH. Yepes matchx (P) u matchy (P) Gynem 0603Havyath
MHOXECTBO BCeX KOHILIEBBIX BepIHH pebep mapocodyeTtanus P, Jje-
JKalllUX COOTBETCTBeHHO B X M Y. Bynem rosoputb, 4To MHOXKe-
ctBo A C X sdABnsieTcs wacmuunoi mparnceepcaivto B X, ecau
A = matchx (P) nas HekoToporo napocouetanuss P rpada G =
= (X,R,Y). Bynem Takxke roBopuTb, 4To MHOXecTBO A C X
moxcem napocouemamovcss ¢ MHOXecTtBoM B C Y, ecin A =
= matchx (P) 1 B = matchy (P) L5 HEKOTOPOTO Mapocoyera-
Husi P rpada G = (X, R,Y) (koHeuHo, 3nece A u B — yactuu-
Hble TPaHCBEPCANH COOTBETCTBEHHO B X U Y).

3ametuM, uto MHOXKecTBO A C X sBJisieTCsl YaCTHUHOU TpaHC-
Bepcasbio B X TOrja U TONBKO TOTJA, KOIJa CyLIecTByeT HHBbeK-
THBHOe oToOpaxkeHue ¢ u3 A B Y Takoe, uto a¢(a) € R nns
Jo6oro a € A.
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3aMeTHM TakxKe, YTO B UHCJO MapOCOUYETAHUH MBI BKJIOUaeM
NycToe MapocoyeTaHHe, a B UMCJO YaCTHUHBIX TpPaHCBepcased —
NyCTYI0 YaCTHYHYIO TPaHCBepCalb.

Teopema 4.25 (Xoua, 1935). [Tycme G = (X, R,Y) — npo-
ussonvHblil 08ydoavblii epag. Toeda mromecmeo A C X sa8as-
emcs yacmuuHol mparceepcarvio 8 X 8 mom u moavKo 8 mom
cayuae, Koeda

|U| < |R(U)| 025 aroboco U C A.

Hasee B 3TOM pasnesie Mbl 1oKaxKeM Oojiee oflee yTBepxKje-
HUe, U3 KOTOpPOro OyleT BBITEKATh TeopeMa XoJJa, a MoKa MpHuBe-
JeM psill CJeACTBHH TeopeMbl XoJJa.

Caegcteue 1 (Qumonac u Pankepcon). Ilycts G =
= (X,R,Y) — npousBosbHbIi OBynoabHbIH rpad. Torna:

1) cemeficTBO yacTHYHBIX TpaHcBepcajedl B X coOBMNajgaer C
ceMeHCTBOM He3aBUCHMbIX MHOxecTB MaTpouna T(X, R,Y);

2) ceMeHCTBO YaCTHYHBEIX TpaHCBepcastedl B Y coBmanaer ¢
ceMeHCTBOM He3aBHCHMbIX MHOxecTB Matpouna T(Y, R, X);

3) matpounasl T(X,R,Y) u T(Y,R,X) HMeOT OIMHAKOBbIH
paHr, KOTODbI paBeH MOILIHOCTH HaubOJblIero Mo 4ucay pebep
napocoyetanus rpaga G.

IT0 yTBep:KIeHHe, B YACTHOCTH, TOBOPUT O TOM, YTO BCE MaK-
CHMaJIbHblE YAaCTHYHBle TpaHcBepcaau B X U Y paBHoMoHbl. On-
HaKo, KaK HeTpPyoHO yOeIHTbCsl, MaKCHMaJsbHble MapoCoYeTaHHUs
nBynosbHOro rpada G = (X, R,Y) moryt ObITb He PaBHOMOLL-
Hbl. DTO 0O3Ha4aeT, UTO CeMelCcTBO Bcex MapocoueTaHuil rpada G,
BOOOIIle TOBOPSI, MOXKET He YIOBJETBOPSATh aKCHOME HE3aBHCHMO-
ctu (1.2), xoTs W ynmoBJerBopsieT akcuoMme HesaBucumoctd (I.1).
fcHo, 4To MakcuMasbHBIE YacTHUHbIE TpaHcBepcanud B X (cooT-
BETCTBEHHO B Y') ¥ TOJIBKO OHM IpeACTaBUMbl B Bue matchx (P)
(cootBercTBeHHO B BHae matchy (P)) Ijs HEKOTOPOro HauGoJb-
mero no yucay pebep napocoderanus P rpaga G.

Caeacreue 2. [lns asynosabHoro rpada G = (X, R,Y) cyue-
CTBYeT yacTHYHasi TpaHcBepcajb B X MouiHocTtd ¢, rae 0 < ¢ <
< |X]|, Tora # TOJBKO TOTAA, KOTAA
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Ul +t—|X[ < [R(U)
s godoro U C X.

Hoka3arenbctBo. OueBHIHO, YacTUYHAsl TpaHCBepcadb B X
MomHocTH ¢, rme 0 < ¢t < |X|, CYLIECTBYeT TOTJa U TOJBKO TOrIaA,
Korna paur r matpouzaa T(X,R,Y) Gosbliue HIH paBeH t, T.e.
Korjaa

min (|[R(U)| + | X \U|) > t.
min (|R(U)| + X\ U)) >

Hocnem—xee HEPaBEHCTBO 3KBHBAJIECHTHO YCJIOBUIO
[RU)[+ | X\U| >t

s aiodoro U C X. O

Tpancsepcaavio 8 Y nBymosnbHoro rpada G = (X, R,Y) Ha-
3BIBAIOT TAKYI0 YaCTHUHYIO TpaHcBepcasb B B Y, uro |B| = |X]|,
T.€e. TaKylo YaCTHUHYIO TPaHCBepcalb B Y, KOTOpas MOXKET [apo-
COUYeTaThCs CO BCEM MHOXKECTBOM X.

Crencreue 3. [lis nBymossHoro rpaga G = (X, R,Y) cy-
I[ECTBYET TPaHCBepcasb B Y TOrAa U TOJbKO Toraa, korga |U| <
< |R(U)| nns mo6oro U C X.

[Tycts G = (X, R,Y) — npousBosibHBIA ABYIOJBHBIN rpad H
A C X. MuoxectBo D C X UY Ha3biBaeTcs 8epulUHHbIM NO-
Kpbimuem mHoxecmsa A, ecau J06oe pe6po, coefUHsIOLIee Bep-
IWHUHY U3 A ¢ BepIIMHOH U3 Y, MeeT He MeHee ONHOH KOHLEBOH
BepIUMHBl B MHOXKecTBe D.

Caeacreue 4. Ilycte G = (X, R,Y) — npousBosibHBIN ABY-
IOJIbHBIH Tpad U 7 — paHrosas (YHKLUHS TPAHCBEPCANbHOIO MaT-
pouna T'(X,R,Y). Torna pasa mo6oro A C X BeIMOJHSETCS:

1) 7(A) = |A] —maxpcad(U), tre §(U) = |U| — |R(U)| —
JgegekT MHoXxecTBa U

2) r(A) = min|D|, rne MuHEMYyM GepeTcsi [0 BCEM BepLIKH-
HBIM TOKPBITUAM [ MHOXecTBa A.

Hdoka3sarenbcTBo. 1) BriTekaeT 3 cienyoiero oueBUIHOIO
paBeHCTBA, CIpaBeNnBoro ajs jawodoro U C A:

(IRO)[+ [A\U]) + (IU] = [RU)]) = |Al.
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2) Ilyetb A C X u D = X7 UY] — HeKOTOpoe MHUHHMaJb-
HOe BepIIWHHOe MOKpbiTHe MHOXKecTBa A, rme X7 C AuY; CY.
Torna, oueBunno, R(A\X;) C Y7 u, cienoBatesnbHo, R(A\X;) =
=Y B cuny munumagasHocty D. [Toatomy D = XUR(A\ X;) =
=RWU)U(A\U), rne U = A\ X;. Takum obGpasom, Bce MUHHU-
MaJibHble BepLIHHHbIE OKPBITHUSI MHOXKecTBa A comepakarcsi cpenu
mHoxecTB Bua R(U)U(A\U), rne U C A, KOTOpble BCe SBJISAIOT-
Csl BEPILIMHHBIMU MOKPBITHSIMUA MHOXecTBa A. Temeps caencrsue 4
BBITEKAET M3 PABEHCTBA

r(4) = min(R(WU) +|A\ U). O

Bepuiurnoim nokpoimuem dsydosvroeo epaga G = (X, R,Y)
Ha3bIBAETCS TAKOE €r0 MHOXKECTBO BepIIMH D), uTO KaxKjaoe ped-
po rpada G HHUMAEHTHO XOTs Obl OfHOH BepiinHe U3 D. MHbIMU
CJIOBaMH, BepliHHHOe NoKpbiTHe rpada G = (X, R,Y’) — aro Bep-
IIMHHOE TIOKPhITHE MHOXKecTBa X (a Tak»Ke MHOXKeCTBa Y').

Crienytolire 1Ba yTBEPKIEHHUS BBITEKAIOT U3 CEACTBUS 4 MpH
A = X u yTBepxaeHus 3) cneactsus 1.

Caeacteue 5 (Ope). B nBymonvHoMm rpage G = (X, R,Y)
MOI[HOCTb HaHWGOJBIIEro MO 4YKcay pebep MapocoyeTaHHUs paBHA
|X| — 6, rne § — BenuunHa HanGOJBIIEr0 U3 AE(EKTOB MOAMHO-
JKECTB MHOXKecTBa X.

Caeacreue 6 (Kenur). B neymosnbHom rpage G = (X, R,Y)
MOIIHOCTb HaWOOJBLIETO MO YHCay pebep MapocoyeTaHHUs paB-
Ha MOLIHOCTH HaHMeHbLIEro Mo YUCJAY BEepIUHH BEPIIMHHOTO IO-
KPBITHS.

BaxHoe 3HaueHUe AJ151 IPUNOKEHUH TeOpUH Irpa)oB UMeeT UH-
TeprpeTaLust CHCTEM MHOXKECTB Kak JBYHOJbHBIX rpados.

PaccmoTpuM nocsenoBatenbHocts S = (S1,...,5;) npous-
BOJIbHBEIX TIOIMHO?KECTB HENYCTOr0 KOHEUHOr0 MHOXKECTBa Y, TpH-
YyeM Mbl AOMYCKaeM, YTO HEKOTOpble W3 KOMIOHEHT S; CHCTe-
Mbl MHOKecTB S MoryT nosrtopsithes. [lomoxxkum X = {1,...,1}.
OmnpepenumM aBymogbHbill rpad G = (X, R,Y), 3anaBas MHOXe-
CTBO pebep R crenymomuM 06pasom:

{r,y}eReye s,
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oas qobeix © € X u y € Y. Tpancepcanp B Y rpada G =
= (X,R,Y) B naHHOM csy4yae 0GbIYHO HA3BIBAIOT CUCMEMOL pas3-
AuuHbLY npedcmasumeneti cucTeMbl MHOXKecTB S. HacTuuHble e
TpaHCcBepcasu B Y — 3TO CHCTEMBl pPasJIMUHBIX NpeACTaBUTeJel
MOICUCTEM CHUCTEMbl MHOXecTB S. MHBIMH cJIOBaMH, MOAMHOXKe-
crBo T = {y1,...,y:} C Y, cocrosiiee u3 t 3/eMeHTOB, GyHeT
CUCTEMOH Pa3J/IMYHBIX NpeCcTaBUTeNeld HEKOTOPOH MOICHCTEMBI U3
S, ecau

Y1 Ele,...7yt ESQH

L7151 HEKOTOPBIX MOMAPHO Pa3/JMYHBIX MUHAEKCOB X1,...,T: € X =
={1,...,1}. Ecau xe t = [, TO MBI MOJy4aeM CHCTEMY pa3JHy-
HBIX NPEJCTaBUTeNeH CHCTEMBEl MHOXKECTB S.

B kauecTBe mpuMepa pacCMOTPUM CJENYIOLIYIO 3a1ady O CBa-
nnbax.

[lycte Y — HekoTOpOe MHOXKECTBO JeBylleK, X — HEeKOTO-
poe MHOXecTBO foHouwed U G = (X, R,Y) — nBynoJbHBIH rpag
3HAKOMCTB [OHOIIEH C JeByWIKaMH. [IpH KakHX YCJOBHSIX BCEX
IOHOIIEH MOYKHO »KE€HHTb TAaKHUM 00pa3oM, UTOOBl KaXK[AblH H3 HHX
Obis1 OBl XKeHaT Ha 3HAKOMOU eMy JeBYIIKe?

[lycte X = {z1,...,2;}. Hag kaxporo ¢ = 1,...,1 depes
S(x;) 0603HAYNM MHOXKECTBO BCEX [€BYILEK, 3HAKOMbIX C FOHOLLIEH
x;. Mbl nonyuuau cucremy S = (S(z1),...,5(x;)) NOAMHOXKECTB
muoxkectsa Y. [lyets {y1,...,y;} — HekoTOpasi cucTeMa pas3sinu-
HBIX MIPEACTABUTEJ/EH CUCTEMBl MHOXKECTB S HJIH, APYTHMHU CJIOBA-
MH, TpaHcBepcasb B Y aBynosbHoro rpaga G = (X, R,Y) Takas,
uro y; € S(x1),...,y € S(x;). Tenepb Kaxkporo wHOWY x; MPH
it = 1,...,] MOXKHO XEHWTb Ha 3HAaKOMOH JAEByIIKe ¥;, T.€. 3a-
nada o cBagbbax paspewmirma. OOpaTHO, ecyid 3afada o cBanbbax
paspellrMa, TO CUCTeMa MHOXKECTB S UMEET CUCTEMY Pas3JHUHBIX
npeAcTaBUTeNEl, T.e. OBYHOAbHBIH rpap G = (X, R,Y) umeer
TpaHcBepcasb B Y.

Kpurepnil cymiecTBoBaHHs CHCTEMBI Pa3JIMUHBIX MPEICTABUTE-
Jef mast cucteMel MHOXeCTB S = (S1,...,5;) Jerko Mosy4uTs,
nepedopMy/IHPOBAB CJEACTBHE 3:

Cucmema pasiuunvlx npedcmasumeneti Cucmemovl MHO-
acecms S cyujecmsyem mozda U mMoOAbKO moeda, Ko20a OAs
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06020 t = 1,...,1 ob6vedurerue 200bLX t KOMNOHEHM cucme-
Mol S codepacum He meree t dnemeHmos.

Jlas HermycToro KOHeYHOro MHOXecTBa Y, B KOTOPOM OIlpe-
nejeHa QyHkuus Beca ajemeHtoB w(y) € R (y € Y), MoxHO
paccMOTpeTh 3a1a4yy MOUCKa MaKCHMaJsbHOH CHCTEMbl Pa3JHYHBIX
NpecTaBUTeNed MHUHHUMAaJbHO BO3MOXKHOrO Beca [Js MOACHCTEM
cucreMbl S. B cuny caenctsus 1 aty 3agauy peluaer :KagHblH ag-
roput™M. OfHaKO HETPYIHO MOHATh, UTO B JAHHOM CJyyae »KaIHbIH
aJITOPUTM SIBJISIETCS SKCIIOHEHIIMANbHEIM aITOPUTMOM. B nasnbHeii-
IeEM Mbl MTOKaXeM, 4TO MUMEIOTCS U MOJUHOMHAJbHbIE aJTOPHUTMBbI
JJIS1 pelleHusl 3TOH 3anayH.

[lepefinem Tenepb K pacCMOTPEHUIO BaXKHOTO [JIsl HaJibHeHle-
ro 060011eH!s] TPaHCBEPCANbHBIX MaTPOUIOB.

[lyete G = (X, R,Y) — mpou3BoJibHBIHA IBYHOJBHBIN rpad u
Ha MHOXecTBe Y 3amaH HekorTopblit Matpoun M (Y) ¢ paHroBoi
dyHkuued r. Onpenenum dynkuuio f u3 P(X) 8 NU{0}, nonaras

f(A) = r(R(A))

st goboro A C X. TouHo Tak e, Kak B J0Ka3aTeJbCTBE
JeMMbl 1, ¢ HCIIOJb30BaHHEM CBOHMCTB PaHrOBOH (DYHKLHMH MOX-
HO YCTaHOBHTb, 4TO (DYHKLUHUSI f MOHOTOHHA, NOJYMOAYJsSPHAa H
ynossnersopsier yeaosuio f(()) = 0. CaemoBaTesbHO, MO TeopeMe
Onmonaca dyHkuus f uuayuupyet matpoun M;(X) Ha MHOXe-
ctBe X. DTOT MaTpous B jAajbHellleM GyneT 0603HaYaThCs Yepes
T(X,R,M(Y)). B nanHomM Mmarpouie He3aBUCHMble MHOXECTBa
A C X xapakTepusylTCsl yCJIOBHEM

|U| < r(R(U)) nns moboro U C A,
a paHroBasi PYHKIHS 3a1aeTCsl PABEHCTBOM

r(A) = min(r(R(U)) + |A\ UJ)
UCA
(oTMeTHM, YTO paHrOByl (DYHKLUHIO MBI CHOBAa 0003HAaYaeM ue-
pe3 7, HO 3TO He NPHBEJET K HeJ0PasyMeHHUsIM).
[TopmuoxecTBo A C X OyneMm Ha3bBaTb He3Q8UCUMOL 4a-
cmuuroll mpanceepcanvto B X, eClH OHO MOXKeT MapocoveTaThbes
C He3aBUCHMbIM MHOXKecTBOM B matponga M (Y).
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Teopema 4.26 (Papo). /lycmo G = (X, R,Y) — npoussorv-
Holti 0sydoasnbiil epad u M(Y) — mampoud Ha mHoxecmse Y .
Toeda muoxncecmso A C X sasasemces He3a8UCUMOL 4ACMUYHOLL
mpanceepcarvto 8 X 8 mom U MOALKO 8 mMom cAy4ae, Koz2oa
|U| < r(R(U)) 045 arwboco U C A.

JokasatenbctBo. VMninkauus = ouyeBunHa. JlelcTBUTENb-
HO, B NaHHOM cJyyae A MOXKET [1apocO4eTaTbCsl C HEKOTOPBIM
He3aBUCHMbIM MHOKecTBOM B Marpouna M (Y'). PaccmoTpum mpo-
u3BoJbHOe nonMHOXKecTBO U C A. OHO MOXKeT MmapocodeTaTbCs
C HEKOTOPbIM He3aBHCHMBIM NoAMHOecTBoM D C B maTpouaa
M(Y) u, cnenosarensto, |U| = |D|,D C R(U) u |U| < r(R(U)).

O6parno, nycts |U| < r(R(U)) nas moboro U C A.

[Tpennonoxum cHavasa, uto |R(p)| = 1 mas n060# BepLIHHEI
p € A. Torna mist J06BIX PA3MHYHBIX p,q € A smeMeHTsl U3 R(p)
u R(q) pasnuunbl, Tak kak r(R(p) U R(q)) = r(R({p,q})) = 2.
Orciona cnenyer |R(A)| = |A|. [TockosbKy MO YCJIOBHIO Teope-
Mbl |A] < (R(A)) < |R(A)|, nonydaem r(R(A)) = |R(A4)], T.e.
MHOxecTBO R(A) HeszaBucuMo B Matpoune M (Y'). Temeps sicHO,
uyto A — He3aBHCHMas YacTHYHasi TpaHcBepcasb B X, KOTOpas
MOXKET MapoCOYeTaThCsi C HE3aBUCHMBIM MHOXKeCTBOM R(A) mar-
pouna M(Y).

[IpennosioxkuM fasee, 4TO MMeeTCs BepliMHA p € A, 1/s Ko-
Topoil |R(p)| > 2. Bo3bmeM [Be passiiuHble BEPLIHHBI ¢1 U (o
u3 R(p). Uepes R; 0603HaYUM MHOXKeCTBO pebep, MOJIyUeHHOE
13 R orOpachiBaHHeM Bcex pebep, COeAUHSIOWMX p ¢ ¢1. AHaso-
rH4yHO, 0603HaYUM yepe3 Ry MHOXecTBO pebep, MoJydyeHHOe U3 R
oTOpacbiBaHHEM Bcex pebep, COeAUHSAIOUUX P C ¢a.

[TokaxeM, 4To XOTs OB OfMH M3 ABYAOJBHBEIX rpadoB G =
= (X,R1,Y) u Gy = (X, Rs,Y) ynoBneTBOpsieT yCJOBHIO TeO-
pembl. IlycTb, OT NpoTHBHOrO, cyllecTBYIOT MHOXecTBa U, Uy C
C A\ p, njisi KOTOPHIX

T‘(Rl(pUUl)) < |U1‘ +1wu ’I“(Rg(pU UQ)) < |U2| + 1.

[Mockosbky Ri(p UUL) = (R(p) \ ¢1) UR(U1) u Re(pU Us) =
= (R(p) \ ¢2) U R(Us), UMEOT MeCTO COOTHOLIEHHUS

Rl(pU Ul) U R2<pU Ug) = R(pU U, u U2>7
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Rl(pU Ul) N Rg(pU U2) 2 R(Ul) N R(Ug) 2 R(Ul n UQ)

Hcnonbays moayMopy/IsipHOCTb paHroBod (DYHKLUHUM 7 MaTpoOHMAa
M (Y'), ykazaHHble COOTHOLLEHHS U YCJOBHE TEOPEMBI, BBIBOLHM

|UL| + |Us| = r(Ri(pUUL)) + 7(Re(pU Us)) >

> 7r(Ri(pUU) URy(pUUz)) +7(Ri(pUUy) N Ra(pUUz)) =
> T(R(pU U, U UQ)) + T(R(Ul N Ug)) >
> 14+ Uy UUs| + Ui NUz| =1+ |Ui| + |Usl,

4TO TPOTHBOPEUHBO.

Taxkum o6pasom, xoTs1 Obl OLMH U3 IBYHOJbHBIX rpadoB Gi =
= (X,R1,Y) u Gy = (X, Rs,Y) ynoBneTBOpsieT YCJOBHIO TeO-
pembl. [IponosmKas MpUMeHATb YKas3aHHYIO MpoLenypy oTopachl-
BaHUA pebep K IBYAOJbHBIM rpadam, yIOBJETBOPSIOLIMM YCJIO-
BHIO TEOPeMbl, Mbl B KOHIle KOHIIOB MPHUAEM K ABYLOJBHOMY Ipa-
¢y G' = (X,R',)Y), mist KOTOPOTO BBITIOJHSIETCS YCJIOBHE TEO-
peMmbl, paBeHcTBO |R'(p)| = 1 mas awboro p € A U BKJIOUEHHE
R’ C R. lnst Takoro aBynoJbHoro rpada G’, Kak Mbl YCTAHOBHJIH
paHee, MHOXeCTBO A sBJseTCS HE3aBUCUMOH YacCTHUHOH TpaHC-
Bepcanbio B X. [Tockonbky R’ C R, mHOXecTBO A GymeT He3aBH-
CHUMOH 4aCTHYHOH TPAHCBEPCaJ/bl0 U AJI UCXOLHOTO ABYAOJBHOTO
rpaga G. O

3ameTuM, uTo TeopeMa XoJjJa SBJASETCS YACTHBIM CJlydaeM
TeopeMbl Pagno, ecin B kadectBe matpouna M (Y) B3siTb CBOGOM-
HBI MaTpoup Ha Y.

Crencrue 1. Ilycts G = (X, R,Y) — npou3BOJIbHBIH ABY-
noabhbit rpadp u M(Y) — marpoun Ha wmHOxkectBe Y. To-
rgja CeMeHCTBO He3aBHUCHMMBIX YaCTUUHBIX TpaHcBepcased B X
coBMagaeT C ceMelfCTBOM HE3aBUCHMBIX MHOXECTB MaTpouia
T(X,R,M(Y)).

Crenyoliee yTBep:KIeHHEe [OKA3bIBAETCsl aHAJOTMYHO CJlef-
cTBUIO0 2 TeopeMbl XoJa.

Caencreue 2. Ilycts G = (X, R,Y) — npousBoJibHBIH ABY-
HoJbHBIN rpad U M(Y) — maTpoun Ha MHOXKeCTBe Y ¢ paHToBOH
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¢yHkuueid r. B X cymecTByeT HesaBHcHMas yacTHYHas TpaHC-
Bepcasb MolHocTH ¢, rae 0 < ¢ < |X|, Torma u ToMBKO TOTZA,
Korfa

U+t - |X] < r(R(U))
nas gwobdoro U C X.

§ 4.12. AN3BIOHKTHOE OBbEAMHEHME
U CYMMA MATPOUOB

B naHHOM pasgesne Mbl JOKa)KeM MaTpPOMIHBIMA MeTOLAMHU
pSIL IOCTATOUHO IyyOOKHUX pe3y/bTaTOB TEOPHH Ipa)oB, KOTOPbLIE
BECbMa TPYIHO MOJYYHUTb OOBIYHBIMH TEOPETHKO-TPA(OBBIMH Me-
tTonamu. [Ipex e Bcero omnpenesivM JiBe BCIIOMOTaTebHblE MaTpO-
UJIHble KOHCTPYKIUHM U U3YUYHUM HUX CBOHCTBA.

BBenem mOHSITHE OU3BIOHKTHOTO OObENUHEHHS MaTPOHUJIOB.
[ycts My = My (En),. .., My = My(E:) — npou3BoJbHBIH HaGop
MaTpPOUJIOB Ha TMOMApHO HerepeceKaroluXCcsl HEMYCThIX KOHEUHBIX
MHOXKecTBax Fji,..., Fy;. Uepes B 0603HauMM ceMeHCTBO BCeX KO-

t t
HeuHblX noaMHOXecTB B C U E; Takux, uto B = ‘U1 B;, roe
P

i=1

B, — 6asa marpoupa M; pas kaxkporo ¢ = 1,...,t. OueBun-
HO, ceMefictBo B ymoeseTBopsier akcioMmam 6a3 (B.1) u (B.2).

C/ienoBaTesibHO, CYILECTBYET €IMHCTBEHHBIH MAaTPOUJ Ha MHOXe-
t

CTBe ‘U1 E;, nna kotoporo B siBjseTcs ceMeHCTBOM Bcex 0as.
i=

DTOT MaTpou] Ha3bIBAT OuU3BIOHKMHbIM 006Be0UHeHueMm Mam-

poudos My, ..., M; u o6osHauaioT uyepes My U ... U M; wau
t

yepes Ul M;. Matpounsl My, ..., M; Ha3BIBAIOT KOMNOHEHMAaMU
i=

YKa3aHHOTO TU3BIOHKTHOrO 00belHHEHHS.

OueBUIHO, MAaTPOUA LMKJOB J06Or0 HEHYJeBOro rpaga ectb
IU3BIOHKTHOE 00belMHEeHHe MaTPOMIOB LIMKJIOB €ro HeTpHBHAJb-
HBIX KOMIIOHEHT CBsi3HOCTH. [loaTomMy mo aHasoruu ¢ rpadamu
MaTpOUJL Ha3bIBAIOT C8A3HbIM, €CJIH €T0 HEJIb3s PEICTABUTD B BH-
Iie IU3BIOHKTHOrO 00beUHEHNS HECKOJNBKHUX €ro MoaMaTpPOUIOB.

M3 ompenesieHUst AHU3BIOHKTHOTO OOBENUHEHHS JIETKO BbITE-
KaeT
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t
Ipennoxenne 4.2. [lycmo A = '91 A;, ede A; C E; oaa

Kaocdoeo i = 1,...,t. Toeda:

1) A — nesasucumoe mHoxiecmeo mampouoa U M; 6 monm

U MmMoabKO 8 mom cayuae, Koeda Kaxcdoe A; — Hesaeucuﬂwe
mHoxcecmso mampouda M;;
t
2) r(A) = > ri(A;), ede r,ry, ..., 1 — pareosvie QyHKYUU
i=1
4
mampoudos 'U1 M;, M,...,M; coomeemcmeenHo;
1=
t
3) cemeiicmso yuxaos mampouda U M; pasHo obsedune-
i=1

HUt cemeticms yukao08 mampoudos M, ..., M.

[yctb tenepp My = M;(E),..., M; = My(E) — npousBoJb-
HBIA HabGop MaTPOMAOB Ha HEMYCTOM KOHEYHOM MHOXxecTBe E U
T1,...,7+ — HX paHroBble (DYHKUHH COOTBeTCTBEeHHO. OueBH.-

t

HO, GyHKUMS f = Y 7; SIBASETCS MOHOTOHHOM MOJYMOAYJISPHOM
i=1

¢yukuneit us P(E) B NU {0} u f(0) = 0. Marpoun M (E),

WHIYLMPOBaHHBIM (DyHKIHeH f Ha MHOXxecTBe F, HasblBaIOT Cym-

moti mampoudos My, ..., M, u o603HauatoT uepes My +-- -+ My
t

unu gepes » . M;. Ilo Teopeme dnmonpca paHrosasi GpyHKUHS T
i=1

t
MaTponza y , M; yHOBJETBOpSieT COOTHOLIEHHO
i=1

r(A) —mm Zn )+ |A\U))

s maoboro A C E.

Teopema 4.27. [lycmo:
1) My = My(E),...,M; = M,(E) — mampouder Ha Heny-

cmom Koweunom muoxecmee E w ry,...,ry — ux paneosvle
yHKYUU coomeemcmeenHo;
2) M{ = M{(Ey),...,M] = M|/(E;) — mampoudet Ha no-

NAapHo Henepecekaruiuxcsi Henycmolx KOHEeUHblX MHOMecmsax
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Ey,....,E, u r],...,7, — ux paneosvle (yHKyuu coomeem-
CMBEHHO;

3) ¢; — usomopgpusm mampouda M; na mampoud M/ Oas
Kaocdoeo i =1,...,t.

¢
3adadum dsydoavruiii epap G = (E, R, ‘91 E,;), noraeasn

R={{p. ¢i(lp)} lpEeE,i=1,.... 1}
Tozoa

: t
> M;=T(E,R, U M),
=1 =

HokasatenbcrBo. OGo3HauuM uepes3 1’ paHToByl0 (DYHKIHIO

¢ ¢

MaTpona ‘U1 M. Marpoun T(E, R, ‘Ul M), cornacHo ompeneJe-
= =

HHIO W3 MPeIblAyLLero pasiena, HHAyLHUpyeTcs Ha F MOHOTOHHOM

nosymonyssipHo#t pyHkuuedt f(A) = r'(R(A))(A C E). dcHo, uto

1Js1 moboro usomopdusma ¢; u s awdoro A C E uMeeT MecTo

ri(¢i(A)) = r;(A). Ucnosbayst 3TOT BakKT, BHIBOLUM

t

F(A) = r'(R(4)) = r'( U Z ri(¢i(A)) = Z ri(A)

t
T.e. dyHKuMM f u ) ., r; copnagant. OTciona cieiyeT 3aKiio-
YeHHe TEOpPEMBI. O

¢
Teopema 4.28 (Hawm-Buabsimc). [lycmo Y. M; — cymma
i=1
mampoudos My = Mi(E),..., My = My(E) u ri,...,7 — ux
pareossle yHKyuu coomsemcmsenHo. Toeda 0as awboco A C
C E caedyroujue ycao8us sK8UBANLCHMHbL:
t

1) A — nesasucumoe mHoxcecmeo mampouda y , M;;
i=1

t
2) A= J A;, ede kamdoe A; — He3asuUCUMOE MHOHCECNBO
i=1
mampouda M;;
t

3) A= ‘U1 A;, e0e Kaxwdoe A; — He3zasuCUMOE MHONMECMBO
i=

mampouda M;.
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JokasateabcTBo. MMninkauus 3) = 2) oueBHAHA.
¢

2) = 1). [Monoxum f = > r;. BosbMeM nponsBosibHOE MOA-
i=1

t t
mHoxectBo U C A = |J 4;. Torna U = |J U; aast HEKOTOpPBIX

i=1 1=1
U, CA; (i=1,...,t). CrenoaressHo,

U<y (Uil :ZW(Ui) <Y onU) = f(U),

i=1 =1

T.e. Ul < f(U) mas awboro U C A. IosnyueHHoe U 03HaUaer,
t
uTo A — He3aBHCHMOe MHOXKeCTBO MaTpouna My = Y M;.
i=1
1) = 3). Bosbmem usomopduoie xormuu M; = Mi(E),...
..., M; = M](E;) marpounoB My,..., M; COOTBETCTBEHHO Ha
TOMAPHO HEeMepPeceKaoNUX sl HEMYCThIX KOHEUHBIX MHOXKECTBax
FEy, ..., By s kaxporo ¢ = 1,...,t 3apuxcupyeM H30MOPPHU3M
¢; Matpouna M; = M;(FE) na marpoun M/ = M/(E;). Ilo Teope-
me 4.27

rie G = (E, R, 'U1 E;) — IByHOJbHBIE Tpad, YKa3aHHBEIH B Teo-
1=

peme 4.27.
t
[Tyctb A — HesaBucHMoe MHOXecTBO Marpouna . M;(E).
i=1
Torma B cuay mpefblfyllero paBeHCTBa MaTPOMIOB U CJeJCTBHSA
1 teopembl Pano mMHOxecTBO A siB/sieTCs He3aBUCHMOH 4acTHUU-
HOH TpaHcBepcanpio B FE. CrefoBaTesbHO, CYILECTBYET TaKoe

UHBbEKTHUBHOE oTOGpaxKeHue 1) us A B Z_L_le E;, uto {a,¢(a)} €
€ R nna moboro a € A u (A) — He3aBUCHMOE MHOXKECTBO
MaTpouaa iél M!(E;). dcHo, uto ¢(A) = i:LSlA;, rie A, =
= E;Ny(A) pas awboro i = 1,...,t. B cuny npennoxenns 4.2

Kaxnoe MHoxecTBo A; HesaBucuMo B Marpoume M/(E;). Has
Kaxpgoro ¢ = 1,...,t BosabMeM MHoXecTBo A; C E Takoe, 4To
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¥(A;) = A}. OueBHIHO, BBUIY MHBEKTHBHOCTH OTOOpaxKeHHs 1)
t

MHOkecTBO A = U A; ecTb 06beMHEHHE MONAPHO Herepeceka-

=1

romuxess MHoxkecTB A;. Ilockonbky {a,¢(a)} € R nas Jwo6oro
a € A, o onpenesenuio pebep u3 R paBeHctBo 1(A;) = Al Bie-
yeT paBeHCTBO ¢;(A;) = AL mas moboro i = 1,...,¢. Tak kak
¢; — nsomopusM Marpouna M; Ha maTpoun M/, orciona cieny-
er, uTo A; — He3aBHCHMOe MHOXKECTBO MaTpouaa M; nJs Jo6oro
i=1,... t

Teopema nokasaHa. O

OTMeTHM, UTO B CHJIy 3TOH TEOPEMbl HE3aBUCHMble MHOXKECTBA
CYyMMbl MaTpOHAOB YCTPOEHBI aHAJOTMYHO TOMY, KaK YCTPOEHbI
He3aBUCHMble MHOXKECTBa AHW3BIOHKTHOrO OO0beNMHEHHS MaTpOM-
noB. IlosToMy cyMMy MaTpoHa0B HHOIZA Ha3bIBAlOT 006veOUHEHU-
em mampoudos. 3aMeTHM, OfHAKO, UTO yKas3aHHAas aHAJIOTHS He
uMeeT MecTa AJis 6a3, LUKJIOB U PAHTOBBIX (DYHKLHH.

Caeacteue 1. Ilycts M = M(E) — npou3BOJIbHBIN MaTpOUs
Ha HEMyCTOM KOHEYHOM MHOXecTBe E, 7 — ero paHrosasi QpyHK-
uusg u t € N. Torna matpoun M HuMeeT ¢ TONapHO HelepeceKa-
IOIIHXCS 6a3 B TOM M TOJIBKO B TOM CJiydae, KOraa

[E\NA[ >t (r(E) —r(4))
niis Jioboro A C E.

Hoka3arensctBo. O603HauuM uepe3 t - M cymmy t 3K3eM-
nJispos Matpouna M. DTOT MaTpoun HHAyUHUpyeTcs (YHKLHeH
f =t-r na mHoxectBe E. [lycte r' — ero paHroBas (pyHKLHS.
[To Teopeme Haw-Buabsivea r/(¢- M) < t-r(M). [Tostomy matpo-
U1 M uMeeT ¢ MOMapHO HenepeceKalIUXcs 6a3 TOTAA M TOJbKO
torna, korna 1’ (t - M) =t -r(M), T.e. Korga

;rxngl%(t -r(A)+ |E\A|) =t-r(E).
[ToceHee paBeHCTBO SKBHBAJIEHTHO YCIOBHIO
t-r(A)+|E\A|l >t -r(E)

nJst o6oro A C FE. Orcrofa BbITEKaeT 3aKJIOUeHHe CJAeICTBHS.
O
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Yucarom ynakosku pack(M) matporna M = M (FE) nasbiBaoT
HauboJiblliee YUCJIO0 MOMapHO Hemnepecekawouuxcs 6a3 B M.

Caencteue 2. [lycts M = M(E) — npousBoJIbHBIE MaTpOUA.

Torma
|E\ Al

T ACEr(A)<r(B) T(E) — (A)
_ : |E\ A
= e =)

pack(M) 1=

rie Sub E — pelieTka JUCTOB MaTpouzpa M.

(3mecy yepes |xz| oGosHauaeTcss HauboJbliee LeJoe YUCIIO,
MeHblllee HJIH PaBHOE YHCHY Z.)

JIloka3aTeabCcTBO. 3aMeTHM CHayaJa, 4To Ajs Jwobdoro A C E
takoro, 4to 7(A) < r(E), BblMoNHsETCS

[ENA) _1BE\A
r(E) —r((4)) = r(E) —r(4)’

tak Kak 7(A) = r((A4)). Tenepb ocTasoch BOCNONB30BAThCS CEM-
cTBUeM 1. O

CaenctBue 3. Ilycts M = M(E) — npou3BOJbHBIN MaTpOUI
Ha HEMyCTOM KOHEUHOM MHOXKecTBe F, r — ero paHrosas (pyHK-
uust u t € N. Torna MHOXecTBO F mpencTaBUMO B BHIE 0OBEeIH-
HeHUs t 6a3 MaTpouna M B TOM W TOJNBKO B TOM CJydae, KOraa

Al < t-r(4)
nJsi mo6oro Henyctoro A C F.

HokasareabctBo. OnaTh paccMOTpUM MaTpoup t - M, pas-
HBHIH cymMMe ¢ 3k3eMruisipoB marpoupa M. Yepes r’ 06osHaunm
ero paHroBylo ¢yHkOuo0. MHoxecTBO F mNpeAcTaBUMO B BHIE
o6benuHeHus ¢t 6a3 matpounma M Torma W TOJBKO TOTHA, KOTOA
r'(t- M) = |E|, 1.e. xorna

min(t-r(A) + £\ A) = |E].
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[TocsienHee paBeHCTBO 3KBHBAJEHTHO YCJOBHIO
|E| <t-r(A)+|E\ A

st aoboro Henyctoro A C E. Otciofa BbITeKaeT 3aKJ0YeHHe
CJIeICTBHUS. O

Yucarom nokpoimus cov(M) marpouna M = M(E) 6ynem Ha-
3bIBaThb HaHWMeHblllee YHC/I0 6a3, 00beInHEHHE KOTOPBIX paBHO F.
SIcHO, YTO 9TO MOHSITHE HMEET CMBIC/ PacCMaTpHUBATh JHIIb AJIst
MaTpOUOB 0e3 nemenv, T.e. 3JeMEHTOB, COCTABJISIOLIUX OHO3JIe-
MEHTHBIE LIHKJIBI.

Caeacreue 4. Ilycte M = M(E) — matpoun Ge3 meresb U
Sub E — ero peuertka JjuctoB. Toraa

A A
M) = = .
cou(M) = max, L(A) pLncsubE | 7(A)
(3mecp uepes [z] oGo3HauaeTcs HaWMeHbIIee LEJSO€ YHCIIO,
GoJiblllee UM PAaBHOE YHCIY I.)

Jloka3arenbCcTBO. 3aMeTHM CHayaJja, uTo JAJsi Jboro Hemy-
croro A C E BHIOJNHAETCS

Al _ 1A
r(4) ~ r((4))’

tak kak 7(A) = r((A4)). Ocranocb BOCNO/Jb30BATbCS CJEACTBH-

eM 3. 0

[lycte G = (V, E) — npousBoJIbHbIN HeHysneBok rpap u A —
HemycToe moaMHOXecTBo pebGep u3 E. Uepes G(A), Kak mpexe,
MBI 6ynem o603Ha4aTh noarpad rpada G, MopoKAEHHBIH MHOXe-
crBom pebep A, a uepes r(G(A)), n(G(A)), m(G(A)) u k(G(A))
OyneM o603HAuUaTh COOTBETCTBEHHO PAHT, UKCJIO BEPIIHH, YHCJIO
pebep U YHC/IO KOMIOHEHT cBsi3HOCTH rpada G(A). KoneuHo, BbI-
nosnsitoresi paBeHetBa m(G(A)) = |A]l u r(G(A)) = n(G(A)) —
— k(G(A)).

Teopema 4.29. [lycmv G = (V, E) — npousgosvhoiii Hery-
aesoil (n,m,k)-epagp u t € N. Ipagp G umeem t pebepro
Henepecekarujuxcs 0Cmogos moeda U MOAbKO mozda, Kozda
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m =t (n—k) u o a0b6oeo Henycmoeo mHoxcecmsa pebep
A C E svuinoansemcs
m =t (n—k)+ Al —t- (n(G(A)) - k(G(A))).

HoxkasateabcTBo. [IprMeHuM cienctBre 1 K MaTpoHIy LHK-
joB M(G) rpada G. Basamu 3Toro mMatponsa siBJISIIOTCS MHOXKeE-
ctBa pebep, obpasymwoiune octoBel rpada G. [lpu A = () uepa-
BeHCTBO U3 cjencteusi 1 mpumer Bup |E| > t- (n — k), T.e.
m > t-(n — k). Iaa HenmycToro e MHOXecTBa pebep A C F
5TO HepaBeHCTBO 3allUCHIBAETCs B BHIE

m— Al =t (n—k—r(G(A))),

nockosbky 1(A) = r(G(A)). Orciopa BhITEKAeT 3aKJIHYEHHUE Teo-
peMbl. O

Teopema 4.30. [lycmo G = (V, E) — npoussosvHoiil Hery-
snesoti epagp u t € N. Toeda epagp G npedcmasum 8 sude 06-
eduneHus t 0cmosos 8 Mom U MOAbKO 8 MOM CAyUae, K020a

Al <t- (n(G(A)) — k(G(4)))
o5 1106020 Henycmoeo mHoxcecmsa pebep A C E.

Hdoxa3atenbcTBo. [IpuMeHUM Temepb C/IEACTBHE 3 K MaTpOHU-
ny uukaos M(G) rpada G. Ilpu A = () HepaBeHCTBO 3 CJjel-
CTBUSI 3 TPUBHAJNBHO BBITMIOJHSETCS. [JIsT HEMyCTOro 2Ke MHOXKe-
ctBa pedep A C F 3T0 HepaBEHCTBO 3aIMHCLIBAETCS B BHIIE

Al < t-7(G(A)).

OTcrona BbiTEKaeT 3aKJIHOYEHHE TEOPEMBL. O

Crenyoliee yTBepKIEHHE MOXHO BbIBECTH OYEBHAHBIM 00pa-
30M Kak 13 Teopemsl 4.29, Tak u u3 reopemsl 4.30.

Caeacreue 5. Ilycte G = (V, E) — npOU3BO/IBHBIN HeHYJle-
Bo#t (n,m,k)-rpap u t € N. Torma rpap G sBasercs oGbenu-
HeHHeM ¢ peGepHO HemepeceKaolinXCsi OCTOBOB B TOM H TOJIBKO
B TOM cjydae, koria m = t- (n — k) ¥ Ajst J1000ro HEmycToro
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MHOKecTBa pebep A C E BbIMOJHSETCS
Al <t- (n(G(A4)) — k(G(4))).

[lyets G = (V, E) — cBsA3HbLi rpad Ge3 metenb. Juciom ope-
sosudrnocmu arb(G) rpada (G HasblBaeTCs HaHMeHbIee YHUCIIO
OCTOBHBIX JlepeBbeB, 0ObeflMHeHHe KOTOpbIX paBHO G. OueBun-
HO, YHCJ/IO APeBOBUAHOCTH rpada (G coBlIajaeT ¢ HaUMEHbIIUM
YUCJIOM ero MoAJepeBbeB, 00belHHeHHe KOTOpPbIX paBHO (G, Tak
KaK Kaxk[oe TOAJNEepPEeBO CBSIZHOTO rpada CONEep:KUTCS B HEKOTO-
pPOM €ro OCTOBHOM jepeBe. fICHO Tak»Ke, YTO UMCJIO IPEBOBHIHO-
CTH CBSI3HOTO rpada G cCoBMajfaeT ¢ HaUMEeHbLIUM YUCJIOM peGepHO
HelepeceKalolMXCs J1ecoB, B 00beHEHHe KOTOPHIX pacnajiaeTcs

rpag G.

Teopema 4.31 (Ham-Buassmc). llycme G = (V,E) —
C8A3HbLIL HeoOHoremenmHbll epagh 6e3 nemeav. [as kaxdozo
Hamypaavrozo uucia t < |V| obosnauum uepes m(t,G) nau-
boabliee 803MONCHOE YUCAO pebep 8 c8a3HOM nodepage epa-
¢a G, codeprcauienm t sepuiun. Toeda

arb(G) = max [m(t,G’)—‘
2<tg|V] | t—1

JokasarenbcTBo. [IprMeHUM ciencTBHe 4 K MaTpPOHLY LHK-
108 M(G) rpada G.

[TokaxxeM cHawasa, 4TO, MPUMeHsisT C/eiCcTBHE 4, MBI MOXKEM
OTPaHHUYHMTHCS PAaCCMOTPEHHEM TOJIBKO TeX HEMYCTHIX MHOXKECTB
pebep A C E, nas kotopbix G(A) siBasieTcsi CBA3HBIM rpadom.
HeiicTButenbHo, nycth rpap G(A) ecTb AHU3BIOHKTHOE 00beIH-

HeHMe CBOUX KOMMOHeHT cBsisHoctH Gp = (Vi,41),...,Gr =
= (Vk,Ak) H Ny = |V1|,...,nk = |Vk|,m1 = |A1|,..., my =
= |Ag|. Tockomeky A # (), kaxmoit BepinHe w3 G(A) uHUH-
JIEeHTHO XOTs Obl OOHO pebpo U, C/IeNOBATENBHO, Mq,...,NE = 2.
m; .
[Monoxum d; = —— s i = 1,...,k u d = max d;. Torna,
n; —1 1<i<k

ucnosinays paseHctsa r(G(A)) =r(G1) +---+71(Gg) =ny — 1+
+---+n, — 1, BBIBOIUM
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Al o+

r(A) -1+ - +ng—1

. dl(n171)+~~+dk(nk71)

o ng—1+---4+n;—1 h
< (ng—1)+ - +d(ng 1):d:max |A‘
np—14-+n,—1 1<i<k 7(A;)

Us JOKa3aHHOTO U CJIeNCTBUSA 4 BBITEKAET 3aKJI0YeHHe TEOPEMHBI.
O

IIpumep. Paccmorpum nonueiét rpadp K, npu n > 2. Oue-
BuaHo, m(t, K,) = t(t —1)/2 nns 1060ro HaTypaJbHOro 4Yuc-
na t < n. B cuny teopembl Hawm-Busibsamca arb(K,) = [n/2].
Takum o6pasom, monHbIH rpag K, NpeicTaBUM B BHAe 00berH-
HeHusi [n/2] OepeBbeB U He MPEACTaBUM B BHIE 00belHHEHHUs
MeHbIIero uucaa AepeBbeB. VIHBIMH c/0BaMH, MOMHBIH rpad K,
MOXKHO TPECTABUTb B BUIe 00benuHeHus1 [n/2] pebepHo Hemepe-
CEKAIOIIMXCS JIECOB U HeJb3sl TPEACTABUTb B BHIE 00beIUHEHHs
MeHbIIEro yucaa pebepHo HerepeceKarInXCs JIeCOoB.

3ameTuM, 4TO rpad, U300pakeHHbIH Ha puc. 24, sBjseTcs
oObeqUHEHHEM [BYX IepeBbeB (M Ha)Ke MPOCTHIX HE3aMKHYTHIX
neneif). OnHaKO OH He MOXKET ObITh MpPeNCTaBJeH B BUAe 00beNH-
HEHUsI IBYyX peGepHO HerepeceKaroluXCs 1ePEeBbeB.

Puc. 24

BosHukaeT BOImpoc: MOXKHO JiM NOMHBIH rpad K, NpeicTaBUTb
B Buie oObennHeHHst [n/2] peGepHO HemepeceKaroLMXCs Aepe-
BbEB?

OTBeT Ha 3TOT BOMNPOC MOJOKHUTENbHBIN. [leficTBUTEBHO, pac-
CMOTPHUM NosHbIH rpad K,, npu n > 2. Ecau uucao n HeyeTHo,
10 [n/2] = (n+1)/2 = (n—1)/2 4+ 1, noatomy, 0TOPOCHB H3
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K, oiHy K3 BeplLIMH BMECTe CO BCEMH MHUUIEHTHLIMH el pebpa-
MH, MBI CBOAMM Hally 3aja4y K MoJHoMy rpady K,_j ¢ 4eTHbIM
YUCJIOM BEpLIHH.

Puc. 25

[Tyctb Temepb uucao n 4deTHo. Ipad K, cOmepXKUT m =
=n(n —1)/2 pebep, a 10060H ero 0CTOB CONEPKUT 1 — 1 pebep.
[Tockosbky K, mpecTaBuM B Buie 0ObeiHHEHUs 1/2 OCTOBOB, B
cully oTMeueHHoro K, MpeiCTaBUM B BHAE AU3BIOHKTHOTO 00b-
eIMHEeHHs n/2 OCTOBOB.

Ha puc. 25 nokasano pas6uenue rpada K7 Ha 4 nepeBa, OIHO
U3 KOTOPBIX €CTb OCTOBHOe aepeBo rpaga Ky, cocTaB/leHHOe U3
BceXx pebep, HHLUUAEHTHBIX BEPLIMHE v, & TPU APYTHX — OCTOBHbBIE
nepesbst (1 naxe uenu) rpada Kg = K7 — v.



Inasa 5

NNAHAPHOCTb

§ 5.1. YKINAQKH TPADOB, MJITAHAPHBIE IPAd®bI

[TycTh ¥MeeTcs HEKOTOpPOE MPOCTPAHCTBO L (€BKJIKIOBA MJIOC-
KOCTb, TPEXMEPHO€e eBKJIMIOBO MPOCTPAHCTBO, chepa B Tpexmep-
HOM eBKJIM[OBOM [POCTPAHCTBE, TOP K T. M.), B KOTOPOM OIpe-
JIeJIeHO TIOHSITHE #OpOaH080L KpUsot, T. e. HEPepPbIBHOH KPUBOH
6e3 Touek camornepeceyeHHs. 2KOpAAHOBBI KPHUBble Ha MJIOCKOCTH
06/1a1al0T CJIEAYIOLIUM Ba>KHBIM CBOHCTBOM.

Ecnn L — 3amkHyTasi »KOpAaHOBa KpHBas Ha IJIOCKOCTH H
u,v — JIB€ pa3JMyHble TOYKHU Ha HeH, To JioOas KOopAaHoBa KpH-
Basl, COeMHSAOLIASA U U v, JUOO LIeJHKOM JIEXKHUT BHYTPH 00J1aCTH,
OrpaHUYeHHOH KpUBOH L, 3a HCKJ/IOYEeHHeM TOYeK u U v, JUOO0 —
BHe 3TOH 00/acTH, 33 MCKJ/IOYeHHEeM TOueK u U v, Jubo mnepece-
KaeT L B HEKOTOPOH TOYKe, OTJIMYHOH OT U U v.

3aMKHyTasi KOpHaHOBa KpuBasi L pa3bUBaeT MHOXKECTBO He
NpUHAaJJIeKalUX el ToYeK IJIOCKOCTH Ha [1Be 00J1aCTH — BHYT-
PEHHIOI W BHELIHIOW, NpHYeM J00as XKOpAaHoBa KpHBas, COelH-
HSIOILasl TOYKY BHYTPEHHeH 00J1acTH ¢ TOYKOH BHeIlHeH 06JacTH,
00s13aTesIbHO NepecekaeT KpuByl L, T. e. uMeeT c HeH ofuiyo
Touky. OOGCyK/IeHHe CBOHCTB KOPAAHOBBIX KPUBBIX MOXKHO Hai-
TH B y4eOHMKax [0 yHMBEPCUTETCKOMY KYpPCy MaTeMaTH4YecKoro
aHaJ/M3a.

ToBopsiT, uTo rpad obradaem yxaadxkoili B MpoCcTpaHCTBe L,
€CJIM OH U30Mop(deH rpady, BepLIMHAMHU KOTOPOTO SIBJSIOTCH HEKO-
TOpble TOUKHM NPOCTPaHCTBA, a pebpaMHU — >KOPAAHOBBI KpPHBBIE
U3 L, COeAHHSIOUINE COOTBETCTBYIOLINE BEPLIMHEI, IPHUEM:!
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1) xpuBas, sBasiollascsi peOpoM, He MPOXOAUT Yepe3 ApYyTHe
BEPUIMHBI Ipada, KpoMe BEPLIMH, KOTOPble OHA COENMHSIET;

2) nBe KpuBble, sIBJSONIMECS] peOpaMH, MepeceKarTes JHUIb B
BEpUIMHAX, NHUUAEHTHBIX OIHOBPeMEHHO 060HUM 3TUM pebpam.

B rakom ciyuae KpaTKo roBOpAT, YTO KPHBBIE, MPEACTABJIS-
ome pebpa, «He UMEIOT JIMLIHHUX nepeceyeHui». COOTBETCTBY-
IOIIMH rpad, COCTaBJEHHBIH M3 TOYEK MPOCTPAHCTBA U KOPLAHO-
BBIX KPHBBIX, Ha3bIBAIOT yKAAO0KOU UCXOLHOrO rpada.

Teopema 5.1. Jloboii epagh obaadaem yxkaradkoi 8 mpex-
MEPHOM eBKAULO0BOM NPOCMPAHCMEE.

HoxkasareabcTBo. [TocTpouM yk/anKy A5 3afaHHOrO rpaga.
BosbmMeM B mpocTpaHCTBE HEKOTOPYIO MPSIMYIO | B PACCMOTPHUM TIy-
YOK MJO0CKOCTel, mpoxonsiuux uepes [. BepumuHam rpada nocra-
BUM B COOTBETCTBHME B3aMMHO OJHO3HAauUHBIM 00Pa30oM HEKOTOpble
TOYKH TipsiMo# [. [lnist Kaxkmoro pe6pa rpada BbIIENUM OTAEIbHYIO
MJI0OCKOCTb, MpoxXoasimyto yepes . Mso6pasum pebpo rpada B ero
IJIOCKOCTH MOJMYOKPY2KHOCTBIO, COeUHSIOIIeH Be COOTBETCTBYIO-
e KOHLAM pe6pa TOUKHU MpsMOH [, ecsid pebpo He SBJSETCS TeT-
Jiel, U — OKPYKHOCTbIO, MPOXOASALIEH Uepe3 TOUKY, COOTBETCTBY-
IOLIYI0 BepUIMHE v, eCIH pebpo SIBJASETCS MeT/ed B BepLIMHE v.
OueBHIHO, MBI TIONYUUM YKJaAKy HUCXOIHOTO rpada. O

Kax Mbl yBUAMM pnasiee, He BCAKUN rpad obganaeT yKaagkoH
Ha €eBKJMIO0BOH MNJockocTH. I'pad HaseiBaeTcs naawapHoim, ec-
JU1 OH obJajaeT YKJIaAKOH Ha MJOCKOCTH. BceBo3MOXKHbIE yKJal-
KM TJaHapHBIX TpadoB Ha MJIOCKOCTH OyleM Ha3blBaTh NAOCKUMU
epagamu.

Teopema 5.2. Ipa¢p G naanapen moeda u moavko moeda,
Koeda on obaadaem ykiadkol Ha cgepe.

HoxkasareabcTBo. PaccMmoTpuM yknanky rpaga G Ha cdepe.
BosbmeM Ha cepe Touky N, He JeKallylo HM Ha OTHOM M3 pe-
Oep YKJIaIKU U He SIBASIIYIOCS BeplirHOH. Hasoeem Touky N
CEeBEPHBIM MOJIIOCOM. B I03KHOM mosioce (KOTOpPEIE OmpeneJsier-
Csl €CTeCTBEHHBIM 00pa3oM) MPOBEIeM KacaTesbHYIO MIOCKOCTb K
cdepe. CrpoekTrpyeM U3 ToOYKH N Ha MJIOCKOCTb BCE TOUKU ce-
DB, TIPOBOJIsI BCe BO3MOXKHBIE Jyud U3 N Yepe3 TOUKH Cepbl 10
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IJIOCKOCTH. fCHO, 4YTO MpoeKuHs YKJaoKH Ha cdepe AACT HaM
YKJaKy MCXOMHOro rpada Ha MJIOCKOCTH.

O6patHo, paccMoTpuM yKaankKy rpaga G Ha niaockocTH. Bossb-
MeM c(epy, KoTopas KacaeTcsi AaHHOH mockocTd. Hasosem Tou-
Ky KacaHWs I0XXHBIM ToJirocoM. CeBepHBIH Mosoc 0603HAUUM ye-
pe3 N. CrpoeKTHpyeM Telepb BCe TOYKH IJIOCKOCTH Ha cdepy,
TNIPOBOJSl BCEBO3MOXKHBIE JIyYH OT TOUYEK IJIOCKOCTH uYepe3 TOUKH
cgepel o toukn N. fcHo, 4To mpu 3TOoM yKaanka rpada G ¢
IJIOCKOCTH OyleT NepeHeceHa Ha HEKOTOPYI YkKaanky rpaga G
Ha cdepe. O

ITnocku#t rpad G pasbuBaeT MJIOCKOCTb Ha HECKOJBKO 00-
JlaCTel, Ha3bIBaeMbIX €ro epawamu. bojee TOUHO, PacCMOTPHUM
MHOKECTBO TOueK, Ou3vroHKmHbiX K GG, T.e. He ABJSIOLIUXCS Bep-
IIMHAMK M He Jexallux Ha pebpax mjockoro rpacda G. Ompe-
JeJUM OTHOILEHHEe p Ha MHOXKECTBe TOYeK, AU3IBIOHKTHBIX K G,
noJiarasi upv B TOM U TOJBKO B TOM CJydae, KOrga % MOXHO CO-
eIMHUTb C U XKOPAAHOBOHM KPHBOH, LEJIHKOM COCTOSILIEH M3 TOUYEK,
IM3BIOHKTHHIX K (. §ICHO, UTO OTHOLIEHHE p SABJSETCS OTHOLIEHH-
€M 3KBHUBaJIEHTHOCTH, Y KOTOPOTO HUMeeTCsh KOHEYHOe UHCJIO KJac-
coB. DTH KJacChl M Ha3bIBAIOT I'PaHsMHU MJocKoro rpada G. Orme-
THM, 4TO OIHA U3 rpaHell HeorpaHuveHa. Ee HaspBalOT grewnHell
epambro, a 0CTasbHble TPAaHH HA3bIBAIOT BHYMPEHHUML SPAHAMU.

Ha puc. 26 nuzobpakeH maockuil rpad), UMewIUd 6 rpaHe,
KOTOpble 0003HauyeHbl OykBaMu oT A; no Ag, npuyem Ag — 3TO
BHELIHSS I'PaHb.

Puc. 26

Hanee njockuit (n,m,k)-rpad, umeomunit f rpaned, Gymem
HasblBaTh (n,m, k, f)-epagom.

OrTmeTnM, 4TO MOHSITHe I'PaHH [AJs YKJamoK rpaga Ha cdepe
BBOAUTCA aHAJOTIMYHBIM 06p330M.
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Jlemma 1. /[rs awboco svidenennozo pebpa naanapHozo
epagha Haildemca makas Yykaaoka amoeo epaga Ha NAOCKOCmU,
ymo evi0eserHoe pebpo bydem iexcamv HA cpaHuye SHeulHell
epanu.

HokasareabcTBo. CHavyasa Bo3bMeM YKJaAKy rpaga Ha cde-
pe. [lotom B KayecTBe ceBepHOro MoJioca BolbepeM NM3BIOHKTHYIO
ToyKy N B TrpaHH, Ha TpaHHIle KOTOPOH JIEXKHUT BbIAeJeHHOe peb-
po. 3aTeM cripoekTHpyeM U3 NN yKJIaIKy Ha cepe Ha YKAALKy Ha
MJIOCKOCTH, KacaTebHOH K cepe B 102kHOM noJioce. [TonyyenHas
yKJaKa Ha MJI0CKOCTH 06/1afiaeT HY>KHbIM HaM CBOHCTBOM. O

Jlemma 2. Ecau x naanapHomy epagy dobasums HOBYHO
NemAaro Uil Y8EAUUUMb KPAmHocme 00HO20 u3 pebep, mo no-
AYUUMC NAGHAPHDLL epag.

Hoxka3sarensctBo. lcnosab3yss JjemMmMmy 1, BO3bMeM TaKyio
yKJaAKy rpada Ha MNJOCKOCTH, 4TO BblAeJeHHass BepLIMHA HJIH
BbIJIeIeHHOe PeOpOo JIEXXUT Ha IpaHUlle BHELIHeH I'paHu. 3areM,
M0JIb3YsICh CBOMCTBAMH KOPIAHOBBIX KPHUBbIX, POBOAUM BO BHEIL-
Hell rpaHu Tpebyemoe pebpo. O

§ 5.2. ®DOPMVYIIA SHIIEPA A9 NNOCKUX FPADOB

Teopema 5.3. [lycmo G — naockuii (n,m, k, f)-epagh. Toeda
m—n+k=f—1.

HoxkasareasctBo. Eciu m =0, Ton =k u f = 1, noatomy
IoKasbiBaeMast (hopMyJ/ia CrpaBeiJIuBa.

[Iycte ¢opmyna BepHa mans Jiroboro mjaockoro rpacda, co-
Iepxaliero MeHee m pebep, U m > (0. PaccMoTpuM msocKui
(n,m, k, f)-rpad G. Ilpennonoxkum, yto B rpade G umeercs: ped-
po e, He siBJsAOLLeeCss MOCTOM. Torja OHO COIEpPXKHUTCS B HEKO-
TOPOM LMKJ/E U [0ITOMY 0053aTesbHO JIEXKUT Ha I'paHHlle ABYX
rpaHeli. O4eBHIHO, eCJM yOAJMUTh U3 Tpada pebpo e, TO ITU ABe
rpaHu cosibloTcsl B onHy rpaHb. CienoBatenbHo, rpadp G — e —
310 mockui (n,m — 1, k, f —1)-rpa¢. Torna no mpennosioxeHuo
uHIyKunu f —2=(m—-1)—n+k, 1re. f—1l=m—n+k.
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[Ipennonoxum Tenepb, uto Bce pedpa rpada G sABJIAITCS MO-
cramu. Torna G siBasieTcs JecoM U B (G MMeeTcsl BUcsAdee pel-
po e. OueBuzHO, Npy ynajeHuH pebpa e 4yucao rpaHed rpada He
usmensiercs. CyieoBatesibHo, rpap G —e — 310 MWIoCKu# (n, m —
—1,k+1, f)-rpad. Torna no mpeanonoxkeHuo HHAYKUUU f—1 =
=m-1)—n+(k+)=m—-n+k. O

3ameTHM, 4TO B IOKa3aHHOW TeOpeMe yTBEPKIAeTCsl, UTO LHK-
JIOMaTHUECKOe UHKCJIO IMJIOCKOrO rpada paBHO YHC/IY €ro BHYTpPeH-
HUX rpaHed. B Takoél (opMyJsHpOBKe 3Ty TeopeMy MOXKHO J0-
Kas3aTh CJeIYIOMNUM 00pa3oM, HCIOJb3Yysl MPOCTPAHCTBO LIUKJIOB
rpaga G.

Jlerko MoHsATh, YTO KaxKAOH BHyTpPeHHEH rpaHH IMJIOCKOr0 rpa-
¢a G orBeuaer BeKTOp mpocTpaHcTBa LHKA0B L(G), cocTosimui
U3 pebep, OTHEJSLUIUX 3Ty BHYTPEHHIOK TpaHb OT APYTHX rpa-
Heil. Takoll BeKTOp HAa3BIBAIOT YUKAUUECKUM BEKMOPOM, Omae-
yarougum Oarnoll eparu. OUeBUIHO, CHMMeTpHYeCcKas pasHOCThb
Jmoboro Habopa TaKUX BEKTOPOB He MyCTa, TaK KaK OHAa COBMaja-
eT ¢ rpaHuleld 06JacTH, PABHONH 00bEINHEHHIO COOTBETCTBYIOLIHUX
rpaHeli, T. e. HaGop BCeX BEKTOPOB, OTBEYAIOLINX BHYTPEHHHUM rpa-
HSM, SIBJsIETCS JIMHEHHO He3aBUCHMBIM. Kpome Toro, mns jo6oro
uukJaa C rpada G obyacts, Jexalias BHyTpY Luk/aa C, sBiaseTcs
o6beIMHEHHEM HEKOTOPOro MHOXeCTBa BHYTPEHHMX TpaHel, Io-
3ToMy LHKJ C' SIBJSETCS CHMMETPHUECKOH PasHOCTBIO BEKTOPOB,
OTBeYalLMX BHYTPEHHHM IpaHsM U3 3Toro MHoxecrtBa. Cieno-
BaTeJ/IbHO, COBOKYMHOCTh BceX f—1 BEKTOPOB, OTBEYAIOLINX BHYT-
peHHuM rpansiMm rpada G, ectb 6asuc npocrpancrtsa L(G). Ilo-
ckoabky dim L(G) = *(G) = m —n+k, nonyuaem f—1=m —
—n+k.

Caencreue 1 (Jiaep, 1752). Ilycte n,m u f — cooTBet-
CTBEHHO YHCJIO BEPIIMH, pebep U rpaHeil HEKOTOPOro BHIMYKJOTO
MHOTOTPaHHHMKA B TPEXMEPHOM €BKJMAOBOM MpocTpaHcTBe. Torma

n—m+ f=2.

Hoka3arenbcTBo. CIpoeKTHPYeM MHOTOTPAaHHHUK Ha cdepy,
BHYTPH KOTOPOH OH JI€XKHUT, MPOBOAS BCEBO3MOXHbBIE JyUd M3
TOUKH, JlexKallleli BHYTPU MHororpaHHuka. Ha cdepe Bo3HUKHeET
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(n,m, 1, f)-rpad. Ilpumensiss K HeMy TeopeMy, MOJY4HUM Tpeldy-
eMoe paBeHCTBO. O

CaencrBue 2. [lycte G — CBSI3HBIH NJIaHAPHBIH OOBIKHOBEH-
Helit (n,m)-rpap u n > 3. Torna m < 3n — 6.

Hoxka3areabcTBo. MoXXHO cuntath, 4to G — TJIOCKUH rpad.
[Tockosmeky G siBiisieTcsi OOBIKHOBEHHBIM TpadoM, KaxKaasi ero
rpaHb IPAaHUYUT He MeHee yeM ¢ TpeMsi pebpamu. [lycTh, nBurasco

BIOJIb TPAHULbI i-U I'PaHU, MBI TIpoiieM [; pebep, rme i =1,..., f
v f — uucao rpanedt rpada G. OueBuaHo, Iy +---+1y = 2m. Tax
Kak [; = 3 mna i = 1,..., f, mbl nosmydaem 3f < 2m. [lockosbky
B CHJIy TeopeMbl f = m —n + 2, oTCIofa BeITeKaeT 3m —3n+6 =
=3f<2m, T.e. m < 3n—6. O

Crnencteue 3. I'pad K33 HemnaHapeH.

HoxkasareabctBo. [lycth rpad Ks s niaHapeH. bymem cuu-
TaTh ero miaockuM rpadom. I[Tockonbky K33 siBAseTcs ABYAOJb-
HBIM I'padoM, BCe ero 3aMKHYTble MapLIPyThl UMEIOT YeTHYIO 1JH-
Hy. Ilanee, paccyxpas Kak B JJ0Ka3aTeJbCTBe CJAEICTBUS 2, MOJY-

yaeM [; > 3, oTkyna BeiteKaetr [; >4 nnsai=1,..., f udf < 2m,
T.e. 2f < m. B cuny Teopemb f =9 -6+ 1+ 1 = 5, noatomy
10 =2f <m = 9. [Ipuwu K NpOTHBOPEYHIO. O

PaccMoTpuM c/lefy oIy 0 TOMYJISPHYIO0 3aauy-TOJMOBOJIOMKY.

Ha onmHo# cTOpOHe y/MHIIbI HMEITCS TPH J0OMa, a Ha MPOTHBO-
MOJIOXKHOH — TPH KoJioAla. Tpu cocena, XUBYIIHUX B ITUX IOMax,
MOCCOPUJIUCh ¥ PELIMJIM MPOTONTATh TPOIMUHKH OT KaXKAOTro J0Ma
K Ka)KJIOMy KOJIOALY TaKUM 06pa3oM, uToObl TPOMHUHKH He mepe-
cekasuch (puc. 27). Moryt Jid OHU cHeaTh 3TO?

CJ/leficTBHE 3 TOBOPUT HaM, YTO CAEJATh 3TO HEBO3MOXKHO.

CaencrBue 4. T'pad K5 HensaHapeH.

HokasarenbctBo. [pad K5 nmeer 5 BepwnH u 10 peGep.
Ecau oH nyiaHapeH, To 1o caencTBUio 2 noaydaeMm 10 < 3-5—6 =
=9, YTO HEBO3MOKHO. O

CaeacrBue 5. B so6oM niaHapHoM OGBIKHOBEHHOM Trpade
UMeeTCsl BepIIMHA, CTeleHb KOTOPO# MeHbllle UM PaBHA O.
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Puc. 27

Hoxa3atenbcTBo. Be3 orpaHuueHHsi 0OGLIHOCTH MOXKHO CYH-
TaTb, 4TO rpad G CBSI3eH W UKCJO €ro BepUIMH 7 GOJbllIe HJIH
paBHo 7. Ilycte m — uucno ero pebep. Ecan degv > 6 mas
JI000H BEpIIMHBl ¥, TO B CHJY JIEMMbl O PYKOIMOXKATHSIX U CJef-
CTBHUS 2 BBITMIOJIHSIETCS

6n <Y degv =2m < 2(3n — 6) = 6n — 12,
YTO NPOTHBOPEYHBO. 0

§ 5.3. KPMTEPUM NNAHAPHOCTHU FPADA

Bynem roBoputhb, uto rpad G’ noayuen us rpada G 8xiw-
YeHuem eepuiuns. cmenenu 2, ecau B rpade G ogHO U3 pebep
e = uwv (paBeHCTBO u = v He HCKJIOYaeTcs)) 3aMeHeHO Ha MBa
HOBBIX pebpa e; = uw H ez = wv, TIe w — HOBas BepIINHA
CTeIeHH 2, a OCTasbHble BEPIIUHb U pedpa ocTauch 6e3 H3MeHe-
Husi. Ha puc. 28 mokasan npumep nosydenus rpada ¢ mOMOILIbIO
NpOLeNyPhl BKIIOYEHHs BepLIMHBI CTeNeHH 2.

Puc. 28
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[Tpouenypa, o6paTHas K NpoLeLype BKIOUEHUS BEPLIHHBI CTe-
TIeHU 2, HA3blBAETCS UCKAIOUEHUEM BEPULLHbLL Cmenery 2.

Bynem roBoputhb, 4to rpad G ecomeomopger rpady Ga, ecau
(G1 MOXKHO MOJYYUTb U3 G5 C MOMOLIbIO KOHEUHOTO UHCJIa PUMe-
HeHUH MPOLeNyp BKJIOYEHHS U HUCKJIOUEHHs BEPILIHH CTeneHu 2.

fcHo, uTO OTHOLIEHHE «OBbITh FOMEOMOP(HBIMU» SIBJSETCS OT-
HOLIEeHHeM 3KBHBAJIEHTHOCTH AJs rpagoB. OueBUIHO, ecau rpad
nJaHapeH, To Job6o# rpad, romeoMopdHbIH ero noarpagy, Takxe
nnaHapeH. Ha puc. 29 usobpaxen epag llemepcera G u ero non-
rpa¢ H. Tak kak rpad H romeomopdeHn Ks 3, rpad Ilerepcena
HemnJaHapeH (CM. CJIe[CTBHE 3 MPEAbIAYIINEro pasiena).

Puc. 29

Teopema 5.4 (Iloutpsirun, Kyparosckuit). [pag nianaper
moeda u moavko moeda, Koeda oM He codepxcum nodepagos,
eomeomoproix Ks, u He codepiycum nodepaghos, zomeomopa-
Hotx K3 3.

HoxkasareabcTBo. Heo6xo1uMOCTb yC/I0BHSl TeOpPeMbI BbITEKA-
eT U3 CJeACTBUH 3 U 4 TNpefblAyIIero pasjeJa.

ByneMm mokaseiBaTb AOCTaTOYHOCTH YCJOBUSI TeopeMbl. [Ipen-
TMOJIOKUM, OT MPOTHBHOIO, UTO CYLIECTBYeT HellJaHapHbIA rpad,
KOTOPHIH He COLep>KUT NoArpados, romeoMopdHbeX K5 nin K3 3.
[lycte G — Taxo# rpad ¢ HaUMEeHbLIMM BO3MOXKHBIM YHCJIOM pe-
6ep, He colepxKallUil H30MMPOBAaHHbIX BeplinH. [lanbHeline pac-
Cy2KJeHHs pa300beM Ha HeCKOJbKO 3TaIOB.

1) 3ametum cHavasa, yto rpadp G CBsi3eH.

JleficTBUTe/IbHO, ecau rpad G He CBSI3€H, TO €ro KOMIOHEHTHI
CBSI3HOCTH IJIAaHAPHBI U, CJeloBaTeNbHO, caM rpad G niaHapeH.
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2) IlokaxeM, uyto rpap G siBjasieTcsi OOLIKHOBEHHBIM I'padoM.

B camoMm peJse, nycThb B rpage G uMeeTcs MeT/Is WM KpaTHOe
pebpo e. Torna rpad G — e nuanapen. Io6asass K rpadgy G — e
pebpo e, B CUJIY JIeMMBl 2 K3 MEPBOTO pasfesa Mbl MONYyUYHM, UTO
rpad G niaHapeH.

3) INokaxkem Temepb, uto rpap G sBiasietcsi 6/10KoM, T.e. B G
HeT ToueK couseHeHHs. OTMeTHM, 4TO Torga B rpade G HeT U
MOCTOB, TaK Kak B J060M OJioKe, coleprKalleM He MeHee Tpex
BEpUINH, Bce pebpa SIBJASIOTCH LUKJIUYECKHUMH.

ITycts, oT mpoTHBHOro, B rpaje GG uUMeeTCs TOUKa COYJjeHe-
Hust v. Yepes GG; o6osHaunMm noarpag rpada (G, MopoxAeHHbIH
BEpIIMHAMH OLHOH M3 KOMIOHEHT CBS3HOCTH rpadpa G — v U Bep-
IWHHOH v, a yepe3 (Go — moarpad rpada G, MOPOKIEHHBIH Bep-
[IMHAMM OCTaJIbHBIX KOMIIOHEHT CBA3HOCTH rpacda G — v U Bep-
wuHo# v (puc. 30).

Puc. 30

BosbmeM ykiaanky rpaga (G; Ha MJIOCKOCTH Takylo, 4TO Bep-
IIMHA v JIEXKUT HA I'PaHMLE BHELIHEH TpaHH. 3aTeM BO BHeLIHEH
rpaHd rpada (G; Bo3bMeM YKJAanky rpaga Go Takylmo, 4To Bep-
IIMHA U JIEXKHUT HAa TPaHHlle BHEIIHeH IpaHH; OTMETHUM, UTO Bep-
IIKMHa v 6y[[eT npeacTaBJ/ieHa Ha IJOCKOCTHU B ABYX 3K3eMIlJIsApax
(puc. 31).

Puc. 31

COE[LI/IHI/IM ABa 3K3eMIlJIsApa BepPLIWHBl v MYYKOM 2KOPAAHO-
BbIX .}'II/IHI/II;'I, He [aomnyckasi JHUIIHUX nepece'-leHm?I C YKJaaKaMHu
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rpagoB G; u Go, COCTOSILIUM H3 TAKOTO KOJHUYECTBA JIMHUH, Ka-
KOBa CTeleHb BepiMHbl v B rpade Go. Jlanee 0T6pocHM BXOXKIE-
HHe BepLIHHb v B rpad Go, 3aMeHsiss HHIMIEHTHbIE efi peGpa Ha
JKOPIAHOBBI JIMHUH, MOJYUEHHbIE U3 JIMHUH YKA3aHHOrO MydyKa U
pebep (puc. 32).

Puc. 32

Taxkum 06pa3om, Mbl MOJYUYHJIN yKJAAAKY rpada G Ha MI0CKO-
CTH, UTO HEBO3MOXKHO.

Wrtak, Mbl 10Kas3aJju 3).

[lycTb e = ab — mpousBosbHOE pebpo rpada G. 3adukcupyem
ero. B cusy munumasnbHocTu rpaga G rpap G = G —e miaHapeH.
OrmernMm, uto rpap G’ K TOMY Ke ¥ CBsI3€H, TaK KaK B HCXOAHOM
rpajge G HeT MOCTOB.

4) lokaxkeMm, uto B rpade G’ CyllecTByeT LKKJ, COAePIKALINE
BEPUIUHH @ U b.

[Tyctb @ u b nexat B onHoM GJioke B rpada G'. Ecau |V B| >
> 3, To 10 TeopeMe 0 CBOHCTBax 6J0OKa CyLIeCTByeT LMKJ rpaga
G’, comepxamnit @ u b. Ecau |[VB| = 2, To B B umeercsi pe6po
e/ = ab, Ho Torna B (G UMelOTCs KpaTHble pebpa e U €, 4To
IPOTHBOPEUHT 2).

OcTanoch paccMOTpeTh cjydai, Korna a 4 b jexar B pasHblx
6s0kax rpada G’. [Tokaxem, 4TO ITOT C/aydyail HEBO3MOXKEH.

Urak, nycts a u b Jexar B pasHbix 6iokax rpada G'. Torma
B G’ cyllecTByeT TOYKa COUJIEHEHHs v, MPHUHALJIexKallas J000H
npoctoit (a,b)-uenu rpapa G’ u otauuHas ot a u b. Uepes G}
0603HaunM noarpad rpaca G’, MOpoxAeHHBIE BEPIIMHON v U Bep-
IIMHAMH KOMIIOHEHTBI CBsidHocTH rpada G’ — v, comepxkalieit a,
a uepes G — noarpad rpada G’, NOPOKIEHHBIH BEPIIMHON v
¥ BEpIIMHAMH OCTaJbHBIX KOMIOHEHT CBsi3HOCTH rpada G’ — v
(B aTOM MHOXKecTBe JiexHT BepiunHa b). [lycte GY = G| +eq, tne
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e1 = av — HOBoe pebpo, u G4 = G + eq, THe ea = vb — HOBOE
pebpo (puc. 33).

Puc. 33

3amertum, uyto B rpade G pebep MmeHblue, ueM B rpade G.
JleficTBuTeNbHO, BMeCTO pebpa e B Gf ecTb pebpo e; U 4acThb
pebep us rpada G ocranace B rpade G4. AHamoruuHo, B rpade

4 pebep MeHblie, yeM B rpade G.

[Tokaxewm panee, uro B rpade GY u, aHanorudso, B rpape G4
HeT noarpagos, romeoMopdHEX K5 nian Kj 3.

[eiictBuTenbHO, eciu B GY nMeercs Takoil moarpad, To B
3TOM moAarpade MPUCYTCTBYeT BHOBb NPHUCOENWHEHHOe pebpo, HO
3T0 pe6po e; MOXKHO 3aMeHHUTb Ha lLielb

a—b—...—,

B3B HekoTopyw mpoctyio (b,v)-uenb P, B rpade G5. Creno-
BaTeJIbHO, MBI MOJYUYW/IH Toarpag B G, romeoMopdHblll K5 WM
K33 3, UTO HEBO3MOXKHO.

Tenepp B cuny muHHMasnpHOCTH rpada G rpadol GY n GY
miiaHapabl. Bosbmem ykiagky rpada (] Ha MIOCKOCTH Takyio,
YTO pedpo e; = av JIeXKUT Ha TpaHHlle BHellHell rpaHu. Bo BHer-
Heil rpanu rpada G Bo3bMeM ykaaaky rpada G4 Takyio, uTo
pebpo es = vb JNEKUT Ha TpaHHUlle BHellHeH rpaHu (puc. 34).

v b

Puc. 34

OTMmeTHM, YTO ONSATH BepllMHA v MpeJcTaBjleHa Ha MJ0CKOCTH
B IByX 3k3eMmmispax. OueBupHo, no6aBneHue pebpa e = ab He
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MeHsieT TiaHapHocTH rpada GY U GY. Ckienm 06a BXOXKIEHHs
BEpLIMHBl ¥ TOYHO TaK 2Ke, KaK MBI 3TO C/Iesla/ld B 10Ka3aTesbCTBe
yTBepxaeHus 3) (puc. 39).

Puc. 35

CotpeMm 3arem paHee nobaBseHHble pebpa e; U es. B pesysb-
TaTe Mbl NOJNYYUM YKJIanKy rpada G Ha NJIOCKOCTH, YTO HEBO3-
MO2KHO.

HWrak, Mbl [0Ka3ajn yTBepxaeHue 4).

Cpenu Bcex ykjaanok rpada G’ Ha MIOCKOCTH U CPeiH BCeX
uukgaoB C, copmepXawux a WU b, 3auUKCUpyeM Takylo YKJaaKy
U TaKOH LMKJ, 4TO BHYTPHU 006JIaCTH, OrpaHHueHHOH uukiaoM C),
JIEXKUT MaKCHUMaJbHOE BO3MOXKHOE 4HC/0 rpaHedl rpada G’. 3a-
¢uKcHpyeM ofMH K3 00XooB Mo UukaAy C (Ha pHCyHKax Oynem
paccMaTpuBaTh OOXOA MO 4acoBOH cTpeske mo uukay C). Hns
BepiuuH u ¥ v uukaa C depes Clu, v] Gynem 0603HauaTh NPOCTYIO
(u,v)-uens, uayuyo no uukay C oT w 0 v B HamlpaBJeHHH
obxona unkaa. Koneuno, Clu,v] # Clv,u]. [Nonoxum C(u,v) =
= Clu,v] \ {u,v}, 1.e. C(u,v) nonydeno usz C|u,v] orGpacsiBa-
HUEM BEpIINH U U V.

Brewrum epagpom (otHocuTesbHO Lukaa C') GyaeM HasblBaTb
noarpad rpada G’, nMopoxAeHHBIH BceMH BepiunHamu rpada G,
JIeXKalMMK cHapyKHu oT uukiaa C'. KoMnoHeHTBl CBS3HOCTH BHeIl-
Hero rpaga OyIeM HasblBaTb BHEWHUMU KOMNOHenmamu. B cuny
cBsI3HOCTH rpada G’ mjist J11060i BHeLIHe# KOMIOHEHTb JOJIXKHbI
cylecTBoBaTh pebpa B G, COENUHSIONIME €€ C BEPIIMHAMH LHK-
na C. Brewrumu wacmamy 6yneMm Ha3biBaTb (puc. 36):

a) BHelIHHE KOMIIOHEHTbl BMECTe CO BCeMH pefpamu, COenu-
HSIOIIMMH KOMIIOHEHTY ¢ BeplIMHaMHU Lukaa C, 1 HHUHAEHTHBIMU
UM BepIIHHAMHY;
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6) peGpa rpada G’, nexaiue cHapyu ot uukiaa C U coenu-
HsIOIIMe fBe BepluuHbl W3 C, BMecTe C MHUUIEHTHBIMH TaKOMY
pebpy BepLIMHAMH.

Puc. 36

AHaJIOTHYHO ONpPeNessioTCs BHYMPeHHULl epagd, 8HYymMpeHHue
KOMNOHeHmbL ¥ 8Hympernue yacmu (0THOCHTe bHO Lukaa C).

Bynem roBopuThb, 4TO BHeLIHss (BHYTPEHHSIs) 4acTh 8cmpeua-
em yuksa C B CBOUX TOYKax MpUKperieHus K uukiay C.

5) JlokaxkeM, uTo J00asi BHeLIHsst yacTb BeTpeyaer wuka C
TOYHO B JIBYyX TOYKax, OHA M3 KOTOpbIX JexKUT B C(a,b), a apy-
ras — B C(b,a).

Ecnu BHelHsAst yacTh BeTpeyaeT LKA C' TOYHO B OLHOH TOY-
Ke v, TO v SBJISIeTCS TOUKOH codsieHeHHs rpada (G, 4TO HEBO3MOXK-

Ho (puc. 37).
a
: ' ‘~§
b

Puc. 37

Takum 06pa3oM, BHeIIHsisi 4acTb BCTpeyaeT uukga C He Me-
Hee 4YeM B [BYX TOYKaxX. EC/iM BHEIIHSi YacTb BCTPedaeT LHKJI
C B mByx toukax u3 Cfa,b] (cayuaii C[b,a] paccmarpuBaercs
aHaJIorMyHo), T0 B G’ MMeeTcst LHKJ, COAEpXKallui BHYTPH cebs
Gosibliie rpaHed, yeM 1ukaA C, ¥ NPOXOAAINIHE Yepe3 a U b, 4TO
HeBO3MOXHO (puc. 38).
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Puc. 39

Onupasich Ha clieJaHHbIE 3aMeUaHus, TENePh JIETKO 3aBEPIIUTh
JI0Ka3aTeJbCTBO YTBEPXKIEHHS D).

Beuny yrBepxkuenus 5) OymeMm TOBOPUTh, UTO Jl00asi BHEII-
Hsisl dacTb siBisiercs (a,b)-paddeasioujeri 4acmulo, MOCKONbKY
ona Bcrpeuaet U C(a,b), u C(b,a). AHaJOrHUHO MOXHO BBECTH
nousitve (a,b)-pasmessioulell BHyTpeHHel yacTH. 3aMeTHUM, 4TO
BHYTPEHHSISI 4acThb MOXKET BCTpeuath Uuka C, BooOlle roBops,
GoJiee ueM B IBYyX TOYKaxX, HO HE MeHee 4eM B ABYX TOYKAaX.

6) IokaxkeM, 4TO CyliecTByeT X0Tsi Obl omHa (a,b)-pasmesis-
I01[as1 BHYTPEHHSIS YaCTh.

[TycTh, OT MPOTHBHOTO, TAKUX BHYTpeHHHX uacTedd Her. To-
r7ia, BBIXOAS M3 a BHYTPH 06/1acTH, orpaHuueHHO# C, ¥ ABHrasch
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BOu3n ot C no HampaBseHuio o6xona C W BOJH3M OT BCTpe-
YaloLMXCs BHYTPEHHUX 4YacTeH, MOXKHO YJIOXUTb pebpo e = ab
BHyTpY uMkaa C (puc. 39), T.e. G — nyaHapHbIH Tpad, 4TO
HEBO3MOKHO.

HMrak, Mbl yCTaHOBHJIM yTBepxaeHHE 6).

7) IlokaxkeM, UTO CYIIeCTBYeT BHELIHss 4acTb, BCTpeyalolas
C(a,b) B Touke ¢ u C(b,a) — B TouKe d, A/ KOTOPOH Haipercs
BHYTPEHHsIsl 4acTh, siBJsioLlasicsi OfHOBpeMeHHO (a,b)-pasnesis-
woued u (¢, d)-paspensoiiei.

Ha puc. 40 mokasan npumep CHTyaluH, YKa3aHHOH B 3TOM

YTBEp2KIAEHUH.

' :

Puc. 40

d

<

[lycTh, OT MPOTUBHOTrO, YTBEpXKAEHHE 7) HEBEpHO. YTMOPSIO-
unM (a,b)-paspensiioliye BHYTPEHHHE YacTH B MOPSAAKE MX MpPH-
KpernJsieHuss K UMkaAy C TNpH ABUXKEHHH MO LHUKJIAY OT a 10 b H
0003HAaUUM HX COOTBETCTBEHHO 4epe3d Ini,Ing,.... IlycTh uy u
ug — TepBasi ¥ nocyenusst Bepuntsl U3 C(a,b), B KoTopbix Ing
BcTpevaeT UMka C, a v1 U vo — TepBasg W NOCJeIHss BepLId-
Hel U3 C(b,a), B Kotopeix In; BerpeuaeT UMK/ C' (BO3MOXHO,
BOOOIIEe TOBOPS, U1 = Uz HIH v; = v3). [lockonbKy 7) HeBep-
HO, 1151 JI0OOH BHeLIHeH 4acTH o0e ee BEPIIHHBI, B KOTOPBIX OHA
BcTpevaetr C, nexat au6o Ha Clveg, ug], 1160 Ha Clus,v;]. Torna
CHapy»k4 oT LKKJAa C MOXHO IPOBECTH KOPLAHOBY KpUBYIO P, He
nepecekast peGep rpada G’, coemuHsiomyo ve ¢ uy (puc. 41).
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Puc. 41

ITockosibky Ha yuactkax C(uy,uz) u C(v1,v2) HET TOUYEK NPH-
KpPeIJIeHHs] BHEIIHUX 4acTel, UCMOMb3ysi »KOPAaHOBY KpHBYIO P,
BHYTPEHHIOI 9acTb Im1 MOXKHO IepeOpOCHTD («BBIBEPHYTh» Hapy-
Ky ot ukjaa C') BO BHELIHIOW 00/1acTb 0T uukaa C, T.e. YI0XKUTh
ee cHapy>Xu oT uukaa C' U clesaTh ee BHELIHEH 4acThlo.

AHanornuHo Bce octasbHble (a,b)-pasnessiiolide BHyTPEHHHE
9acTH MOXKHO INepeOGpPOCHTb BO BHEIIHIOI 06JacTh OoT Hukmaa C.
[Tocne atoro TouHO Tak ke, KaK B [0OKAa3aTeJbCTBE YTBEpxKJe-
HUs1 6), pebpo e = ab MOXKHO YIOXKUTb BHYTPH LMKaa C, Tak Kak
He octaHercs (a, b)-pasnessiolux BHYTpeHHUX 4yactedl. CJenoBa-
TEJBHO, MBI MOJYYUM YKJIAIKy rpada (G, 9To HEBO3MOXKHO.

HWrak, Mbl [0Ka3ajn yTBepxaeHue 7).

OGosnauum yepe3 In BHYTPEHHIO YacTb, KOTOpasi sIBJISETCS
onHoBpemeHHo (a,b)-pasnensioiieit u (c,d)-pasgessiouieli, rie ¢
¥ d — TOYKH MNpUKpernyeHHss K LuKay C HEKOTOPOH BHeLIHek
yact J, npuuem c gexut Ha C(a,b), a d — Ha C(b,a) (puc. 42).

OTrmeruM, 4TO BO BHewwHei uactd J ectb mpocras (d,c)-
uenb P. O603HauMM uepe3 u; WU us BEpUIMHBI, B KOTOPHIX In
Bcrpeuaer coorBerctBeHHo C'(a,b) u C(b,a), a uepe3 vy U vy —
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Puc. 42

BepLIKHBI, B KOTOpbIX In BcTpeuaer coorBerctBeHHO C(c,d) W

C(d,c) (puc. 43).

Puc. 43

JanbHelre paccykaeHus pasobbeM Ha 1Ba cjaydas.
1. Iyctb mapa BepluKH vy U vy siBAsieTcs (a, b)-pasaesiomed.

Torpa, B yacTHOCTH, vy # a U v; # b. Jlerko MoHATH, 4TO
B 3TOM ciydae rpad G cogepXHuT noarpad, roMmeoMopthHblll K3 3
(oTmetuM, uto B In cyuiectByeT npoctas (vi, ve)-Luemnb) (puc. 44).

nian

Puc. 44
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2. IlycTh mapa BepLIMH v1 U vo He siBasieTcs (a,b)-paspeds-
toLLeH.

Torna vy, vy aexar Ha Cla,b] unu vy, vy Jexar Ha Clb,al.
Be3 orpaHuyeHust 0GIIHOCTH OyIeM CUHTAThb, YTO v1 M vUg JIEXKAT
Ha Cla,b).

2.1. Tlyetb v1 ¥ vy sexat Ha C(a,b), T.e. v1 # b U v # a
(puc. 45).

Uy
b

Puc. 45

2.1.1. Iyctb ugy Jexur ua C(d,a).
Torna B rpajge G umeercsas noarpad, romeoMopHbil Kj 3
(puc. 46).

2.1.2. Tlyctb ug = d.

Torzma Bo BHemmHell 4acTy In MMeeTcsl BePIIHHA w U TPH MPO-
CTHIE LEMH OT W COOTBETCTBEHHO A0 d, ¥; U Vg, KOTOpblE B Ka-
yecTBe OOLIEH TOUKH HMEIOT TOJMBKO TOYKY w. B 3TOM ciyuae B
rpade G umeercs noarpad, romeoMopdHblil K3 3 (puc. 47).

2.1.3. Iyctb ug nexur Ha C'(b, d).
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Torma B rpade G ectp mnoarpad, romeoMopdHbIH K33
(puc. 48).

Hrak, mbl paccmoTpenu cayuaii 2.1. [ToaTomy Mbl MOXKeM cuu-
TaTh, YTO XOTs Obl OHA K3 BEPLIHH v1 U vy He JexuT Ha C(a,b).
Bes orpaHuueHHsi OGLUIHOCTH OyIeM CUUTATH, YTO 3TO BEPLIKHA V1,
T.e. v1 = b (mockoabKy vy JexuT Ha Cla, b]).

2.2. Tlyetb vg # a.

2.2.1. Iyctb ug nexur Ha C(d, a).

Torna B rpade G ectb noarpag, romeomopdHbil K33 (CM.
puc. 49).

2.2.2. Tlyctb ug = d.

Torzna B rpae G umeercst noarpacd, romeoMopdHblil K3 3 (cM.
puc. 50).

2.2.3. Ilyctb ug nexur Ha C'(b, d).
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Torma B rpade G umeercs mnoarpad, romeoMopdHbf K33
(puc. 51).

Hrak, mbl pacemotpenu caydail 2.2. [lostomy ocrajoch, Ha-
KOHeLl, pacCMOTpPeThb NOCJeIHUH caydai.

2.3. Ilyctb vy = a (puc. 52).

b=uv,

Puc. 52

PaccmoTpum Tenepp napy BepLIMH uj; M ug2. Dynem cuuTaTh,
4TO u; = ¢ U Uy = d, MOCKOJbKY BCe APYTHE CJaydyad pacroJoxKe-
HUS BepLIMH U] U U2 PacCMaTPUBAIOTCS COBEPLUIEHHO aHAJOTHYHO
TOMY, KaK OBl PACCMOTPEHbl BCE CJIyUad PacrioJioKeHHUsl BepILHH
v1 U vy. [lycte Py 1 P, — COOTBETCTBEHHO KpaTualllne MPOCTHIE
(a,b)-uemnb U (¢, d)-uenb Bo BHyTpeHHeH yacTu In (cM. puc. 53).

OueBupHo, uenu P; v P UMeloT 001y TOUKY.

2.3.1. Ilyctb uenu P; u P, uMmetoT 60Jiee 0OIHOH 0OLIeH TOUKH.

Torma B rpade G ectb noarpad, romeomopdHeil K33 (cMm.
puc. 54).

2.3.2. Tlyctp uenu P; v P, UMEIOT TOJBKO OAHY OOILYIO TOY-
Ky W.

Torna B rpade G ectb moarpad, romeomopdubiii Ky (cm.
puc. 55).

Mpbl 3aBeplIM/IM paccMOTpeHHe TocjenHero caydas 2.3. Ta-
KUM 06pa3oM, I0KaszaHo, 4To B rpade G umeercsi moxarpad, ro-
MeoMophHBIH K33 Wi Ki, 4TO NPOTHBOPEYUT HaLIeMy NEPBOMY
TpeJI0J0XKeHHIO.

Hrak, Teopema nokasaHa. O
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Puc. 55
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OnpenenuM npouenypy ctaruBanus peépa B rpage. Ilycts e =
= uv — pebpo rpaca G, He siBasoleecs netaeit. [Tocnenopareb-
HO BBIMOJHHUM CJEIYIOLIHe NeHCTBHS: OTOXKIECTBUM BEpPILIMHBI U
U v, OTOPOCUM BCE TMETNH, U3 KaXKI0H COBOKYMHOCTH KPaTHHIX pe-
6ep or6pocuM Bce pebpa, KpOMe OLHOTO, T.e. CBEIeM KPaTHOCThb
pebep K enuHuie. [losyunM oObIKHOBEHHBIH rpad, KOTOPbIH 060-
3HauuM uepe3 G’. Bymem rosoputh, uto rpadh G’ mosydeH u3
rpaba G cmsaeusanuem pebpa e. Ha puc. 56 nokaszaH mpumep
NPUMeHEeHHs] TPOLeYPhl CTATMBaHUS pebpa.

o<

Puc. 56

ToBopsit, uto rpad G cmsaeusaem k epagy G', ecnu G' = G
wid G’ MOXHO mosyuuTh U3 (G C IOMOLLBI0 KOHEYHOrO yHca
MpUMeHeHHUH MPOLENyphl CTATHBaHUS pebep.

IIpumep. I'pa¢ Ilerepcena crsiruBaem Kk K5 (puc. 57).

LY

Puc. 57

3amertum, uto rpad [lerepceHa He comepXuT noarpados, ro-
MeoMophHbIX K5, HO comepKUT noarpad, romeoMopdHbi K3 3.

B 3akJioueHue aToro pasjesa npuBeneM 0e3 I0Ka3aTesbCTBa
HEeCKOJIbKO MHTEPeCHBIX YTBEPXKIEHWH O TJIaHApHBIX rpagax.
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CJrienyoulyio TeopeMy MOXHO BBIBECTH U3 TeopeMbl [IOHTpsITH-
Ha-Kyparosckoro.

Teopema 5.5 (Baruep, Xapapu u Tarrt). [pag naanaper
moeda u moavko moeda, Koeda oM He codepxcum nodepagos,
cmaeusaemoix K Ki 3, u He codepxum nodepagos, cmseusa-
emoix Kk K.

Teopema 5.6 (Baruep). Ob6oikHo8eHHbil naaHapHblli epag
obaadaem YKkAaOKOL HA NAOCKOCMU, 8 KOMOPOU 045 u306pace-
HUSL pebep UCNOAb3YIOMCS AULLb OMPE3KLU NPIMbLY AUHUL.

Teopema 5.7 (Beiikep). Caedyroujue ycao8us sK8UBANEHM-
Hot 051 110001 KoHeunol peutemiu L:

1) pewemka L naanapua, m.e. niauapra ee ouazpamma
Xacce;

2) 8 pewemke L ee nopsadox asisemcs nepeceueruem 08Yx
AUHeLHbLX Nops0K08, onpedesenHblx Ha MHoxcecmse L;

3) pewemka L uzomoppro sroxcuma 8 npsamoe npoussede-
Hue 08Yyx KOHeuHblX uenet.

B cBs3u ¢ mocsenHe# Teopemort otmeTHM, uto Kesnu u PuBan
HallJM OMHMCaHWe MJaHAPHBIX KOHEUHBIX PEeIIEeTOK Ha SI3blKe 3a-
IpeleHHbIX noapemeTok. MMy 6b1I0 MoCTpoeHo cyeTHoe (6ecko-
HeYHOe) CeMeHCTBO BCEBO3MOXKHBIX MHHHMMAJbHBIX HEMJIaHAPHBIX
KOHEYHbIX pelleTOoK.

§ 5.4. ABOUCTBEHHbBIE NPA®MbI

['pad G HasbiBaeTcs dsolicmeennbim K rpady Ga, ecau Mart-
poun uukiaos M(G;) rpada G U30oMOpdeH MaTPOHAY Paspes3oB
M*(G2) rpada Go. [TockosbKy H30MOP(H3M MATPOUIOB SIBJISIETCS
HU30MOP()HU3MOM U [BOHCTBEHHBIX K HHM MAaTPOHIOB, OTHOLIEHHe
«ObITh IBOMCTBEHHBIMH» /s rpa)oB CHMMETPUUHO.

3aMeTuM, 4TO AJisi NBOHUCTBeHHbIX rpacdoB G U Go 0YeBUIHO
BoinosiHsieTcs: 7(Gh) = r*(Gs2) u r*(G1) = r(Ga2).

Jlemma 1. [Iycmo G u Go — Henyaesvle epaol u ¢ — buek-
yua us EGy1 Ha EGy. Ecau ¢ (mounee, omobpascerue, undyyu-
posannoe ¢ Ha P(EG1)) omobpaxcaem 8exmopv. HeKOmMOpozo
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6asuca npocmparcmea yukios ecpaga Gi Ha 8eKmMOps. HEKO-
mopoeo ba3suca npocmpancmsa paspesos epaga G, mo epagot
Gy u Go — 83aumro dsoticmserHovle epaeoL.

Hoka3areabcTBo. O4eBnHO, M06asi OUEKIHS COXPAHSIET OIe-
pauuu U, N, \ #, ciefoBaTebHO, COXPaHSET OMepaldio CUMMETPHU-
YeCKOH pasHOCTH B.

[TockosbKy 6asuc nepexoguT Ha 6asuc, MPOCTPAHCTBO LIUKJIOB
rpada (G1 nepexoouT non AEHCTBHEM ¢ HA IPOCTPAHCTBO Pa3pe3oB
rpada G. Tak Kak oTHoueHHe C TakxKe coxpaHsieTcss OUeKLHel
B 00€ CTOPOHbI, MUHUMAaJbHblE HEHYJIEBble 3JeMEHTHl MPOCTPaH-
cTBa UHUKJOB rpada Gi, T.e. UukJbl rpada (i, MepexonsiT MOA
IEeHCTBHEM ¢ Ha MHUHHUMAaJbHble HEMyCThble 3JeMEHThl NMpOCTpaH-
cTBa paspe3oB rpaga G, T.e. Ha pa3pesnl rpada Go. KoHeuHo,
BEpHO U 00paTHOE yTBepKIeHHe, T. e. ¢ — HU30MOP(H3M MaTPOULA
M(G4) Ha matpoun M*(Gs). O

IIpuwmep.

Puc. 58

PaccmoTpum 6asuc mpoctpaHcTBa HUKIOB rpada (G1, KOTOPBIH
COCTOHUT M3 BEKTOPOB, OTBEYAIOIINX €r0 BHYTPEHHHUM T'PaHSAM:

Cy ={e1,ea,e3}, Co={es,eq,e5,66}, C3={es,e7, €3}

Onpenenum Guekuuto ¢ us EGy; Ha EGo, monaras ¢(e;) = e}
st i =1,...,8. OueBugno, 7*(G1) =m—n+k=8—-6+1=
=3ur(Gy) =n—k=4-—1=3. Nanee zamerum, uto ¢(C1),
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#(C2) u ¢(Cs) — nMHeHHO He3aBHCHMasi CHCTeMa pa3pe3oB rpa-
¢a G2 u, caenoBaTesbHO, OHa ABJseTcss 6a3MCOM INPOCTPAHCTBA
paspe3os rpaga G, Tak Kak r(G2) = 3. Takum o6pasom, ¢ mepe-
Boaut 6asuc C1, Cy, Cs mpocTpaHCcTBa LUKJIOB rpada G Ha 6a3uc
#(Ch), #(C2), ¢(Cs) nmpocTpaHcTBa pa3pes3os rpada G, T.e. G H
G2 — B3aMMHO 1BOUCTBEeHHbIe rpadbl 1o JeMmme 1.

[Tycts G — mnpousBosbHBIN Tpad ¥ e = ab — HEKOTOpoe ero
pe6po. bynem rosoputs, uto rpad G’ nonyuen u3 rpada G 3amot-
Kanuem pebpa e, ecaiu G’ mosydeH U3 G C MOMOLIBIO CJIEAYIOINX
IeHCTBUH: oTOpaceiBaHUs pedpa € U OTOXKIECTBJIEHHS BEPIIUH a
¥ b, T.e. 3aMeHBl UX Ha ONHY HOBYIO BeplLIHHY (3aMeTHUM, 4TO
IIPY 3TOM COXPaHSAITCS Bce pedpa, OTIUYHbIE OT €, TONbKO KOHIIbI
pebep, paBHBIEe a HJH b, 3aMeHSIOTCS HA HOBYIO BEpILUHHY).

Puc. 59

Jlemma 2. [lycmo Gy u Gy — 83aumrno dsoticmeerHole epa-
pot, ¢ — usomopgpusm mampouda yuxkros M(G1) Ha mampoud
paspesos M*(Gs), e € EGy, G} = G1 —e u Gy — epag, no-
ayuennotli us Go samvikanuem pebpa ¢(e). Tozda Gy u Gy —
83auUMHO 08olicmBeHHble epaol.

HoxkasareabcTBo. [TokaxkeM, uTo orpaHHueHHe U30MOpPHU3Ma
¢ Ha MHOXecTBO EG’ siBisieTcss H30MOPPHU3MOM MaTPOHIA LIUKJIOB
M (G') na marpoun paspeszoB M*(GY).

[Tycte C — uukia rpada G4. OH siBasieTcsl LUKJIOM H B rpade
G1, He comepxaiiumM pebpa e. Torma ero obpas ¢(C) siBnsiercs
paspe3oM B rpade Go, He comepxkaiinm ¢(e). HerpynHo mousith,
yro ¢(C') Gynet paspesom u B rpade G.

O6parto, nyctb ¢(A) — paspes B rpade G5 mJisi HEKOTOPOTrO
A C EGY. lockonbky € € A, 5TOT paspes sIBJsETCS pa3pe3oM U B
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rpae Gs. Torna ero npoo6pas A siBasieTcss UUKJOM B rpage Gy,
He conepxaiunM e. CienoBatesbHo, A — uuka rpaga GY. O

IIpumep. Paccmorpum rpadsl G1 ¥ Go U3 MpenblAyILEero Mnpu-
Mepa. Ynaaum pebpa es U eg U3 rpada G1 ¥ 3aMKHeM pebpa e5 U
eg B rpade Ga. [Monyuynm crenyrorye rpadel

Gy
Puc. 60

I'padper G} u G, B3aMMHO [ABOUCTBEHHBI, MOCKOJIBKY ¢ OTOG-
paxkaeT eIHHCTBEHHbIH LUK rpada G| Ha eIHHCTBEHHBIH pa3pes
rpada G5.

CaenctBue 1. Eciu HeHyneBo# rpad uUMeeT NBOHCTBEHHBIH
rpad, To J1060i ero HeHyJeBoH noarpad Tak:ke UMeeT JBOHCTBEH-
HBIH rpag.

JlokasarenbcTBo. J[0CTaTOYHO OTMETUTb, UTO JIOOOH HEHY-
Jesoi noarpag H rpada G MOXKHO moJyduTb U3 G, ynajsis Bce
pebpa, He NpuHamJexawye H, v ynanss JUIIHHe H30JHPOBaHHbIE
BepLUUHBI. O

CaenctBue 2. Ecnu rpad uMeeT NBOHCTBEHHbIH rpad, To Jio-
600 roMeoMop(HBIH eMy rpad Takke UMeeT IBOHCTBEHHBIH rpad.

HoxkasareansctBo. [lycts G; 1 G2 — B3aUMHO JBOHCTBEHHBIE
rpadsl 1 ¢ — usomopduam Matpouaa HukJaI0B M ((G1) Ha MATPOUL
paspesoB M*(Gy).

[Tpennosioxum cHadaga, uto rpad G moayued us rpada G,
UCKJIOUEHHEM BEpIIUHBl ¥ CTEMNEeHH 2 U ey = av, e; = vb —
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IBa pasJU4YHbIX pebpa, MHLUMAEHTHBIX BeplIMHe v B rpade Gi.
Bynem cuutath, 4TO NpH HCKJ/IOUEHHH BepLIMHBl v pedpa e; U eg
rpada G 3amensitoTcsi Ha peGpo es = ab rpada GY. OueBuaHO,
rpag G} MOXHO MOJMYyudTh M3 rpada G U APYrHM CIOCO6OM —
3ambikasi pebpo e;. [lostomy B cuay semmbl 2 rpad G nmeer
NBOHCTBEHHBIH rpacg.

[pennosoxum Temepb, uto rpad G} mnoayueH us rpada G
BKJIIOYeHHeM BepIUMHbl v cTeneHH 2. [lycTb npu 3TOM HeKoTopoe
pebpo e = ab rpada (G; 3aMeHsieTCs Ha Ba HOBBIX pebpa e; = va
1 eq = vb rpada G. Uepes G, 0603HaunM rpad, nosyueHHbIH U3
rpada G2 3ameHo# pebpa ¢ = uw, rae ¢/ = ¢(e), Ha [ABa HOBBHIX
KpaTHBIX pebpa €] = uw u e, = uw. OueBHAHO, BCe UMKJIbI rpada
G| monyyaiotcst U3 UMKJOB rpada (G 3aMeHOH KaXK[0ro BXOXKJe-
HHSl B LHUKJ pebpa e Ha 1aBa pebpa e; U es. AHaJOrMYHO, BCe
paspessl rpada G mosydarores u3 paspes3o rpada G 3aMeHOH
KaXI0r0 BXOXJIEHHUsI B paspe3 pebpa ¢’ Ha nBa peGpa €] u e5.
Orciopa sierko BbiBecTH, 4To G} u Gy — B3aMMHO NBOHCTBEHHbIE
rpagsl. O

[Iycte G — mpousBosbHBIN HeHysneBoH rpap u v € V = VG,
Bexmopom urnyudenmrocmu, OTBeUalOIIUM BeplinHe v, Oymem
HasbiBaTh cevyeHde (v, V \ v) rpada G u Oynem o6o3HayaTb ero
yepe3 Sec(v).

Jemma 3. [Tycmo VG = V3 U V,, ede Vi = {v,..., 0} u
Vo = {vis1,...,0n} 021 Hekomopoeo t € N, ede n — uucao
sepuiur 8 Henyresom epage G. Toeda

(Vi, Vo) = Sec(vy) @ --- @ Sec(vy) =
= Sec(viy1) ® -+ B Sec(vy).

HoxkasareabctBo. Kaxnoe pebpo rpada G, npuHaiexaliee
ceuenuto (V7,V32), BCTpPeTHTCS TOUHO B ONHOM H3 MHOXKECTB
Sec(v;) past i =1,...,t. Kaxnoe xe pe6po rpada G, He npuHaz-
Jlexkalllee paccMaTpHBaeMOMY CeuyeHHI0, JM60 Boollle He BCTpe-
TUTCS B MHOXecTBax Sec(v;) mas ¢ = 1,...,t, 1u60 BCTPETUTCS
TOYHO B JByX M3 HHUX, OTBeYamLIUX KoHUaM pebpa. M3 ckaszaH-
HOT'O cJleyeT TepBoe U3 10Ka3blBaeMblX paBeHCTB. BTopoe paBeH-
CTBO [I0Ka3blBaeTCsl aHaJOTHYHO. O



§ 5.4. Jlsoiicmsennvie epagol 157

CaenctBue 3. Ilycte G — HeHyseBol n-rpad. Torna Jo6eie
n — 1 BEKTOPOB UHLUAEHTHOCTH, OTBEYAIOIMX €ro BepLIMHAM, SB-
JISIIOTCSl CUCTEMOH 00pa3yIolX IPOCTPaHCTBA pa3pe3os rpada G.

HokasareabcTBo. Kaxk OblJIO J0KazaHO paHee, BeKTOpaMH
IPOCTPAHCTBA pa3pe30B HeHyJNeBOro rpagda sBJ/SIOTCS CeueHHs
rpada U TosmbKo OHH. OCTasoCh OTMETHUTB, UTO OTCYTCTBYIOLIHH
BEKTOP MHLHUAEHTHOCTH HE BXONUT TOUHO B ONHO M3 YKa3aHHBHIX B
JleMMe 3 pasJsoXKeHHUH. O

Jlemma 4. Jlroboti nenyresoil naanapHolil epag umeem 080L-
cmeenHbill epag.

HoxkasareabctBo. [lycte G — miockuil HeHysneBo# rpad u
g1,...,9f — BCe ero rpaHd. PaccMoTpUM HeKOTOpOe MHOXe-
CTBO, cocTosillee U3 f BepuUHH {v1,...,vs}. Onpenesum Ha HeM
rpad G'. Ilns kaxmoro peGpa e rpada G, Jexalero Ha rpaHule
rpaHedl g; U g;, 3amafuM pebpo ¢ = v;v; rpada G’ (KoHeuHo,
clydyall ¢ = j oTBedaeT CUTyallMH, Korga pebpo e JIeKUT BHYTPH
TpaHu g;, ¥ Toraa € = v;v; SIBJASETCs NeTyel).

Puc. 61
Hokaxem, uto G u G’ — B3aUMHO [BOHCTBEHHbIE Tpadbl.
[Tycts Xi,...,Xy_1 — 0asuc npocTpaHcTBa LMKJIOB rpada G,

COCTOSILLIMH U3 BEKTOPOB NPOCTPAHCTBA LMKJ/OB, OTBEYaOLIHUX Ipa-
HHMLAM BHYTpPeHHUX rpaHeil rpada G. PaccMoTpuM Guekiuio ¢ U3
EG na EG’, xotopasi (aktuuecku Oblja ompeieseHa Mpu 3aja-
Huu pebep rpada G’ ¥ /s KOTOPOH BeIMOJHSETCS p(e) = € s
qoboro e € EG. OueBuaHo, aas Jawbdoro ¢ = 1,..., f — 1 MHOXKe-
cTBO ¢(X;) siBAsieTCs] BEKTOPOM MHLHMIEHTHOoCTH rpada G’, orBe-
YaloIIMM ero BeplinHe v;. CucteMa BeKTOpoB ¢(X1), ..., ¢(Xf_1)
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MpOCTpPaHCTBA pa3pe3oB rpada G’ MMHEHHO He3aBUCHMA, TaK Kak
OueKHs TePEBOAUT JHHEHHO He3aBUCHMYIO CHCTEMY BEKTOPOB B
JIMHEHHO HEe3aBHCHMYIO CHCTeMY BEKTOPOB (IIOCKOJIBKY OHEKIHS
COXpaHsleT CHMMETPHUEeCKyIo pasHocThb). Temepb B cujy cief-

ctBust 3 cucreMa ¢(Xq),...,¢(Xy_1) sBasiercs GasuCOM IIpo-
cTpaHcTBa paspes3oB rpada G'. OTcrona Ha OCHOBAHHU JIEMMBbI |
3akJouaeM, ytTo G u G’ — B3auMHO IBOHCTBeHHble rpadbl. [

Jlemma 5. Ipagp K33 ne umeem dsoticmsenroeo zpaga.

HoxkasatenbctBo. OueBriHO, B rpade K33 BHIIOJHAIOTCA
cJieflylollue CBOUCTBA:

1) rpad) He HMeeT pa3pe3oB, COCTOSILIMX W3 ONHOTO WJIH H3
IBYX pebep;

2) 10608 MK UMeeT IJUHY 4 uau 6;

3) uucso pebep m = 9.

[Tyctb, ot mnportuBHOro, rpad Kss3 HMeeT [IBOHCTBEHHbIH
rpad G. Bynem cuutarb, 4to B rpae G HeT U30JHUPOBAHHBIX Bep-
wHH (oTOpachiBaHHE H30JUPOBAHHBIX BEpLIMH B rpadax, oueBH.-
HO, He HapyllaeT JBOHCTBEHHOCTH). B cH/ly YyHIOMSIHYTBIX CBOUCTB
rpacda K33 B rpade G BBINOJHAOTCS Clefylollle CBOHCTBA:

1’) HeT meTesib U HET LMKJOB JAJUHBE 2, T.€. G — 0OBIKHOBEH-
HBIH rpad;

2') HeT HeHyJIeBbIX cedeHWH (M, B YaCTHOCTH, BEKTOPOB HH-
[UIEHIIMH), comepKalux MeHbine 4 pebep, T.e. degv > 4 ansa
J1060# BepliuHbl v rpada G

3') uucsio pebep m = 9.

Uz 1) u 2') cnenyer, 4to n > 5, TAe M — YKCJIO BEPIIHH
rpapa G. B cuiy JleMMbl 0 DYKONOXKaTHAX NoJy4aeM 18 = 2m =
=> ,degv>n-42>5-4 =20, 4To MPOTHBOPEUUBO. O

Jlemma 6. ['pag K5 ne umeem dsoticmeennoeo epaga.

Hoxa3satenbcTBo. OueBniHO, B rpade K5 BBHIOJHAIOTCS CJle-
IYIOIHe CBOHCTBA:

1) HeT UMKJOB AJMHBL | nuan 2;

2) 060 paspe3 cocTouT U3 4 niu 6 pebdep;

3) uucso pedep m = 10.
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[Iyctp, or mnpoTuBHOro, rpadp K5 uMeeT [IBOHCTBEHHBIH
rpap G. Bynem cuurath, 4To B rpade (G HeT H30JUPOBAHHBIX
BEpIUIVH.

B cuny 2) B rpade G Her uukJ/oB mjuHH 1 wian 2, T.e. G —
0OBIKHOBEHHBIH Trpag.

M3 2) BhiTeKaeT Takxke, UTO Bce LUKJLI rpada G UMeT YeT-
Hble AiuHBl 4 nau 6. Torna G siBAsieTcs ABYHOJBHBIM rpadoM B
cuny teopembl Kenura usz § 1.2.

Ecnu pns uncna n BepwnH rpada GG BHIMOJHSIETCS HEpaBeH-
cTBO n < 6, TO, KaK HeTpynHO yOeauTbcs, NepeOHpasi MOJHBIE
IBYIOJbHBEIE Tpadbl ¢ YUCJAOM BEPLIMH MeHblIe WJH PaBHBIM 6,
175 4yncaa m pebep rpadpa G nmonaydaeM m < 9, 4yTO NMpOTHBOpe-
yut 3). Takum ob6pasom, n > 7. [TockonbKy G — OOBIKHOBEHHbIE
rpad, u3 1) nmonyuaem degv > 3 ngs J060H BepIIMHBI v Tpa-
¢da G. IlpumeHsis eMMy 0 pyKomoxartusx, nosydaem 20 = 2m =
=Y degv>n-3>7-3 =21, 4TO NPOTHBOPEUHBO. O

v

Teopema 5.8 (Yurum). Henyresotl epagh umeem dsoticmeen-
Holll epag moeda u moavko moeda, Koeda OH NAAHAPEH.

Hoxka3areanbctBo. [lycts rpad G uMeeT 1BOHCTBEHHBIH rpag.
[Ipennonoxum, oT npoTHUBHOroO, 4To rpad G HensaHapHeld. Torna
B cuay TeopeMbl [loHTpsirnHa—Kypatosckoro B rpade G umeercs
noarpad, romeomopduslii K5 nian Kz 3. OTciola Ha OCHOBaHHH
caencTBUi 1 U 2 u3 jemMbl 2 mogydaeMm, 4to rpag Ky uau rpad
K3 3 nMeeT IBOHCTBEHHEIH rpad), YTO MPOTHBOPEUUT JIeMMe D HJIH
Jemme 6.

O6paTHOe yTBepXkKIeHHE BEpPHO MO JeMMe 4. O



Inasa 6

PACKPACKH

§ 6.1. XPOMATUYECKME YMCIIA

[lycts G = (V, E) — npousBosbHbI# rpad u {c1,...,ct} —
HEKOTOpOe MHOXKECTBO, 3JIEMEHThl KOTOpPOro OyaeM Ha3biBaTb
KpackaMmu. Packpackou Wad, TodHee, t-packpackoi rpada G
HasbiBaeTcs otoGpaxenue ¢ uz V B {c1,...,c:} Takoe, 4to mJs
JIOOBIX [BYX Pa3MYHBIX CMEXHBIX BepIIMH u U v rpada G Bh-
noJiHsierest ¢(u) # ¢(v). OTMETHM, UTO 3eCh He NpeAroJaraeTcs,
4To ¢ oToOpaxkaeT V Ha BCe MHOXKECTBO Kpacok {ci,...,c;}. By-
IeM TOBOPHTBb, 4TO LBeT ¢(v) npunucan BepuinHe v € V WM
BepliHHa v umeem usem ¢(v). Mpl BUIMM, UTO t-packpacka rpa-
(a G npunuCHIBaeT KaXKIOH €ro BepIUKMHe OIWH W3 t 3afaHHBIX
IBETOB TaKUM 00pas3oM, 4TO J0Oble [Be pa3/HUHble CMeXHbIE
BEpLUIMHBI UMEIOT Pa3HBIil L[BET.

3aMeTHM, 4TO, paccMaTpHBasi pacKpackd, MOXKHO 0e3 orpaHH-
YyeHHUs! OOLHOCTH CYUTaTh rpag G 0ObIKHOBEHHBIM.

I'pap HaseiBaeTcs t-packpauiusaemvim, ecld OH 00nafaeT
t-packpackoii. I'pad HasbiBaeTcsi t-xpomamuueckum, ecid OH
t-pacKpaluinBaeMbli, HO He siBasietcst (& — 1)-pacKpalidBaeMbiM;
YUesao ¢ B TAKOM CJyuae Ha3bIBAIOT XPOMAMUHUECKUM YUCAOM
rpaja G u o6o3HavaT yepes x(G).

3aMeTHUM, 4To:

1) 1-xpomatuueckde rpabl — 3TO HyJeBble Tpadbl U TOJBKO
OHH;

2) 2-xpomaTuyeckue rpadbl — 3TO HeHyJeBble ABYAOJbHbIE
rpagbl U TOJbKO OHH;
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3) x(K,) =nux(G) = n, ecnu rpad G COREPKUT B KAa4eCTBE
noarpadga rpag K, AJs HaTypa/JbHOTO UMC/Ia N.

Teopema 6.1 (Kéuur). Henyaresorl obuiknosennoiii epag G
s8asemcs 2-xpomamuieckum moaoa u moavkKo moeoa, k020a oM
He coO0epacum YuKA08 HewemHol ONUHbL.

ITo yTBepXKAEHHWE 3KBHBAJEHTHO TeopeMe Kéuwura us pasme-
Jga 1.2.

CaencrBue 1. Jlto6oe HeOmHO3/JEMEHTHOE [EPEBO SIBJSETCS
2-XpoMaTHYeCKUM Tpadom.

Yepes A(G) GymeM B pasbHefilieM 0603HauaTh HAKOOJBIIYIO
U3 cTeneHell BepwuH rpaga G.

Jlemma 1. llycmo A = A(G). Toeda epag G epagh searsemces
(A + 1)-packpawusaemoin.

Hoka3areabctBo. [IpoBefeM HHAYKLHUIO 10 YHCJAY BEPIIWH
rpaga G. Ilyctb G — HeonHO3JeMeHTHBIH Tpad WU v — HEKO-
TOpasi €ro BepliKHa. Torga Mo MpeanoJoXKeHHI0 HHIYKLUKU Tpad
G — v aBasercs (A + 1)-packparmnBaembiM. OueBuaHo, (A + 1)-
packpacky rpaa G — v MOXKHO HOMONHUTE 00 (A + 1)-packpacku
rpacda G, mpuIKcaB BepIIMHe v JIOO0H L[BET, He HCIOJIb30BAHHBIH
IJIS PACKPACKH CMEXHBIX ¢ Hell BepIIHH. O

Jlemma 2. Ecau Ora nexomopoeo t € N xascOouil 640K €843-
HO20 epaga t-packpawiusaem, mo u cam epag t-packpawusaen.

JoxkasarenscTBo. [IpoBeneM HHAYKILHUIO MO UYucay OJOKOB
rpaa. MoxkHO cuuTath, 4yto rpad G uMmeer 6ojee OOHOTO GJIOKA.
[lycts B — onuH U3 BUcAYUX 6J10KOB rpada u Gy — noarpad rpa-
¢a G, paBHBIH 06beINHEHHIO OCTANBHBIX 6/10KOB. Uepe3 v 0603Ha-
YUM eIMHCTBEHHYIO o0uryio BepunHy rpagos B u G. Ilo mpen-
MOJIOKEHUI0 HMHAYKUMH rpad G sBjseTcs t-pacKpallilBaeMbIM.
OueBugHO, UMEIOTCS IBe TakHe t-packpacku rpados B u Gy, uto
BepIUMHE v MPUIIUCHIBAETCS UMM OAHMHAaKOBBIH LBeT. Temepp sicHO,
4TO 3TU [Be pacKpacku JaloT HUCKOMYIO packpacky rpaga G. [
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Jlemma 3. [lycmo G — obvikHoserHbll epag, Komopbili 28-
asiemest OAOKOM U He asasiemcs noanvim epagom. Ecau A =
= A(G) = 3, mo epag (G) ssasemcs A-packpawiusaemvim.

HoxkasarenbcTBo. 1) [lokaxkem cHauaja, 4yTo B rpade G cy-
IeCTBYeT Takasi Mpocras He3aMKHyTasl Lelb u — w — U, UTO
BEpIIMHB u U v HecMexHbl U rpad (G —u) —v =G —u—v
CBSI3€H.

O6o3HauuMm Yepe3 L MHOXECTBO BCeX NOMUHUPYIOLIUX Bep-
wuH rpada G, T.e. BepLIHH, CMEXHBIX C Ka)KJI0H ero BepIIHHOM.

[pennosoxum, uto L #* (). OueBHAHO, BEPIIMHHO-TIOPOXK-
neHHbld noarpag G(L) siBasietcs mosnHbiM noarpadom. Tak kak G
He siBJIseTCs NOJHBIM rpadoM, B VG \ L uMetoTcst iBe pas/nuHble
HecMexHble BepiinHbl u U v. [Tockosmbky L # 0, tpap G —u — v
cBsizeH. Ocrasioch B KauecTBe w B3fThb JM0OYI0 BepLIHHY U3 L.

[lyctb Teneps L = ). B cuny ycioBust Teopemsl B rpade G
CYLIECTBYyeT BepliMHA a Takas, 4to dega > 3. flcHo, 4TO Tpad
G — a cBs3eH, NOCKOJbKY rpad G siBisieTcsl GJIOKOM.

Paccmortpum cayuait, xorna rpap G — a — O6jok. Tak Kak
L = 0, B rpade G — a Haiinercss BeplidHa b, HecMexHas C a.
Bosbmem kparuaiimyo (a,b)-uens B rpage G: a — w — v — ...
-+ — b (BO3MOXKHO, 3Ta LeNb 3aKaHUWBAETCS BEPLIMHON v U TOTIA
v = b). O4eBUHO, BepIIMHA ¥ HECMEXKHA C BEPUIMHOH a W rpad
G — a — v cBa3eH. OcTanoch B 3TOM Ciy4ae MOJOXHUTb U = Q.

Paccmotpum Teneps cayyail, korjga cBsisubli rpad G—a He AB-
asietcst 6mokoM. Torma rpad G—a ecTb HEOLHO3/EMEHTHOE I€PEBO
6J10k0B. Bo3bMeM 11Ba ero pasJyiuuHbIX 6710Ka By 1 B, SBASOLINX-
Csl BUCSAYUMHU BepIIMHAMH B JiepeBe OJIOKOB M TOYEK COYJEHEHHS
rpaga G — a, T.e. BUCAYMMHU OjoKaMu. B 6s0ke B; cyliecTByeT
BEpLIMHA U, He SIBJSIOILAsCT TOYKOH cousieHeHHUs rpada G —a U
CMeXKHasi ¢ a (MHaue Touyka couseHeHusi rpada G — a, Jnexaas
B GJioke Bjp, 6bl1a Obl TOUKOH codsieHeHHUsi rpada (G, 4TO HEBO3-
MOXHO). AHaJioruuHo, B 6Jioke Bs cylllecTByeT BepllWHA v, He
SIBJISIOIIASCS TOUKOH cousieHeHUs rpada G — a ¥ CMexHas C a.

Jlerko BuneTh, uTo rpad G — u — v cBsA3eH. JlelicTBUTENbBHO,
ynajneHue u3 rpada G — a BeplIMH u U v He HapyllaeT CBSI3HOCTH
BUCAYUX OJI0KOB By U Bs, nostomy rpap G —a — u — v CBs3€H.
Tak kak dega > 3, oTciona cjenyet cBs3HOCTb rpada G — u — v.
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Il1st 3aBeplileHHst 10KAa3aTebCTBA YTBep:KIeHUs1 1) ocTanoch
MOJIOXKHUTb W = Q.

2) Ioctpoum Tenepb A-packpacky rpada G.

BosbMeM BepiIUHb u, w, v, yKazaHHbie B 1). [TockosbKy rpad
G — u — v CBsI3€H, ero BepIIUHBl MOXXHO 3aHyMepOBaTh TaKUM 00-
pasoMm aj, as,...,0n—9 = W, UYTO KAXKAAS U3 BEPILIUH G1,. .., 0p_3
OyzeT cMexxHa 0 KpalHed Mepe OfHOH BepliKHe ¢ GOJbIIUM HO-
MEpOM.

[Tycts T7 — 6ctoBHOe mepeBo rpada G = G —u —v. B kaue-
cTBe a; OepeM J0OYI0 BUCAUYYIO BepIIMHY nepeBa 1%, OTIHYHYIO
ot w. fcHo, uto rpad Gy = (G1 —a; — CBSI3HBIN rpad ¢ 6CTOBHBIM
nepeBoMm 1o = T7 — aq, comepxamuM w. OTMETHM, UTO BepllHHA
a1 COellMHeHa BHUCAYHUM pebpoM C ONHOH M3 BepliMH rpaga Ga.
[lanee B KauecTBe ay BbIOMpaeM BHUCSUYIO BepIIMHY B Th, OTJIMY-
HYyI0 oT w, ¥ T. O. OueBungHO, nepeBo 7T;,_o OTHO3JEMEHTHO U
COCTOMUT W3 OIHOH BepLIMHB w. BepiinHe w npucBanBaeM HOMep
n—2 T.e Gp_o=W.

OKpacuM BeplIMHBl ¥ W v B TEPBBIH 1IBET c¢1. 3aTeM MoCJe-

JIOBaTeJbHO OyfeM MPUIUCBIBATH BEPUIMHAM G, A2, .. .,0p—2 = W
OIMH U3 LBETOB Cp,C2,...,CA 10 CIEAYIOLIeMYy IpPaBUJY.
[Tlyctb n—2 > s > 1 1 BeplIMHBI u, v, a1, .. .,0s yXKe OKpalle-

Hbl (37ech TpU s = 1 MMeIOTCST TOUHO JBe OKpalleHHBle Beplld-
Hbl — u U v). Tak KaK as CMeXHa XOTsl Obl C OfHON BEpIIMHOH,
UMerolled GOJbIINHA HOMEp, CTeNeHb BEPIIMHBI ag B BEPILHHHO-
nopoxaeHHoM noarpade G({u,v,as,...,as}) MeHbie A. Bep-
LIMHY Gs OKPacHM B TOT M3 LBETOB Ci,...,CA, KOTODPBHIH ellle He
OBbIJI UCIIOJIb30BaH [JI1 OKPACKH BepILIMH, CMEXHBIX C as.
AHaJOTHYHO MOCTYNUM U C BEPUIHHOH Gy,—2 = w. [10CKOJBKY
degw < A ¥ BepLIMHBl u U v, CMEXHBIE C w, OKpPALIeHbl B OfHH
U TOT Xe LBET ¢, IPU pacKpacke BEPLIUH, CMEXHBIX C w, OBLIH
UCIIO/Ib30BaHbl He Bce HMelolvecss Kpackd. OKpacuM BepLIMHY
w B ellle HEHCIIONb30BAHHBIH LBET U MOJMY4YNM A-pacKpacky rpa-

da G. O

Teopema 6.2 (Bpyxc, 1941). [lycmo G — c8s3Hbili 06bIKHO-
seHHblll epad, He asasouulics noinvim epagom, u A(G) = 3.
Toeda epag G asasemca A-packpawiusaemoin.
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HokasareabctBo. Ecii G — 6JI0K, TO YTBEPKAEHHE BEPHO
B cuay jemMbl 3. [lycts G He saBasieTcs 6yokoMm. B cuny nemmbl 2
JOCTAaTOUHO YCTAHOBUTb, UTO IPOU3BOJbHBEIAN Osok H rpada G
siBJIsieTcs1 A-pacKpallHBaeMbIM.

fcno, uto A(H) < A(G) = A. Eciu A(H) < A, 10
6aok H sBasercs A-packpammubaemMbiM 1o Jemme 1. [lyctb
A(H) = A. Ecnu H — monHbld rpad, TO BCe CTeMNeHH
degy v ero BeplIMH v paBHB A, NO3TOMY JIJs TOYKH couJe-
HeHust u rpada G, Jjexaweld B H, BunosnHserca degopu >
> A + 1, uto NPOTUBOPeUUT omnpefesennio yucaa A. Takum 06-
pasoM, H He sBjsercss noaHbM rpagom. Torna B cumy JeMMBl 3
6s0k H siBasiercst A-pacKkpalinBaeMbIM. O

3ameTnM, uTo TeopeMa Bpykca maeT oleHKY cBepxy s Xpo-
MaTHdeckoro uucaa rpacda. OgHako 3Ta olieHKa MoxKeT OBITb
CKOJIb YTOJHO JaJsieKa OT XpoMaThdeckoro 4yucaa. JlefcTBUTeNBHO,
Ji000e HeTpUBHUAJNbHOE JepeBo fBJSeTCs 2-XpOMaTHUeCKHUM rpa-
(oM M MOXKHO MOCTPOHTH JepPeBO, UMelollee CKOJb YTrogHO 60Jb-
IIMe CTelleHH BepIUHH.

Jlemma 4. [lycmo sepuwiunor epagpa G packpaulervl Kpac-
Kamu ci,...,c.. O6osnauum uepez G,;; nodepagd epaga G, no-
PONHCOCHHDBLLL BCEMU BEPUILHAMU UBEMA C; U BCEMU BEPULUHAMU
ysema cj, ede v # j u 1 < 4,5 < t. [lycme G;j — Hekomopas
komnorenma ceasrnocmu epaga Gi;. llomensem mecmamu kpac-
KU ¢; U c; 8 packpacke gepuiur us nodepaga ng u ocmasum
6e3 uamenerus ugema ocmanviblx sepuiun epaga G. Toeda no-
Ayuumcs Hosas packpacka epapa G Kpackamu ci,. .., cq.

Hoka3arenbctBo. [lycTs BepunHbl w U v rpada G HUMeOT
OJIMHAKOBBIH 1IBET ¢ NIPU HOBOM paclpefeseHuu Kpacok. Ecau ¢ #
# ¢;,¢j, TO BEPIIMHBl ¢ U v, OUEBHIHO, HecMexKHBI. [loaTomMy 6e3
orpaHUYeHHs: OOIIHOCTH OyIeM CUHUTaTh, YTO ¢ = ¢;. PaccMoTpuUM
YeThIpe Cayyasi.

1. Iyets w,v € VG;J-. Torna BeplwIMHBI 4 U v HUMEIOT OIUHA-
KOBBIH LIBET B MCXONHOH pacKpacke W MO3TOMY HECMEXKHHBI.

2. Ilycts u € Vng, av ¢ VG, Torna BepwnHsl u U v
HeCMeXXHBI, TaK KaK OHH JIeXKaT B Pa3HbIX KOMIIOHEHTaX CBSISHOCTH
rpada Gi;.
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3. Myets w & VG, a v € VG, I10T cydall aHanornyen
npebIAyLEeMy CIydalo.

4. Ilyetb u,v & VG;]-. Torpa BeplIMHBI 4 W v HUMEIOT OLUHA-
KOBBIH LIBET ¢; B UCXOOHOH packpacke rpaga G W MO3TOMY OHH

HECMEXKHBI. O

Teopema 6.3 (Xusyn, 1890). Jloboi naanapHeii epag
S-packpawusaen.

HoxkasareabctBo. [Iycte G — nnanapublil n-rpad. Ilposenem
MHIYKLUHMIO M0 4HMcay BepluuH rpada. Ecanm n < 5, To yTBep-
JKIeHue oueBUAHO. Dymem Temepb cuutaTh, uto G — MJIOCKHUH
OOBIKHOBEHHBIH Tpad, n > 6 U yTBepKAeHHe BepHO AJs J1060ro
IJIOCKOro rpada, cozepxxallero MeHbllle 4eM 7. BEpLIHH.

CorsntacHo cienctBuio 5 U3 § 4.2 rpagp G UMeeT BepLIHHY v,
CTerleHb KOTOpPOH MeHbllle Hau paBHa 5. Mcnosbays mpexpmnosio-
JKeHHe HMHIYKLIMH, packpacuM rpadg G — v B naTb 1BeToB. Ecau
degv < 5, TO BepLUIMHY ¥ MOXKHO PacKpacuTb B JIOOOH LiBeT, He
UCIIO/Ib30BAaHHBIH TP pacKpacke BepLIMH, CMEXXHBIX C V.

[Tyctb Teneps degv = 5. Bynem cuutath, UTO BEpLIMHEI vy, V2,
U3, U4, Vs, CMEXKHBIE C ¥, 3aHYMepOBaHbl TaKMUM 00pa3oM, YTO HH-
[MIEHTHbIE UM pedpa BBIXOAST COOTBETCTBEHHO H3 BEPLIMHBI ¥ I10-
CJIeIOBaTeNIbHO IPYyT 3a APYroM 10 HalpaBJeHHI0 4acOBOH CTpeJ-
ku (cM. puc. 62). Ecan xakue-nu6o nBe BEpIIHHBI, CMEXHBIE C v,
UMEIOT OIMHAKOBBIM L1BET, TO BEPLIMHY ¥ MOXKHO PAcKpacHTb B
1BeT, He HMCIO/b30BAaHHBIH MPH pacKpacke CMEXHBIX C HeH Bep-
wuH. [TosTtomy 6e3 orpaHuueHus o6LIHOCTH OyHeM CUUTAThb, 4YTO
178 Joboro ¢ = 1,2, 3,4, 5 BepiinHa v; OKpallleHa B LIBeT ¢;. B co-
OTBETCTBUU C JieMMoH 4 paccmotpum noarpad Gis B rpade G.

1. TlycTb BepLIMHBI ¥; W v3 He JexaT B OLHOH KOMIIOHEHTe
cBsizHocTH rpada Gys. Torna v1 € VGYs v v3 € VGY5, rie G5 u

s — IBe pa3sMuHble KOMIIOHEHTH! CBS3HOCTH rpada Gisz. [Tosb-
3ysch JeMMoi 4, oMeHsieM MeCTaMH LBeTa ¢; U ¢3 B pacKkpacke
BepiunH noarpada G5. B HoBo#H packpacke rpada G — v Bepiu-
Hbl v1 U v3 OYAyT UMeTb ONMHAKOBHIH LBeT cz. OcBoOOAMBILMICS
BeT ¢; TPUIUIIEM BepIIMHE v U MOJYyYHM D-packpacky rpada G.

2. IlycTh BepIIMHBL v1 U V3 JeXaT B OLHOH KOMIOHEHTE CBS3-
Hoctn G5 rpada Gi3. Torma B rpade G}5 nmeercs mpocras
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(v1,vs)-lUenb v; — --- — v3 U NMO3TOMY B rpade G uMeeTcs
uuka C: v — vy — .-+ — vs — v. BHyTpu o6saactu, orpaHu-
yeHHOH 1uKJIOM C, JIEXKUT JUO0 BepUIMHA Vg, JHUOO BEpIIMHA Vy.
Bes orpaHuueHnst oOIHOCTH OyAeM CUMTATh, UTO 3TO BEPIIHHA Vg
(puc. 62).

Torna HeTPymHO BHIETb, YTO BEPIIMHBI vy U V4 JIEXKAT B pas-
HBIX KOMIIOHEHTaX CB3HOCTH rpada Gag, T.€. MBI NPHIIIH K CJIY-
4alo, aHaJOTHYHOMY CJydal 1), roe BepliHHA vy WrpaeT PoJb
BEpLIKMHBI ¥1, & BEPLIKHA vy — POJIb BEPLIMHBI V3. O

EcTecTBEeHHO BO3HHMKAET BONPOC: MOXKHO JIM YCHJINUTb 1OKA3aH-
HYIO TeopeMy, 3aMeHHB UHCJI0 5 Ha uuciao 4? OTBETUTb Ha 3TOT
BONpPOC B TeyeHHe npubausutesbHo 100 seT mblTaquch MHOrUe
M3BeCTHBIE MaTeMaTHKH. [Hrnotedy o ToM, 4TO J11060H MIaHapHbBIHA
rpad MOKHO pacKpacHTb YETBIPbMSI KpackaMmu, c(hopMysaupoBas B
1879 rony auriuiickuii MmatemaTuk Kesu, a 10Ka3aTesibcTBO 3TOMH
TUNoTe3bl ObLIO TosydeHo B 1976 romy XebikeHom W Ammesem.
Takum o6pasom, crpaBennuBa cjelyoLlas Teopema.

Puc. 62

Teopema 6.4 (XeiikeH u Annedns). JIr060L naanapHoli epag
4-packpawiusaen.

OTMeTHM, UTO I0KA3aTeJbCTBO 3TOH TEOPEMbl BeCbMa CJI0XKHO,
NpUYeM 4acTbh NOKa3aTesJbCTBA TPYAHO BOCIPOM3BOAMMA, TaK Kak
Oblia MpoBefeHa aBTOpPaMH C MOMOLIbI KoMmmbioTepa. KoHeuHo,
TakKoe 10Ka3aTesNbCTBO He YI0BJETBOPsieT MHOTHX MaTeMaTHKOB.
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§ 6.2. XPOMATUYECKHUE MHOTOM4JIEHbDI

[Tlyctb G — oObiKHOBeHHBIH rpad. Uepes P(G,x) o0603Ha-
YUM Xpomamuueckyro yHKyuro, Kotopas IJs J1000ro HeOTpHU-
LaTeJbHOrO 11eJIOr0 YKc/a & NPUHMMaeT 3HayeHHe, PABHOE YUCTY
x-packpacok rpada G (Mpu 3aiaHHOM MHOXECTBE M3 T KPAacOK).

Ipumep. 1) P(O,,z) = z™, Tak Kak KaxAyl0 U3 1 BEpIIHH
HyseBoro rpaga O,, MOXKHO HE3aBUCHMO OKPaCHUTb B JIIOOOH H3 T
3a[JaHHbIX 1(BETOB.

2) P(Ky,z) =x(z—1)...(x —n+1), Tak KaK IepByIo Bep-
IIMHY MoJiHOTO rpada K, MOXKHO OKPacHTb B JII000H U3 T 1[BETOB,
BTOPYI0 — B JII000H U3 OCTaBUIMXCS - — 1 L[BETOB U T. A.

B nanbueiiiem muorousen x(x—1) ... (x—n+1) mis yno6ersa
oynem 06o3HauaTh yepes x") M HA3BIBATH PAKMOPUANLHOL Cme-
newvto nepeMeHHOH x. B 3TUX 0603HaveHusix umeeM P(K,, z) =
= z(n),

[Tycts w ¥ v — nBe pas/iHuHblE HECMEXHblE BepUIHHBI OOBIK-
HoBeHHOro rpada G. Yepes Gy o0603HauuM rpad, NosyudeHHbIH
u3 G nobaBjeHHeM HOBOro pebpa e = uwv, a ueped Gy — rpad,
NoJydyeHHbIH U3 G OTOXKAECTBJIEHHEM BEpIUHH U, ¥ U OTOXKAECTB-
JIeHHeM BO3HHUKAIOLIMX MPH 3TOM KpaTHBIX pebep.

Jlemma 1. P(G,z) = P(Gy,x) + P(G2,x).

HoxkasareabcTBo. Yncno z-packpacok rpada G paBHO CyMMe
yucsa x-packpacok rpada G, y KOTOPbIX BEPLUMHBl & H U UMEIOT
pasHbIM LBeT, U YHCJa x-packpacok rpada (G, y KOTOPBIX BepllH-
HBl ¥ U ¥ WMEIOT ONMHAKOBBIH LBeT. YHCJI0 pPacKpacoKk IMEPBOTO
THUIA PaBHO UYWCJIY z-packpacok rpaga (G, a 4MCJI0 pacKpacok
BTOPOrO THIa — YMCJIY Z-packpacok rpada Gi. O

IIpumep. Boiuncass ¢pyukuuio P(G, z) ¢ moMoLlbio JeMMBl 1,
Mbl OyzeM omycKaTb CHMBOJB P, U H300pakaTb TOJbKO BO3HU-
Kalolllie IPU BbIUUCJAEHHUAX Ipadbl:

I
_|_
I
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=x® +4x® £ 3x® = x° —6x* + 1423 —15x% + 6.

MBb! BUAMM, 4YTO C [OMOLIbIO JeMMBl 1 115 J11060r0 0OBIKHO-
BeHHOro n-rpada G ¢ynkuno P(G,x) MOXKHO NPEACTaBUTb B BU-
Je CyMMbl XpPOMaTH4eCKHUX (DYHKLHH MOJHBIX TpadoB, T.€. B BUIE
MHOTOUJIEHA C LeJbIMH HEOTPULATEJIbHBIMH KO3((PHULHEHTAMU OT
(hakTOpHaJIbHBIX CTeleHel nepeMeHHOH x:

P(G,z) = P(K,,z)+ a1 P(Ky—1,2) + a2 P(Kp_2,2) + -+ =

=2 4 a2 4 o™ 4

OueBHIHO, TOT MHOTOUJIEH HMMEeT CTeNeHb 7 W €ero CTapIlui
K03 duureHT paBeH 1. Ilpouecc HaxoIeHHS C MOMOILbBIO JEM-
MBI 1 cOOTBeTCTBYIOILEr0 CeMeHCTBA MOMHBIX IpaoB OyLeM Ha3bl-
BaTb xpomamuueckou pedyxkyueti nis rpapa G.

W13 nosnyuenHoro pasnoxenus s P(G, x) BuaHO, 4TO Xpoma-
THuecKas (PyHKLHUs OObIKHOBEHHOro rpada siBjseTcs MHOrodse-
HoM. Ee HasblBaloT xpomamuueckum mrocouserom rpada G.

Jlemmy 1 mnoJsiesHo nmepeopMyJHMpOBaTh elle U B CJeAYIOIEM
yoo6HOM [JIsi IPUMEHEeHUH BHUJeE.

Jlemma 2. P(Gq,z) = P(G,z) — P(Ga,x).
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IIpuwmep.

]
]

MBI BUAKM, UTO C MOMOLIBIO JIEeMMbl 2 MOXKHO BBIYMC/UTD XPO-
MaTHYeCKU# MHOrouJieH OObIKHOBEHHOro rpada cpasdy Io crerne-
HSIM MepeMeHHOH .

Crienytoliasi TeopeMa COBEPILEHHO OUEBHIHA.

Teopema 6.5. [lycmo G1,...,G) — mMHOXMeEcMB80 6cex KOM-
nornenm ceaanocmu epaga G. Toeda

P(G,z) = P(Gy,x) -+ P(Gg, x).

Teopema 6.6. [Iycmo obvikHnosennvil epagp G pasen 06%-
edurnernuro dsyx ceoux nodepagos G1 u Go, m.e. G = G UGy,
npuvem H = G1 N Gy asaaemcs noanoim t-epagom 0as Heko-
mopoeo HamypaivHoeo uucaa t. Toeda

1
P(G,z) = W'P(GL’I)'P(Gm@-
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JoxasarenbctBo. Tak kak H — mnosHblll rpad, npu w060l
ero packpacke Bce BepLIMHBI OYAyT MMeTb pasHblil LBeT. B cuay
CUMMeTpHUH Jio0ble Be pa3jHuHble x-packpacku rpacda H MoryT
OBITb OJMHAKOBLIM YHCJIOM CIIOCOO0B MPOJOJIZKEHB! 10 Z-PaCcKpPacoK
rpada G;. CnenoBarenbHo, uucno P(H,x) nenut yncao P(Gy, x)

U 4acTHOe

P(Gl, {L‘)

P(H, )
PaBHO UMCJY MPOMOJIKEHUI TPOU3BOJBHON x-packpacku rpadpa H
10 x-packpacok rpada Gi. AHanOrHUHO, YaCTHOe

P(GQ, 17)

P(H,z)

PABHO YHCJTy MPONOJIKEHHH MPOU3BOJIBHON x-packpacku rpada H
10 x-packpacok rpada Gs.
Tenepb ¢ yuetom paseHctsa P(H,z) = () nonyuaem

P(G,z) == ) B () B
1
= m . P(Gl,x) . P(GQ,J?)
O
ITpumep.
1 _
e
:L.(x‘l —4x% + 622 —3x) - x® =
e

= x° - 6x" +14x® ~15x% + 6.

CaenctBue 1. Ilycts Bi,...,Bs — MHOXeCTBO BceX OJIOKOB

HEeOJHO3/IEMEHTHOT0 CBSI3HOTO 06biKHOBeHHOro rpada G. Torna

-P(By,z)----- P(Bs,x).

1
P(Gyw) = ——
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HoxkasareabcTBo. [IpumMeHsieM Teopemy npu ¢t = 1 mocJjeno-
BaTeJbHO [J151 $ — 1 TOYeK cousieHeHHs B KadecTBe H, oTiIenJsis
1o o4yepeny BUCAUHE OJIOKH. O

CaencrBue 2. XpomMaTHYeCKHH MHOTOUJIEH JI0G0TO HEOIHO-
3/IeMeHTHOrO fiepeBa 1', KMEIOIIEro n BepLIUH, paBeH x(x—1)"~1.

Hoka3arenbctBo. [lepeBo T umeer n — 1 OBYX3/JeMEHTHBIX
6JI0KOB, MO3TOMY

1 1
P(T,z) = —— - P(Ka,2)" ' = —— (@)~ =
X X
_ 1 . $n71($ o 1)n71 _ x(x o 1)n71
T opn—2 - '

O

[Tycte n > 3. O6biKHOBeHHBIH Tpad OyneM HasblBaTb Hecxopd-
HbIM M-YUKAOM, CIIH BCe ero pedpa o6pasyioT OIHH LHKJ IJIUHbI
7 W B HEM HET M30JIUPOBAHHBIX BEPLIMH.

CaencrBue 3. XpomarHyeckuil MHOrodseH 6eCXOpPIHOTO
n-uukaa pased (x — 1) + (—1)"(xz — 1).

JokasateabctBo. O603HaunM 4vepe3 P, (z) XpomaTHuecKHH
MHOTouJIeH 6eCXOpHOr0 n-UKKAa. B cumny neMmbl 2 nMeeM

Cnenosaresibho, Py, (z) = z(x —1)"~* — P,_1(z), oTKyna BbI-
TeKaer

Pyz)—(z—1)"=(z—1)""' = P,_1(x).
Jomuoxas Ha (—1)", nosydyaem

(=1)"(Pa(z) = (@ = 1)") = (=1)" " (Pu-s(z) = (& = )" 7).



172 Tasa 6. Packpacku

Brluncsasig 3Ty BeHUHHY NpU 1 = 3, MoJydyaeM
(—1°(P3(2) = (2 = 1)°) = =@ — (2 = 1)) =

— (e -D@-2) - (@-1%) =z -1

Takum o6paszom, (—1)"(P,(z) — (x — 1)") = = — 1, orkyna
nosiyaem
Po(z) = (z—-1)"+ (-1)"(z - 1).

O

Bynem roBopuTb, 4TO OGBIKHOBEHHBIH rpad G sBJsieTcs npo-
usgederuem G1 @ Go NBYX CBOMX BEPLIMHHO-TIOPOXKIEHHBIX T01-
rpadgoB Gy u Go, ecint VG = VG UVGs, G1NGs = 0 u nas
JI0ObIX ABYX BepiuH u € VG u v € VGy rpad G comepKuT
TOUHO OHO pe6po BHAA e = uwv.

ITpumep.

Puc. 64

[lyets g(x) u h(xz) — mBa MHOrouseHa ¢ UeJbIMH KO3(DDH-
urveHtaMu. Yepes g(x) @ h(z) 0603HauMM MHOTrOYJIEH, KOTOPBIH
nosiyyaeTtcs ciefyloluM o6pasoM. CHavyasa npeacTapisieM MHOTO-
usiedbl g(z) 1 h(x) B BUAE MHOTOUYJIEHOB OT (DAaKTOPHUANBHBIX CTe-
TeHel TepeMeHHOH x. 3aTeM MepPeMHOXKaeM ToJydeHHble MHOTO-
YJieHbl, TeHCTBYS ¢ (PaKTOPHANbHBIMU CTENEHSAMH MepeMeHHOH x,
KaK ¢ OOBIYHBIMH CTeneHsAMU. Hampumep,

(11(3) + 213(2)) ® (m(Q) + 3’3(1)) — x(5) + 233(4) + x(4) + 2.%‘(3) —

=20 4324 4 220,
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Teopema 6.7. Ecau G = G; ® Ga, mo
P(G?x) = P(lex) ®P(G2,ZL’)

Hoka3areabcTBo. [IpuMeHsiss XpOMaTUYECKYIO PEAYKLHIO OT-
JeNbHO K ni-rpady (G1 U OTHEJbHO K na-rpady Go, Mbl IIONydaeM

P(G1,$) = P(Knl,l‘) +a1P(Kn1_1,x) —|—a2P(Kn1_2) + ey

P(GQ,J?) = P(an,.ﬁ) + blP(K,LQ_l,x) —+ bgP(an_g) + e

JJIS. HEKOTOPBIX 1eJbIX YUCeN a1, ds, . ..;b1,ba, .. ..

Ecny MBI MpUMEHHM XpOMaTHUECKYI0 peayKUHio K rpagy G =
= G1®G2, To noarpadsl G 1 Go 6ynyT npeo6pa3oBaHbl KaK yKa-
3aHo Bbillle. Ha nt0o6oM 3Tame XpoMaTHUeCKOH peqyKLUHWU KaxKaas
BepluMHA rpada, nosydyeHHoro u3 G, 6yneT coefirHeHa peGpoM ¢
KaxKI0¥ BeplIMHON rpada, nosydeHHoro us Go. CjenoBaTenpHo, B
KOHIle KOHILIOB MBI IIPeACTaBUM XpOMaTH4YeCKHI MHorodseH rpada
G Kak CyMMy XpOMaTHYECKHX MHOTOYJIEHOB TONAapHBIX MPOH3Be-
JeHHWH MOJHBIX rpadoB M3 penykuuu rpacda (G U NOJNHBIX rpados
u3 penykuuu rpada Ga. IlpousBeneHue nosHoro rpaga K, Ha
nonHbl# rpad K; sBasercs nonHelM rpadgom Kgy:. B TepmuHax
Xe (hakTopHaibHbIX cTereHedt umeeM z(*) @) = (1) Orciona

Ternepb BbITEKAEeT JOKA3bIBAEMOE YTBEPKIEHUE. O
IIpuwmep.
(] L]
= = ® =
L] L]

22 = (x(z) +x(1)) @(x(z) + x(l)) —

@ = x* —42% + 6x2 - 3x.

=x® +2x® 4+ x

W3 nmpenpinyliero icCHoO, UTO OueHb MOJIE3HO YMETb Iepexo-

IUTh OT (paKTOPHANbHBIX CTeNeHeH MepeMeHHOH T K ee O0ObIYHBIM
CTeINeHsIM ¥ Hao0opoT.
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B pasnoxenuu

™ = Zs(n,z)x’
i=0
yucaa s(n,i), rme n € NU{0} n 0 < i < n, Has3bIBaIOT 4uciamu
Cmupaunea nepsozo poda. OTMETHM, YTO UX MOXKHO TMOJYUYUTb,
NpHUMeHss JeMMY 2 K XpOMaTHYeCKOMY MHOTO4JeHY MOJIHOTO Ipa-
¢da K, (TosbKO, K COXKaJeHHIO, 3Ta Tpolenypa TpebyeT GOJbIINX
BpEMEHHBIX 3aTpar).
Hcnonb3ys cooTHOLIEHHE

2™ =Yz — (n—1)) =2z — (n — 1)z,

HETPYAHO YCTaHOBHUTb Cjedylolile cBoHcTBa uuces CTHpaHHTa
MepBOro pofa:
1) s(nyi)=s(n—1,i—1)—(n—1)s(n—1,7) s 0 < i < n;
2) s(n,n) =1 oaa n > 0;
3) s(n,0) =0 s n > 0.
B pasnoxenuu

" = Z S(n,i)z®
=0

uncaa S(n,i), rne n € NU{0} u 0 < ¢ < n, Ha3blBAOT 4uCAQ-
mu Cmupaunea emopozo poda. Onsith OTMETHM, UTO X MOXHO
MOJNyYUTb, TPUMEHsIsE JeMMy | K XpOMaTHUECKOMY MHOTOUJIEHY
HyneBoro rpada O, (T.e. NpUMeHsIT XPOMATHUYECKYH PEAYKLHIO
K rpady O,). MoxHo noKa3aTb (M 3TO OyIeT CAeJaHO B CJeLy-
[oleM paszesne), uro uydcao Ctupiantra sBroporo poaa S(n, i) pas-
HO YHCJy pa3OUeHHH n-3/1eMEHTHOTO MHOXeCTBA Ha ¢ (HEeMyCThIX)
KJIacCOB.

Uucsa CTUpJAMHTA BTOPOTO poja 06/1afaioT CaAeyLUMU CBOH-
CTBaMH:

1) S(n,i)=S(n—1,i—1)+4S(n —1,i) nas 0 < i < n;

2) S(n,n) =1 pas n > 0;

3) S(n,0) =0 oaa n > 0.

CaoiicTBa 2) 1 3) oueBHIHBI, a JJIs JoKasaTe bcTBa 1) mocra-
TOUHO 3aMETHThb, YTO BCe pa3bueHHsi MHOXecTBa {1,...,n} Ha i
KJIaccOB OBIBAIOT NABYX THIOB:
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a) pasbHeHHsi, KOTOpble MMEIT OJHO3JEMEHTHHH KJjacc {n}
(takux pazbuenuil umeercs S(n — 1,4 — 1) wWryk);

b) Bce ocrasbHble paszbueHHs (ducao X pasHo iS(n — 1,1)),
MIOCKOJIBKY [IJISl KX MOJNYYEHHUsT HAO K IPOU3BONLHOMY pa3OHEHHUI0
mHOkecTBa {1,...,n — 1} Ha i KJIACCOB MOOYEPEIHO B KAXKBIH
KJace f06aBJIATh 3JEMEHT n).

§ 6.3. KOOMMDPUUMEHTbI XPOMATUYECKUX
MHOrIO4JIEHOB

[lycte G — mpou3BOJIbHBIE OOBIKHOBEHHBIH (n,m)-rpad.
B mpenbinyuiem pasnesie GblI0 yCTAHOBJEHO, YTO XPOMAaTHUECKHH
MHorousieH P(G,x) uMeeT CTeleHb 1 U ero cTapiiui Ko3(pdHLHU-
eHT paBeH 1. B aTom paspesie Mbl Mpono/KuUM U3ydeHue Ko3(hdu-
[IIEHTOB XPOMAaTHYECKOrO MHOTOUJIEHA.

Teopema 6.8. Koagduyuenmor xpomamuueckoeo mroeoure-
HA COCMABAAIOM 3HAKONEPEMEHHYIO NOCAEO08AMENbHOCHLD.

JoxkasareabcTBo. IIpoBeneM HMHAYKLUIO MO UYUCJAY BepLIMH
rpada. YTBepxKAeHHe OUEBHAHO [Js OILHO3JEMEHTHOro rpada.
[Tycte oHO BepHO mas JioGoro rpada, comep:kallero n BepLIMH.
Paccmorpum rpadsl, comepxamue n + 1 Bepuud. Illar uuayk-
uuu OyfieM H0KasblBaTb MHAYKLMEH Mo uucay pebep rpaga. Ecan
(n + 1)-rpad He umeer pebep, T.e. SIBJSETCS HYJIEBBIM, TO €ro
XpOMaTHYeCKHH MHoroused zT! ynoBjeTBopsieT H0Ka3bBaeMo-
My cBoHcTBY. IlycTb yTBepKIeHHE TeopeMbl BEPHO AJis JIH0OOro
o6bikHOBeHHOTO (n + 1,m)-rpada. PaccMoTprm 0GBIKHOBEHHbBIH
(n+ 1,m + 1)-rpap G; u Hekortopoe ero pebpo e. [lonoKuM
G = G1 — e, a uepe3 (G o6o3HauuM rpad, nosyueHHbl# n3 G
OTOXKJIeCTBJEHHEM KOHIOB pebpa e U 00pasymoLIUXCs MPU ITOM
KpaTHbIX pebep. Torma no nemMme 2 U3 MpeAbAyLIEro pasiesa Bbl-
TNOJIHSIeTCS

P(G1,z) = P(G,z) — P(Gs, x).

B cuy npennosiokeHHH WHAYKIHKM BePHBl DaBEHCTBA
P(G,z) = 2" —a12™ + agx" ' —azx" "2+ ...,

P(Go,z) = 2™ — bzt 4 b2 — ..
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IJ151 HEKOTOPBIX HEOTPULATEJbHBIX LEJblX 4YHceal ai,dsg,...,
b1,ba,.... I3 3TUX NBYyX paBeHCTB BBIBOAUM

P(Gyz) = 2™ — (ay + 1)a" + (ag + b)) = (%)

OTKYyJa BBITEKAeT NOKa3biBA€MO€ yTBEP2KAEHHUE. O

W3 nokasatesnbcTBa BHAHO, 4TO NoOaBJjeHHe K rpady OQHOro
HOBoOro pe6pa nobasssier | K aGCONOTHON BeJUUHMHE BTOPOTO KO-
s dureHTa XpoMaTHiecKoro MHoro4seHa. [losToMmy BepHO

Cnenctue 1. AGconoTHast BeJMYHHA BTOPOTO KO3 (HLIHEH-
Ta XpOMaTHUYECKOTr0 MHOrouJieHa paBHa 4yucay pebep OObIKHOBEH-
Horo rpaga.

3aMeTHM, YTO /s CBS3HOr0 OGBIKHOBEHHOro n-rpada G u Jio-
00ro HeOTPHLATENBHOrO LIeJIOT0 YHCJA & BBIIOJHSETCS HepaBeH-
CTBO
P(G,z) < z(x —1)" L

B camom gesne, Bo3bMeM B KauecTBe 1" HEKOTOPBIH 0CTOB rpaga G.
Torpa mobas packpacka rpada G Oynet packpackod u rpada 7'
(xoHeuHo, o6paTHOe BepHO He Bcerna). CiieoBaTesbHO,

P(G,z) < P(T,z) = x(z — 1)" .

Teopema 6.9. Obwviknosennblii n-epagh sersemcs depesom
moeda u moavko moeda, koeda P(G,x) = z(x — 1)"1.

HokasareabcTBo. Heo6xonMMoCTb yc/10BHs OblIa yCTaHOBJIE-
Ha B npenbiayliem paszaede. [Ipeanosnoxum teneps, uto P(G, x) =
=x(x—1)""L

3aMeTHM, UTO CBOOONHbBIH YjieH JH060ro XPOMaTHUECKOr0 MHO-
rousieHa paBeH 0, Tak kak uucsao 0-packpacok paeHo 0. IToato-
My ecsd rpap G HecBfi3eH, TO XPOMAaTHYeCKHH MHOTOUJIEH Kax-
JIOM ero KOMIIOHEHTBI CBSI3HOCTH IEJIUTCS Ha T H, CJel0BaTe/bHO,
2?2 peaut P(G, ), 4TO NPOTHBOPEUHUT HAIIEMY MPEITOJIOKEHHIO.
Bropoii koa¢pduuuent muorodsnena P(G, x) o abGCooTHOH BeJu-
YiHe paBeH uucay pebep rpacda U paBeH B HalleM cjayyae n — 1.

Takum o6pasom, rpap G sBAsieTCS OepeBOM, NOCKONbKY G —
cBsA3HBIH (n,n — 1)-rpag. O



§ 6.3. Koagpdpuuuenmor xpomamuueckux mMHOE04ACHO8 177

Teopema 6.10. [[aa csasnoeo obvikHOBeHH020 n-epaga G
abcorromuasn seaununa koagguyuenma npu x', 2de 1 <i < n, 8
xpomamuueckom muoeourene P(G,x) 6orvwe uiu pasna wucia

couemanuii (77}).

Jloka3arensctBo. Bosbmem B KauecTBe T HEKOTOPBIH OCTOB
rpada G. Tornma

n—1

P(T,z) =x(x—1)""' = xz_: < j

>ch(—1)”1j -

_ é(_m—i (7;: 11) z

PaBeHcTBO (*) mokaseiBaet, uTo no0aB/eHHe HOBOro pebpa K rpa-
¢y He yMeHbIIaeT aOGCOJIOTHBIX BEJUUHWH ero Ko3(PQHUIUEHTOB.
[Tockosbky rpad G MOXKHO MOJYy4HUTb U3 HepeBa 1 noGaBJeHH-
€M HOBBIX pebep, OCTaJOCh BOCIOJIb30BaThCs HAaHJEHHBIM BHAOM
mHorousena P (T, x). O

W13 noxasaHHOH TeopeMbl IpH ¢ = 1 BBITEKaeT, 4TO IS CBA3-
HOTO 0ObIKHOBeHHOTro rpada G abcosoTHasi BelndrHa Ko UIu-
€HTa NpHU & B XpomMaTHueckoM MHorouseHe P(G,x) GoJbliue HJH
pasna (";') = 1. [Tocko/bKy CBOGOMHBII UleH XPOMaTHYECKOrO
MHorousieHa paBed 0, oTcCioma Ha OCHOBaHHM TeopeMbl 6.5 moJy-

yaeM

CaencrBue 1. Haumenbllee uncso 4, AJsi KOTOPOTO OTJH-
YeH OT Hy/s KOI(DDHUIMEHT NPU x* B XPOMATHUECKOM MHOTOUJIEHE
P(G,x), paBHO 4HCJy KOMIIOHEHT CBSI3HOCTH rpada G.

Wubimu cjioBami, [Jis 060ro 06bIKHOBEHHOrO (n,m, k)-rpa-
¢a G KpaTHOCTb MHOXHTEJSI T B XPOMaTHYECKOM MHOTOYJeHe
P(G,z) paBHa k.

[lepeiinem Tenepb K BbIBOAY (DOPMYJI, MOJNE3HBIX AJS UCCIEMN0-
BaHUA KO3(P(ULIUEHTOB XpOMaTH4YeCKOro MHorouseHa. Haunem c
IpeJCcTaB/eHUs] XPOMAaTHYeCKOI0 MHOrouJjieHa yepes (pakTopHaljlb-
Hble CTeleHH .

[Iycts G — 00bIKHOBeHHBIH n-rpad. Hemycroe moaMHOXKeCTBO
U C VG nasbiBaoT Hedagucumovim, ecan U mopoxkaaer HyJeBOH
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noarpad, T.e. B rpade G HeT pebep, COENUHSIOIIMX BEpPIUHHBI
u3 U. Uepes pt(G,i) 6ynem o6o3HauaThb UHCJIO pa3bHeHUE MHO-
JKeCTBa BepLIMH rpada G Ha i He3aBUCHMBIX MOAMHOXECTB.

Teopema 6.11 (3bikoB, 1952). [J1s xpomamuueckoeo mHo-
eounena 1106020 0bviKkHOBeHH020 epada G cnpasedrusa Gop-
myra

P(G,z) =Y pt(G,i)z".
=1

HokasareanctBo. [loncuntaem uncio z-packpacok rpada G,
B KOTOPBIX HCIOJb3YETCS TOUHO ¢ Kpacok, rae 1 < ¢ < x. Urobsl
TNOJIYYUTb TaKyl pacKkpackKy cHauaja ogHuUM u3 pt(G,i) crnoco6oB
BoiOMpaeM pa3bueHHe MHOXKeCTBa BepLUMH rpada G Ha ¢ He3aBu-
CUMBIX MHOXECTB, 3aTeM OepeM OJWH M3 KJacCOB M pacKpalld-
BaeM ero BeplUMHbl B OAWHAKOBBIH LIBET OJHUM H3 x CIOCOOOB,
noToM OepeM CJELYIOLIMH KJacC W OKpalllMBaeM €ero BeplUHHbI B
OIMHAKOBBIM 1BeT J0O60H M3 = — 1 OCTaBLIMXCS KPacoK U T. I.
CJ/lezoBaTesIbHO, YHCJO MHTEPECYIOLUIMX Hac packpacok rpada G
paBHO

pt(Gi) -z (x—1)-- - (x—i+1) = pt(G,i) -z,

3aMeTuM, NpH i > & YUCJIO T-PACKPACOK, B KOTOPBIX HCIIONb3YeTCs
TOYHO 4 Kpacok, paBHo 0 u npu 3toM z(¥) Takxe pasHo 0. O

OTMeTHM, 4TO AJS HYJEBOro rpada MoNyyeHHOe B TeopeMe
paBeHCTBO MpeAcTaBaseT coO0H (opMyay pas/oKeHUs O0ObIYHON
cTeneHu x" 4yepe3 (pakTopHasbHbIE CTeNeHH ¢ yucaaMu CTHPJUH-
ra BTOPOro pofia B KauecTBe KO3((ULIHEHTOB.

3aMeTUM TakKe, YTO B IOJyYEHHOM PaBeHCTBe HaMMeHblllee
UMCJIO i, /IS KOTOPOTO OTJIMUeH oT Hyas Koddduuuent npu x(?),
paBeH xpoMmaTHueckoMy 4ucay rpada G.

H3yuum Ttenepb K03(P(HUIMEHTH XPOMATHUECKOTIO MHOTrOUJIEHA
B €ro pa3JjioXKeHHU 4epe3 oOblUHble CTENEHU .

Teopema 6.12 (Yutuu, 1932). [lycmoe G — obvikHO8eHHbLL
(n,m)-epag. Toeda koappuuyuenm npu x', 20e 1 < i < n,
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8 xpomamuueckom mrozourere P(G,x) pasen

m

Z(_l)jN(Z?J)?

j=0
ede N(i,j) — uucao ocmosrolx nodepagos epaga G, umeroujux
1 KOMNOHEeHmM Cc8A3HOCMU U j pebep, m. e.

n m

P(G.2) = Y (Y (-1 N (i ).

i=1 j=0

HokasareabcTBo. [IpuMeHuM a5 noxacyeta Kos(pQpHULHEHTOB
OJIMH U3 LIMPOKO NPHMeHsIeMbIX MPUHLUIIOB KOMOMHATOPHOIO aHa-
JI13a — NPUHLUI BKJIIOYEHHUSI—UCKIIOUeHHUS.

3agukcupyeM HeKOTOphIH Habop K W3 x Kpacok, rae x —
HeKoTOopoe HartypasbHoe uucao. Otobpaxenue ¢ us VG B K, He
sBJsIOLLeecss packpackod rpaga G, OyneM Has3blBaTb €ro Hecoob-
cmeenHoll packpackoil (s HecOOCTBEHHOH pacKpacku o00siza-
TeJIbHO CYILIeCTBYyeT pebpo rpacga, KOHIbI KOTOPOro packpalleHbl B
OIMHAKOBLIH LBeT). KoHEUHO, YHC/I0 COOCTBEHHBIX ¥ HECOOCTBEH-
HBIX Z-packpacok m-rpaga G paBHO z™.

Bo3bmeM HeKOTOpYI0 COOCTBEHHYIO MM HECOOCTBEHHYIO pac-
Kpacky rpada G. Ynanum u3 rpada kKaxkmoe pebpo, KOHIBI KO-
TOPOrO packpallleHbl B pasHblfl 1BeT. [losyuyuMm OCTOBHBIH mOZ-
rpa¢ H, xaxnoe pe6po KoToporo (eciy TakoBoe HMEETCs) Co-
eMHSeT BepLIMHBI OMHAKOBOTO I1BeTa. MCXOmHYyI0 COOCTBEHHYIO
UJIM HeCOOCTBEHHYIO pacKpacKy OyleM HasblBaTb Ccmpoeo Hecob-
cmeenHol packpackoti 6ctoBHoro noarpada H. Kaxkmoét kommo-
HeHTe CBSI3HOCTH rpada H cOOTBEeTCTBYeT TOYHO OIHH LBeT (3TO
[BET ee BepILUHH), MOITOMY eCJH OCTOBHBIH moxarpad H umeeT i
KOMIIOHEHT CBSI3HOCTH, TO HMeeTcsl o' pasJH4HbIX CTPOrO Hecoo-
CTBEHHBIX PAacKpacoK, OTBedawlIuX 6CTOBHOMY moarpady H.

3ameTHM, 4TO KaxKias coOCTBeHHasi UM HecoOCTBEHHas pac-
Kpacka rpaga G sBJsSeTCS CTPOro HeCOOCTBEHHOH pacKpacKoih
HeKOTOporo ero 6ctosHoro mnoxarpada. Ilpu 3ToM coGCTBEHHBIM
packpackam rpada G oTBeuaeTr Hy/neBOH OCTOBHBIH Moarpad.

O6o3nauum uyepe3 N(i,j) uuCJIO OCTOBHBIX MOArpacoB rpa-
¢da G, UMeIIIHX ¢ KOMIOHEHT CBS3HOCTH U j pebep. MHBIMHU cil0-
BaMH, 3T0 4yucao (n,7,4)-noarpados rpaga G.
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N3 obutero yucsna a™ coOCTBEHHBIX U HeCOOCTBEHHBIX pac-
KPAacoK BbIUTEM CHadaJja YHCJIO CTPOrO HeCOOCTBEHHBIX PacKpacoK
TeX OCTOBHBIX MOATrPagoB, Y KOTOPbIX UMeeTCsl TOYHO OHO pedpo.

EC.HI/I MbI BbIUTEM CYyMMY
> NG, 1),

TO Mbl BBIUTEM YKa3aHHOe UHCJO, HO BBIUTEM elle U HEKOTOPYIO
U30bITOUHYIO BesqUUUHY. JleHCTBUTENBHO, YCTb €1 = U1v; U € =
= uguy — JIBa pasJHU4HbIX pebpa rpaga G. Torma B yuca0 CTpo-
ro HeCOOCTBEHHBIX PacKpacok OCTOBHOro noarpada, copepxarie-
ro TOYHO OAHO pebpo e, MOMNALYT U Te, Y KOTOPBIX BEPLIMHBI U
U Uy UMEIT OJMHAKOBbIH LBeT, a 9T0 — CTPOro HecOOCTBEHHble
packpackud OCTOBHOTO moparpaca, comepxkallero TOUHO 1Ba ped-
pa e; U es. Bosee Toro, ux uucsao OyneT BHIYTEHO NBAXKAbl —
ONWH pa3 IJisl e; U ONUH pa3 IJs eg. AHAJOIMYHO, YHCJIO CTPO-
ro HeCOOCTBEHHBIX PACKPacoK GCTOBHBIX NOArpadoB, comepKallux
TOUHO 3, 4 1 GoJiee pebep, OyNeT BHIUTEHO COOTBETCTBYIOIIEE UHC-
JIo pas.
UTo6bl BOCCTAHOBUTH 0ajiaHC, Mbl 100aBUM CyMMY

Z N(i,2)z"

HpI/I 9TOM Mbl KOMIIEHCUPYEM NBYKPATHO€ BbIYUTAHHE YHCJIA CTPO-
ro HeCOOCTBEHHBIX PACKPaCOK, OTBEYAIOLIUX OCTOBHBIM IOATpa-
thaM ¢ nByMsi pe6paMHy, HO CHOBA BOSHUKHET HEOOXOMUMOCTb KOM-
NeHcaluuu H3JUIIHe ,U,O621BJI€HHbIX qyuceJ CTpoOro HEeCOOCTBEHHBIX
pacKpacok AJs OCTOBHBIX MoArpagos ¢ Tpemsi, YeThIpbMs U OoJiee
pebpaMH.

CJ/lefoBaTesIbHO, YMCJIO COOCTBEHHBIX packpacok rpaga G

paBHO
ZN@lx—i—ZN@Q ZN@?)

Tax kak N(n,0) = 1, oTciofa BeITeKaeT

m n

=22 (FING )

=0 i=1
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:ZZ 1N, 4))2". O

i=1 j=

OTMeTHM, UTO MHOTME W3 paHee MOJydYeHHBIX HAMU pe3yJib-
TaTOB O XPOMaTHUECKHUX MHOTOYJEHAaX MOXKHO JIeTKO BBIBECTH U3
JIOKa3aHHOH TeOpeMHl.

Jast mopcueta Ko3(PQULUUEHTOB XPOMAaTHUECKOr0 MHOTrOUJIeHa
P(G,x) B COOTBETCTBHHU C I0Ka3aHHOH TeopeMoi HeOOXOMUMO Me-
pebpatb 2™ dcToBHBIX moxarpados rpaga G. OpHako, Kak ycra-
HOBMJI YUTHH, MOXXHO CYIIeCTBEHHO YMEHBIUUTb YHCJ0 Nepedupa-
eMBIX noarpagos.

3adukcupyeM HeKOTOPYI HyMepaluio peGep OObIKHOBEHHOIO
rpada G HaTypasbHBIMH YHCJaMM OT 1 10 m, T.e. yCTAaHOBUM
B3aMMHO OJIHO3HAUHOE COOTBETCTBHE MeXIy MHoxkecTBamMH EG
u {1,...,m}. Paspywennom yuxiom GyoeM Ha3blBaThb JH0OOYIO
NPOCTYIO LieMb, NOJNYYeHHYIO U3 HEKOTOPOro LuKJaa rpaga G yna-
JieHreM pebpa ¢ HauOOJIbILIUM HOMEDPOM.

CnpaBejinBa cjefyiomiasi TeopeMa, KOTOPYIO MBI MPHBOLHM
0e3 J0Ka3aTeJbCTBa.

Teopema 6.13 (Yutnu, 1932). Pasiooncerue 04 xpomamu-
yeckoeo mrozourera P(G, x), ykasanroe 8 npedvldyujeti meope-
me, coxpanumes, ecau N(i,j) cuumamo pasuoim uucay (n,j,i)-
nodepagos n-epaga G, He codeprcaujux paspyuleHHbLY LUKAOB.



Ihasa 7

BBEAEHME B AJITOPUTMbI

Haunnas ¢ 3Toll riaBbl MBI NMEpPeXONUM K CHCTEMaTHYeCKOMY
00CY>XJIEHHIO METONOB pelleHHs] ONTHMH3aLHOHHBIX 3aaad JAuC-
KPeTHOH MaTeMaTHKH.

IIpuBeneM HecKoJbKO NPUMEPOB AMCKPETHBIX ONTHMH3aLHOH-
HBIX 3a7ad.

[TycTb uUMeeTcss HeCKOJbKO TOPONOB U HM3BECTHBI MOMapHble
paccTOsHHS MexAy ropojamu. [lBa ropoma CuUHUTalOTCS COCe.-
HMMH, €CJIM ecThb JOpOra, COeAMHsIoUlast 3TH IOpofa U He Ipo-
xopsimias depe3 Apyrod ropox. TpeGyeTcst HaliTh KpaTdaHILUN
NyTb MeXAy HeKOTopo# mapoil ropomoB (3adaua o kpamuailuem
nymu).

Elle oguH npumMep: ecTb n CTAHKOB W m JeTajled, KaxKaylo
JeTajb MOXKHO o6pabaTelBaTbh Ha JI0OOM CTaHKe, HO BpeMs obpa-
6OTKH JeTaly Ha OJHOM CTaHKE MOMKET OTJHYATbCs OT BpPeMeHU
ee 00paboTKH Ha ApyroMm cTaHke. [Ipenmosioxkum, uTo IS KaxkK-
J0H Mapbl CTaHOK—JeTasb 3TO BpeMs 3afaHo. TpebyeTcs Tak op-
raHH30BaTh NPOU3BOACTBO JeTaJsel, T. e. pa3MecTUTh AeTaJjH Mo
CTaHKaM TaKHUM 00pa3oM, 4YToObl CyMMapHOe BpeMsi paboThl ObLIO
HauMeHbIIUM (3a0aua ONMuUMAiLHO20 HASHAUEHUSL).

HaxoHew, ofHOH 13 caMBIX MOMYJSPHBIX JUCKPETHBIX ONTUMH-
3allMOHHBIX 3aJay SIBJSETCS Clefylollas 3anada.

[TytewecTBeHHHUK X04eT 06bexaTb 1 FOPOLOB, NOOBIBAB B KaX-
JIOM POBHO MO OJHOMY pasy, U BEPHYTbCS B MUCXOAHBIH TOPOJ, 3a-
TPaTHB NPU 3TOM MHUHHUMAaJbHYIO CYMMY Ha IMOe3AKY. 3aTpaThl Ha
NOe3/KY CKJIaAblBAIOTCS U3 3aTpaT Ha Iepee3ibl MexAy NapaMu
rOpOMIOB, MPHYEM 3TH 3aTpaThl 3apaHee W3BECTHHI (3adaua Kom-
MUBOSHEPQ).
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Bce npuBeneHHble BbIlle 3a0a4d UMEIOT psil OOLIMX CBOHCTB,
XapaKTepHbIX /s JUCKPETHHIX ONTHUMH3ALHOHHBIX 3ajau.

Bo-nepBbIX, B KaxA0H 3ajaue HMeeTcCs JHIIb KOHEUYHOEe YHC-
JIO BapHaHTOB (yTel MeXIy ropoJaMH, Croco60B pacrpeeseHHs
JeTajledl o CTaHKaM, MaplIpyTa lepefiBHUKeHUsl MyTelleCTBeHHHU-
Ka), M3 KOTOPBIX TpPeGyeTcst OCYLIECTBHTh BHIOOP. Bo-BTOpBIX,
Ka)K[IOMy BapHaHTy COIOCTaBJeHa HEKOTOpas YHUCJI0Bas Xapak-
TEpUCTHKA (HJMHA NyTH, CyMMapHOe BpeMsi pabGOThbl, CTOMMOCTb
noes3nkHu). B-TpeTbux, TpebyeTcs BHIOPATh BapHUAHT, YHCJOBAs Xa-
pPaKTepPHUCTHKa KOTOPOTO NOCTUraeT KCTpeMyMa.

HaubGosee oueBuAHBIH cnoco6 pelleHUs] MOJOOHBIX 3afady —
3TO TIOJIHBIHA Nepe6op Bcex BapuaHToB. OOHAKO 3TOT Crocod Hau-
MeHee ylayeH, OCKOJbKY BCe UHTEPECHbIE C NIPAKTHYECKOH TOUKH
3pEeHHUs] CUTyallMd BO3HMKAIOT HMEHHO TOTAA, KOTAa YHCJIO BO3-
MOKHBIX BapMaHTOB 4pe3Bbl4aiiHO BeJiuKo. [TosHbIl nepe6op Bcex
BapUaHTOB NOTPe6OoBaJ Obl CTOJIb 0OJBILIOIO BpEMEHH, YTO CTaJl Obl
IpaKTUYeCKH Hepeasd3yeM Jaxe Ha CaMblX ObICTPOJEHCTBYHOIIHX
9BM.

K cuacTblo, A1 MHOTHX BaXKHBIX 33124 JUCKPETHOH ONTHMH-
3allMH CYLIECTBYIOT METOIBI pelLleHHs,, HAMHOro 60J/iee 3KOHOMHY-
Hble, 4eM NOJHbIH nepebop. VIMeHHO Takue 3aga4yu U ajJrOPUTMBbI
UX pellleHus: OyoyT pacCMOTPeHbl B 3TOH M MOCJAeNYIOLUX [VaBax.

§ 7.1. AIITOPUTMbI U UX CITIOXKHOCTDb

[To ycTosiBiIeiicsi TEDMUHOJNOTUH PA3JNYalOT MACCOBLIE U UH-
JusudyasvHoie 3anaud. Bce BbllllenpuBeleHHblE MPUMEPbl JAIOT
06pa3ibl KMEHHO MacCOBBIX 3ajad. MHauBuayasbHas 3apmada 1o-
JydyaeTcsd M3 MacCOBOH MpH MOMOLIM (PUKCAUUU Habopa yCJAOBHH.
Hamnprmep, U3 MaccoBoi 3aaund KOMMHBOSIKepA TOJNYUUTCS HHIH-
BUJlyasibHasl 3ajladya, eCaH 3aUKCUPOBATH UUCJIO TOPOLOB U OIMpe-
JIeIUTh 3aTPaThl HA Tepee3bl MEXIY BCEMH MapaMH OPOJIOB.

Kaxpnast MmaccoBasi 3ajaua (B maJjibHei1ieM MpocTo 3angaya) xa-
pakTepusyercsi pasmepom. PasMep 3amaud CayXKHT MePOH KOJIH-
YecTBa BXOAHBIX NAHHBIX WU MPEACTABJISETCS ONHUM HJH HECKOJb-
KMMH LIeJIOUHCIeHHBIMY Napamerpamu. Hanpumep, pasmMepHOCTBIO
3a/laul KOMMMBOSI’KEPA e€CTEeCTBEHHO CYHUTAThb YHUCJAO 1 TOPOAOB,
KOTOpble OH COOUpaeTcs MOCETHUTD.
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ITon ajaropuTMOM MOHHMAeTCsl OOLIMH, LIAr 3a LIArOM BBIOJ-
HHUMBIH CIOCOO MOMyYeHHsl pelueHHs NaHHOH 3ajadyd. 3aMeTHM,
4TO CYIIECTBYeT HECKOJbKO (popMajn3aluil MOHSATHUS aJrOpPUTMa
(mawunnel TolopuHTa, peKypcHBHbIE QYHKIHMH, HOPMaJbHbIE aJro-
puTMbl MapkoBa), 0fHaKO WX PaCCMOTPEHHE [aJ/ieKO BBIXOLHT 3a
paMKH DaHHOH KHHTH. [{Jist OpeneseHHOCTH MOXKHO CYHTATh, UTO
AJITOPUTM SIBJISIETCS] [IPOrPaMMOEl Ha HEKOTOPOM si3blKe BBEICOKOTO
YPOBHSI.

JL7is1 OLleHKH KauyecTBa aJrOPUTMOB MOXKHO IPUMEHSITh pas/iny-
Hble KpuTepud. OOHOH W3 BaKHEHIIMX XapaKTePHUCTHK aJrOpHUT-
Ma SIBJISIETCS 8PEMEHHASR CAONMHOCMYL 8 xyduwem cayuae. Ilyctb
pasMmep MacCoBOH 3ajauyd ONpenessieTcss OJHHM LeJOYHCIEHHBIM
napaMeTpoM n. PaccMOTpPHUM BCe WHAMBHIYya/bHBEIE 3a1aul pa3me-
pa m ¥ 0603HaYUM Uepe3 t(n) MaKCHMaJbHOE YHCJIO IeHCTBHH, KO-
TOpOe HEOOXOAMMO AJIsl PelLleHHs JI000H Takod WHAMBHIYaJbHOM
sagaun. PyHkUUs ¢(n) — 3TO U eCTb BpeMeHHas CJOXKHOCTb aJ-
ropuTMa B XYyALIEM Cjydae (HJH MPOCTO CIO0KHOCTb aJIrOPUTMA).

[Ton pmelicTBHEM, MPOM3BOAMMBIM aJrOPUTMOM, GyoeM MOHH-
MaTh BBINOJIHEHHE MPOCTOH «ONepalnk», 0OBIYHO amlnapaTHo pea-
JIM30BaHHOH Ha J060it IBM, a nMeHHO 0608 apupMeTHUECKOH
Oneparny, OlepaLii CPaBHEHHS], TEPECHIIKU U T. I1. SICHO, YTO MpH
TaKOM OIpefiesIeHHH NeHCTBHsI CJIOKHOCTb aIrOPUTMA 3aBHCHUT OT
KOHKDETHOrO BHMa MAlIMHHBIX KoMaHI. Ilostomy Hac Bcerna Gy-
IeT HUHTEPEeCcoBaThb JIHIIb ACUMITOTHUECKAS] CJ0XKHOCTb aJrOPUT-
Ma, T.e. MOPSIOK POCTa CJOKHOCTH MPH YCJOBHUH, YTO pasmep
3ajauy HeorpaHHYEeHHO BO3pacTaerT.

[Ipn cpaBHEHHH CKOPOCTH pOCTa [BYX HEOTPHLATENbHBIX
¢yuxkuui f(n) u g(n) yno6HO KCHOMb30BATh CleyIOLIHe 0603HA-
yeHus. bynem rosoputs, uto f(n) = O(g(n)), ecan CylLIeCTBYIOT
TaKHe MOJIOKUTeNbHble KOHCTaHTH ¢ U N, uto f(n) < c¢- g(n)
nJast Bcex n > N. B atoill xe cHTyaunM MOXHO MCIOJb30BaTh U
o6o3Hauenue g(n) = Q(f(n)).

Hanpumep, crnpaBennuBbl cooTHolleHus logon = O(n), n =
= Q(logy n), n = 0(2").

Ha npakTuke a/jropuT™ pelleHHs HEKOTOPOH 3ajadyd CuHTa-
eTCsl IOCTATOYHO XOPOLIMM, €CJH CJOXKHOCTb 3TOTO aJrOpHTMA
ectb O(n*) npu mekoropom k > 0. B Takom ciydae rosopsr, uto
3afaya MOXKET ObITh PelleHa 3a NOAUHOMUALLHOE 8PeMSL UIH, KO-
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poue, YTO 3afadya NOAUHOMUALLHO PA3PEULUMA, a CaM aJlOPUTM
Ha3bIBAIOT HOAUHOMUAALHbIM. ECIN CJI0KHOCTb aJrOPUTMa paBHA
O(n), To Takoi aJrOpUTM HasblBaeTcs AuHelinvim. Hanporus, ec-
JIM aJrOPUTM HMeeT CJOXKHOCTb {2(a™) mpHu HeKoTopoMm a > 1, To
€ro HasblBAIT IKCNOHEHUUALLHBIM.

OTMmeTHM, YTO Kak 3agadya O KpaTdyaiiueMm MMyTH, TaK U 3aaada
ONTHMAJILHOTO HA3HAYEHHUS SIBJISIOTCS TOJHHOMUANBHO Pa3peliu-
MBIMH. B TO e Bpemsi [l 3afaud KOMMMBOSIKEDA HEH3BECTeH
MOJIMHOMHAJIbHBIH aJrOPUTM; BIPOYEM, HET H 10Ka3aTeJbCTBa TO-
ro, 4TO TaKOH aJTrOpUTM He cyllecTByeT (cM. [18]).

BaxXHOCTb TMOHATHS CJOXKHOCTH aJropuUTMa XOPOLIO HJJIIO-
CTPHPYIOT CJleflytoline Tab/IHLbl, 3aHMCTBOBaHHbIE U3 KHUTH [6].

[lepBas Tabsuna nocTpoeHa B MPEANOJNOKEHWH, YTO OJUH IIar
paboTel anropuTMa TpebyeT /s CBOErO BBINOJHEHWS | MHJJIH-
cexkyHny. Kak caenyer us tabs. 1, nmpu yBenndeHuu BpeMeHH C |
cekyHnbl 10 1 yaca, T.e. B 3,6-10% pas, pasmep 3anauu, peraemoi
aJTOPUTMOM CJIOXKHOCTH 2™, yBeJHYHBaeTcsi ToJbKO B 21/9 pasa,
a JIIl aJrOPUTMA CJIOXKHOCTH . — POBHO B 3,6 - 10 pas.

Moxert nmoKasaTtbCsl, HTO POCT CKOPOCTH BbI'-II/ICJ'IeHI/IIL/'I, BbI3BaH-
HbI} NosB/eHHeM HOBbIX OBM, yMeHbUIUT 3HaueHHe 3(P(HeKTUB-
HBIX, T. €. HMEKIHUX <<H€6OJII;>LHyIO>> CJIO2KHOCTb, aJTOPHUTMOB. OLL-
HaKo, KaK 3TO BUIHO U3 TabJ. 1, B 1eACTBUTENBHOCTU MPOUCXOIUT
B TOUHOCTH NpoTuBonosoxHoe. C poctom GricTponelicTeus IBM
CTaHOBHUTCS BO3MOXKHBIM pellleHHe 3ajady Bce OoJblIero pasmepa,
U UMEHHO OT CJIO2KHOCTHU aJIrOpUTMa 3aBHUCHUT, HACKOJIBKO YBeEJIU-
yeHue ckopocT DBM BiMsieT Ha yBeJquUyeHHe pa3Mepa 3agayd.

Tabauya 1
CJI0XKHOCTh MakcuMaJsibHbIE pasmep 3agadun
alnropuTMa 3alc 3a 1 mun 3alu
n 1000 6 - 10* 3,6 - 106
nlogyn 140 4893 2105
n? 31 244 1897
n3 10 39 153
2m 9 15 21
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PaccmorpuM tenepb Tabia. 2. [lycTh musi pellleHHst HEKOTOPOH
3aa4d HMeeTcs airoputm cioxHoctd n>. Torna mecsTHKpaTHOe
yBeJIHUeHHe CKOpoCcTH ObicTpomedcTBss DBM mnosBosut yBesu-
YUTb pa3Mep 3ajaud, permaemoil 3a 1 MuHyTy, B 2,15 pasa. Ilepe-
XOIl K a/TOPUTMY CO CJIOXKHOCTBIO M2, MO3BOJIUT PEIIUTh 3a1a4y B
6 pas Gosbliero pasmepa (cm. Taba. 1). Eciu B kauecTBe eqUHHUILBI
BpeMeHH B3sTh 1 uac, To cpaBHeHHe OyneT elie GoJiee BIIeYaTJIsi-

IOIIHUM.

Tabauya 2
MakcuMasbHBIH pa3Mep 3agadi,
pa3pelrMol 3a eIMHHIY BPeMeHH
C
oo Ha Ha 9BM Ha 9BM
aJIropuTMa . .
COBPEMEHHBIX ¢ 10-kpaTHo# ¢ 1000-kpatHoit
9BM CKOPOCTbBIO CKOPOCTbIO
n K 10K 1000K
nlog,n L [Toutnl10L [Tourn1000L
npu 6oabnx L npu 6oabmuxX L
n? M 3,16 31,6M
n? N 2,15N 10N
2n P P+3,3 P+9,97

OTMeTHM, 4TO IS aJrOPUTMA CJIOXKHOCTH 2" NecsATHKpaTHoe
yBesnuueHue ckopocT IBM nobaBnsieT K pasMepy paspelirMoi
3aJlayl TOJIbKO TPH €IUHHMIBI, TOrda Kak [Js aJirOpUTMa CJIOXK-
HOCTH N2 MPOMCXONMT yBeJHYEHHe B TPH Pasa, a /sl alropuTMa
CJIOXKHOCTH M — B IECSIThb pas.

§ 7.2. 3ANMMCb AJITOPUTMOB

IIpennonaraercsi, 4To YUTATENb 3HAKOM C KaKHUM-HUOYAb SI3bI-
KOM IPOrpaMMHPOBAHUS BBICOKOTO YPOBHS. [l 3amMCH aJropuT-
MOB OyIeT HCNOJb30BaThCs ynpolleHHblH [lackanb, sBasOMLUiCA
HedopMaJsbHOH BepcHeli s3bika [lackasb.

B ynpomennom [lackane Takue moHsTHS, KaK KOHCTaHTa, Ile-
peMeHHas, orepaTop, (PYHKLHS U NpoLeaypa HMeloT oObluHOe 3Ha-
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YyeHHe. 3aMeTHM, UTO MNPHU OMUCAHHM aJTOPUTMOB THIl NAHHBIX
SIBHO OOBSIBJSATHCS He OyneT, MOCKOJbKY OH Bcerna OyneT MoHs-
TeH M3 KOHTeKCTa. YmpolleHHbH [lackasb Mo3BoJsieT MPUMEHSTD
TpPaIHUIHOHHbIE KOHCTPYKIIMY MaTeMaTHKH, B YaCTHOCTH paspera-
€TCsl UCIOJb30BaTh JOOBE MaTeMaTHUeCKHe MpeNNUCaHUs, eCH
OHU TOHSTHBI U TEPeBOI WX B omepaTopsl sidbika [lackanp (uau
IPYroro si3blka BBICOKOT'O YPOBHsI) He BbI3bIBaeT 3aTPyNHEHHUH.

Oneparope! ynpouleHHoro [lackass samuceiBalTCs MO NpaBHU-
JlaM, TIpUHATHIM B s3biKe [lackanb. B gacTtHocTH, cocTaBHOH orme-
paTop 3akJIo4aeTcs B onepatopHble cKoOkH begin u end. [oro-
BOPUMCS1, YTO ONEPaTophl, 3alHCaHHbIe B ONHOH CTPOKe, 00pasyioT
COCTaBHOH OIepaTop; B TAaKOH CHUTyalluH OolepaTOpHble CKOOKH 6Y-
LOyT MHOTA OMYCKaTbCs.

Hns obecrnieyenrst GoJbliell HATJSIAHOCTH TPH ONMHCAHUM aJl-
TOPUTMOB B ympolneHHBIH [lackanb BBOASITCS HEKOTOpBIE AOMOJ-
HUTEJIbHBIE OTIepPaTopPhl:

e omnepatop 1ukJaa for x € X do P (nas Kakaoro sjeMeHTa
x 13 MHOXKecTBa X BHIMOJIHUTH onepaTtop P);

e ycsoBHbIH oneparop if exists x, B(z) then P else @ (ecin
CYLLECTBYeT 3JIEMEHT &, yIOBJETBOPsOLKH ycaoBuio B(x),
TO BBHIMIOJIHUTB OMeparop P, nHaue BEIMOJHHUTH onepatop @);

e omnepaTop z <> y (0O6MeH 3HAYEHUSIMH MEXAY T H ¥).

[Ipu omucaHWK aJrOPUTMOB TPUXOIUTCS HCIOJIb30BaTh TaKHE
CTPYKTYPBI JAaHHBIX, KaK CMHUCKH, CTeKH U ouepend. Crnucok L =
= (ly,...1,) fABJIsAETCS KOHEUHOH MOC/IE0BATENbHOCTbIO OIHOTHII-
HBIX 2JeMeHTOB. B oT/iMume 0T MaccuBa, UHUCJ/IO 3JIEMEHTOB B CIIUC-
Ke 3apaHee He (QUKCHPYeTCs. 3aMETHM TaK¥Ke, YTO CIHUCOK MOXKET
He COIep)KaTh HH OJHOTO 3JIEMEHTA, T.€. OH MOXKET ObITh MYCThIM.
B atom cayvae 6ynet ucnosb3oBaThcsl 0603HayeHue L = nil.

Cnucok S = (s1,...,8,) Ha3bIBAETCS CMEKOM, €CIH B HEM
BhIZIEJIEH 3JIEMEHT, HasbiBaeMblil sepuiuroli (OymeM CUMTaTh, 4TO
B HEMYCTOM CTeKe BEpIIHHOH SIBJASETCS MOCAEIHHH 3JIeMEHT, a B
MyCTOM CTeKe BeplliMHA He OMpejeseHa), U 3aJaHbl CJAeIyIOIIHe
JIBE MPOLENYpbl U (DYHKIIHS:
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e S < 1 — BTOJIKHYTh Z B CT€K, T.€. MOJYYHUTh CIIHCOK BH[A
(S1y -y SnyT);

e © < S — BBITOJKHYTb BEpIIMHY HENyCTOro CTeka B Ile-
peMeHHYI0O z. B pesysbTare BBHIIOJHEHHUS 3TOH MPOLELYPBI

CIUCOK S MPUHUMAET 3HaYeHUe (S1,...,8,-1), & T = Sp;

e top(S) — 3HaueHHWeM 3TOH (PYHKUUH SIBJSETCS BepLIHHA
CTeKa.

Cnucok @ = (q1,...,qn) Ha3blBaeTCsl ouepedvlo, eciu B HEM

BbIIeJIEHBl Hauas o (3JIEMEHT g1) U KOHel| (3/7eMeHT ¢,) U ompeje-
JIEHBI IBE TPOLEILYPHI:

e () < x — BTOJKHYTb Z B KOHEIl OYepeiH, T.e. MOJyYUTh
CIIUCOK (q1, - -+, Qn, X);

e I < () — WCKJ/IOUMTb M3 HEMyCTOH OYepeid Haualo W Ie-
penaTh ero B nepeMeHHyio x. [TocJie BHIOJHEHHs 3TOH MPO-
uenypol Q = (S2,...,8,) U T = 57.

Ecnu v — BepumHa rpada G, To uepes list[v] o6o3Hauaercs
CTHCOK BEPILIHH, CMEXHbBIX ¢ v. AHAJOTUUYHO, [J1s1 BEPLIMHBI ¥ OPH-
eHTHpOBaHHOro rpada G uepes i?st[v] (cooTBetcTBeHHO [ist[v])
OymeT 0603HAUATLCST CIIMCOK KOHLOB, HCXOASLIUX U3 v AYT (cooT-
BETCTBEHHO CIIHUCOK HayaJjl, BXOASLIUX B v IYT).

[lpu 3anucy anropuTMa CTPOKH O6BIYHO OYAYT HYMEPOBATbCS
C TeM, 4TOObl MOXKHO ObLIO yKa3aTb Ha OIpeJesleHHbIH orneparop
U TPYyMIy ONepaTopoB.

HoroBopumcsi 006 00603HAUEHHUAX MJs YaCTO HCIOJIb3YEMBIX
¢yukuui. Ilockoabky B nanbHefiieM OyayT HCIOJNb30BAThCSA
TOJIbKO JIOTrapu(Mbl 10 OCHOBaHHUIO 2, BMecTo log, x Oynem nu-
caTb mpocTo log x.

J1/1st TPOU3BOJILHOTO IEHCTBUTENBHOrO Ucaa x yepes |z (ye-
Aas wacmv Wi OHo x) OyneM 0003HauaTb HaubOJbIIEE [E]0€
4hcsIo, He MpeBocxoisiiee x, a uepes x| (nomosok x) — Hau-
MeHblllee Lesoe YUCJI0, 6oJblliee HIU PaBHOE .
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§ 7.3. KOPHEBbIE U BUHAPHbIE AEPEBbA

Hepeso T = (V,E), B KOoTOpoM 3a(pMKCHpPOBaHA HEKOTOpasi
BeplLIMHA T, Ha3blBaeTCsl KopHesvim Oepesom ¢ koprem r. Taxoe
KOpHeBoe JiepeBo Oyaer o6osHauatbest uepes (T, 7).

Ha mHoxecTBe BepiivH V' KOPHEBOTO JepeBa MOXHO Orpeje-
JIUTh CJIeYIollee OTHOLIEHHe: u < v TOTAA U TOJBKO TOTAA, KOrna
v JIEXKHT Ha MPOCTOH (7, u)-Lemnu.

OueBHIHO, OTHOLIEHHE < HA MHOXECTBE BEpLIMH KOPHEBOro
IepeBa SIBJASETCS OTHOLUEHHEM YaCcTHYHOrO nopsiaka. Takum 00-
pas3oM, KOpHeBOE [e€PEBO C KOPHEM 1 SIBJISIETCS OJHOBPEMEHHO 4a-
CTHUYHO YMOPSIAOYEHHBIM MHOXKECTBOM, B KOTOPOM 7 SIBJISIETCS] HAHU-
OOJIbLINM 3JIEMEHTOM. DTO YaCTHYHO YNOPSAOUYEHHOE MHOXKECTBO
yHo6HO 0603HaunTh Yepes (7', <).

KopHeBble fepeBbsi MPUHATO H306paxKaTh B BUIE AHarpaMM CO-
OTBETCTBYIOIIMUX YACTHYHO YNOPSIOUEHHBIX MHOXKeCTB (pHuc. 65).

u

Puc. 65

MuHyMaJ IbHblE 3/IEMEHTBl YaCTHUHO YIOPSIOUYEHHOTO MHOXKeE-
crBa (T,<) 4acTo Ha3bIBAIOTCH AUCMbAMU KOPHEBOTO JAepeBa
(T,r). Ecmu u < v, TO rOBOPAT, YTO U — NOMOMOK U, & U —
npedox w. O4eBUAHO, YTO €ClH v, w — MPeIKH BepLIMHBl U, TO
OHH CpaBHHMbl B YaCTHYHO yropsizodeHHoM MHoxectBe (7T, <).
[TosTomy cpenu MpeakoB BEPLIMHBI U CYLIECTBYeT HAWMEHbIIHEH
MPenoK x; TOBOPST, UTO X — Omey BEpUIMHBI u, a U — CblH
BepiInHbl . J{/s MpOH3BOJNLHON BEPIIMHBI v Yepe3 U 0003HAUHUM
MOJIEPEBO C KOPHEM ¥; 3TO KOPHEBOE JEPEBO COCTOMT M3 CaMoO#
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BepLIMHB v U BCexX ee MOTOMKOB. Ha puc. 65 BepiinHa u sBJIA-
eTCsl JINCTOM, BeplIMHA w — IPEIOK BEPUIMH U U v, TIPUYEM HJIs
BEPLIHHBI v OHA SIBJISIETCS OTLOM, BEPLIMHB U U z HECPABHHMBI.

JliuHa npoctoi (r,v)-Leny Ha3blBaeTCH YypOBHeM BEPLIHHEI V.
Boicoma h(T) xophesoro gmepeBa (T,7) — 3T0 HauGoOMbLIMK H3
YPOBHeH ero BepIlHH.

YcTaHOBHM CBSI3b MEX/Y BbICOTOI KOPHEBOTO JlepeBa H YHCJIOM
€ero JINCTBEB.

Jlemma 1. [lycmo (T,1) — KopHesoe Oepeso gvicomoti h, 8
Komopom Kaxcoas eepuiuna umeem He Gosee uem k coiHosell.
Tozda uucao aucmoes amozo 0epesa He npesocxodum k"

Joka3arenbCcTBO. YTBEpXKIEHHE, OUEBHAHO, BBLIOJHEHO IIPU
h =1. lycts h > 1. Has kaxporo coiHa s; (1 <4 < p < k) xop-
HsI 7 PacCMOTPUM KOpHeBoe nepeBo T; = §;. fcHo, uto h(T;) < h.
[Tostomy x Kaxpomy nepeBy 7;, 1 < ¢ < p, IpUMEHUMO Mpeao-
JoxkeHHe HHAYKUHMH. ClleoBaTesNbHO, YHCJIO JIUCThEB B fepeBe T
He mpeBocxofut p - k"t < k- kP < P O

B npusioKeHHsIX 4aCTO HCIOMb3YIOTCS TaK Ha3biBaeMble Ou-
Haprole (OsouuHbvle) NepeBbsi. DuHapHOe HEPEeBO — 3TO KOpHe-
BOe [epeBo, obJ/afamliee CJAeAYOLMME A0MOJHUTENbHBIMUA CBOU-
CTBaMH:

1) Kaxknasi BeplIMHA HUMeeT He (GoJsiee IBYX ChIHOBEH;

2) pust i0GOH BEpIIMHBI v KaXKAbIH ChIH UMEeT JIOMOJHUTE/b-
HBIH MpU3HAK — OH siBJsieTcst Jnbo sesvim (left(v)), amubo npa-
sowm (right(v)).

Yno6HO cYMTaTh, YTO CYIIECTBYeT MyCTOe OMHAPHOE IepeBo,
T. €. OUHAPHOE NEPEeBO C MyCTHIM MHOXKeCTBOM BepiinH. C yueTom
9TOrO COTVIALIEHHsT [JIsi KaXKAOH BEpLIMHBI v OMPENEJeHO JIeBOoe
nonnepeBo Left(v) u npasoe mongmepeBo Right(v). Ecau monme-
peBo Left(v) (coorBercTBeHHO Right(v)) HemycTo, TO ero Kop-
HeM $IBJIsIeTCs JIeBBIE (COOTBETCTBEHHO MPAaBbIH) CHIH BEPLIMHBL V.
3anuch r = mil cayKUT A 0003HAUYEHHUs] MycTOro GUHAPHOTO
nepesa. [lostomy OTCyTCTBHME y BepIIMHBI v AAaHHOrO GHHAPHO-
ro jepeBa JieBoro (COOTBETCTBEHHO MPABOTO) ChIHA MOXKHO BBbI-
pasuThb MpH MOMOIIK paBeHcTBa left(v) = mil (cOOTBETCTBEHHO
right(v) = nil). Ilpu pabore ¢ OUHApHLIMU HepPEBbSMH OyHeT
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ucrnosb3oBaTbesl npouenypa Create(r), no6aB/sionias BepIIMHY
B IycTOe OHHApHOe NepeBo (peasu3auus 3TOH NMpoLenypsl B KOH-
KPETHOM SI3BIKe NTPOrpaMMUpPOBAHHs 3aBUCHT, padyMeeTcsl, OT CIIo-
coba TpeacTaBJeHust OWHAPHOTO JepeBa U BO3MOXKHOCTEH SI3BIKA).
[TockosbKy Kaxknoe GMHApHOE EPEBO JHO0 SABJSETCH MYCTHIM,
JuBO COCTOMT M3 KOPHS U ABYX €ro MOIAepeBbeB — JIEBOTO U Mpa-
BOrO, Kjacc OHHAPHBIX [JepeBbeB NOMYCKaeT PeKypCHBHOE OIHca-
Hue. PekypcuBHas npupona GHHApPHBIX IepeBbeB MO3BOJISET MHO-
THe aJrOpUTMbl 00pa0OTKHM OWHAPHBIX AePEBbEB OMHCHIBATH IPH
TIOMOLIIY PEKYPCHH.
OcraHoBHMCST Ha a/roput™Max o6xofa OHWHAPHBIX JepeBbeB.
Paccmorpum ciepytomue Tpu crnoco6a o6xona:
1) o6xon cBepxy BHH3 (00X0H B MPSIMOM MOPSIAKE);
2) o6xoq cJjieBa HanpaBo (00X0n BO BHYTPEHHEM TMOPSIKE);
3) o6xon cHU3Y BBepX (06x0m B 06paTOM TOPSIIKE).
dtu Tpu cnocoba o6xona (B yKasaHHOM Bbllle MOPsIIKE) pea-
ausytorest Tpemst mpouenypamu: PreOrder(v), InOrder(v) u
PostOrder(v). B atux mpouenypax B KaxKAOH BeplLivHe v OH-
HapHOTO JiepeBa BhinosHsieTcs onepatop P(v).
Procedure PreOrder(v);
begin
if v # nil then
P(v); PreOrder(left(v));PreOrder(right(v));
end;
Procedure InOrder(v);
begin
if v # nil then
InOrder(left(v)); P(v); InOrder(right(v));
end;
Procedure PostOrder(v);
begin
if v # nil then
PostOrder(left(v)); PostOrder(right(v)); P(v);
end.
Ha puc. 66 kaxkpgas U3 3THX TpeX MPOLENYp MPHUMeHSeTCs
K OWHApHOMY [epeBy, BEpPLIHHBI KOTOPOTO MOMeYeHbl UHCJIAMH.
CnpaBa oT fepeBa MOKa3aH TOT MOPSIOK, B KOTOPOM COOTBET-
CTBytollasi mpouenypa oo6xomut OGuHapHoe nepeBo (1 — obxon
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B IIPSIMOM TOpsiiKe, 2 — 00XOA BO BHYTpPEeHHeM MOpsiike, 3 —
06x0 B 0OpPAaTHOM MOPSIIKE).

10
1) 10, 6, 5, 8, 7, 14, 12, 15;
6 14 2)5,6,7,8, 10, 12, 14, 15;
3)5, 1,8, 6,12, 15, 14, 10.

5 8

12 15
7
Puc. 66

[lycts (T,7) — OuHapHOe AepeBO, BepLIMHBI KOTOPOrO MOMe-
YeHbl 3JleMeHTaMH HEKOTOPOro JIMHEHHO yNOpsIOUueHHOro MHOXKe-
ctBa L. WHbIMH cyoBamH, ompefie/ieHO OTOOpaKeHHe A U3 MHO-
’KecTBa BepliMH V OuHapHoro jgepeBa B MHoxecTBo L. Takoe
O6rvHapHOe NepeBO HA3bIBAETCS Jepesom noucka, ecsiu AJs Ji00n
BepIUMHBl ¥ € V' BBHIIOJNHEHB! YCJIOBUS:

1) AM(u) < A(v) A5 nponsBosbHON BepluuHbl u U3 Left(v);

2) AM(u) = A(v) nast mpousBoJIbHOM BepuiuHbl u U3 Right(v).

Jlemma 2. O6x00 depesa noucka 80 HymperHem nopsoke
copmupyem memku 8epuis 8 NOpsoKe 803PACMAHUS.

Yurarens Ge3 Tpyla MPOBEPUT 3TO YyTBep:KAeHHe, NPHMEHHB
MHIYKLMIO [0 BEICOTE JlepeBa MoHcKa.

CBOHCTBO JepeBa IOMCKA, OTMEUEHHOE B JIEMMe 2, JIEXKHT
B OCHOBE CJIeYIOILEr0o Croco6a COPTHPOBKU MOCJENOBATEIbHO-
crefl. st naHHOH MOC/NENOBATENBHOCTH (Z1,...,%,) JEMEHTOB
U3 MHOXecTBa L CcHauajla CTPOUM JIepeBO IOHCKa Tak, 4TO MeT-
KaMM BepIIHH SIBJSIOTCS 3JE€MEHTHl MOC/IeNI0BaTENbHOCTH, a 3aTeM
00X0QUM 3TO HepeBO BO BHyTpeHHeM nopsike. IlepeBo mnoucka
u3obpakeHo Ha puc. 66. 31ech ke MOKa3aHO, YTO B pe3yJibTa-
Te 006X0Jla 3TOTrO JepeBa BO BHYTPEHHEM MOpsiiKe METKH BepLIHH
COPTHPYIOTCS B TMOpPsIKEe BO3pACTaHHUSI.
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JL7st moCTpoeHHst HepeBa MOMCKA M3 JAHHOH MOCJeNIOBATEe/b-
HOCTH NpUMeHsieTcsl CJefylollas peKypCHBHast NPOLEenypa.
Procedure Add(r,x);
begin

if 7=nil then

Create(r); \(r) ==z

else it =z < A(r) then Add(left(r),x)

else Add(right(r),x)
end.

DTa TpoLenypa K yKe CYLIeCTBYIOLUIEMY IepeBy MOUCKA C KOp-
HeM 7 N00aBJisieT OYepefHOH 3JeMEHT X TaK, UTO CBOUCTBO OBITh
[IePeBOM IOUCKA COXpaHsieTcs. 3aMeTHM, 4To npouenypa Add(r, x)
HamucaHa B MPeANON0KEHHUH, UTO BCe 3JeMeHThl HCXOIHOH mocJe-
JIOBaTeJIbHOCTH IONApHO pas3iHyHbl. HeTpynHo NOHATH, 4YTO Ta-
KO Croco6 COPTUPOBKHU TOCJIEN0BATEbHOCTEH HMEET CJIOXKHOCTD
O(n?).

OOWKUpHBIE MaTephas, OTHOCSIIHHACST K 3aTPOHYTHIM B 3TOM
pasfeJie BOpocaM, uuTaTesb Hainer B Kuurax [13,30,49].

§ 7.4. COPTUPOBKA MACCHBOB

[lycte a = [aq,...,a,] — MaccuB, COCTaBIEHHbIH H3 3JEeMEH-
TOB HEKOTOPOTrO JIMHEHHO yropsiioueHHoro MHoxkectBa L. Copru-
POBKa MacCHBa a COCTOUT B HAXOXKIEHHU TAKOH MEPECTAHOBKH O
MHOXecTBa {1,...,n}, UTO y(1) < Ag(2) < ... < Gg(n)- Ipenno-
JlaraeTcs, uTo BCHO MH(MOPMAIMIO O NaHHOM MacCHBE Mbl MOXEM
MOJNYYUTh, JIHIIb NPUMEHSIST OMepaltio CPaBHEHHS K 3JeMeHTaM
MaccHBa.

OUeHUM CHH3Y CJI0XKHOCTh TPOM3BOJIBHOTO ajJrOpUTMa COPTHU-
POBKHM MaccHBa W3 7 3JeMeHTOB. [ 3TOr0 MOCTPOMM TaK Ha-
3biBaeMoe depeso peuieruti. Ha puc. 67 usobpakeHo nepeBo pe-
IIEeHHH [J1s1 MaccuBa [ai, a2, as], COCTOSILLETO U3 TPEX 3JEMEHTOB.
DyieMeHTHI IepeBa H300paXKAKTCs OBaJaMH U MPSIMOYTOJbHHUKAMY.
OBaJibl 3aKJI0YAIOT MPOBEPSiEMble YCJIOBHS, B MPSMOYTOJbHHKAX
3aMUChIBAIOTCS OTCOPTHPOBAHHBIE MACCHBHI.

OueBHIHO, UTO IEPEBO pEIIeHHH MacCHBa U3 1 3JEMEHTOB SB-
JisieTcst OUHAPHBIM J€PEBOM, TPHYEM KOJHUECTBO JINCTHEB B ITOM
JiepeBe paBHO nl.
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[lycTb h — BbICOTa JepeBa pelleHHH, TOCTPOEHHOTO 1Js Mac-
cuBa U3 n anemMeHTOB. M3 semmbl 1 § 7.3 caenyer, uto n! < ok,
otkyaa h > log(n!). Mockonbky n! > n™/? npu n > 3, umeem

1
log(n!) > Lg(n)'
2

CrenosatesibHO, CIpaBeIuBa

Jlemma 1. Boicoma depesa pewienuii maccusa u3 n dnemen-
mog Goavwe, wem (nlogn)/2.

| X, < 2,< X

[x1< x3] [x2< xg] X, < x,< X

| Xy < X3< Xy | X3 < X< Xy | Xy < X3< Xy | Xy < X< Xy
Puc. 67
[IpeanosoKuM Tenepb, YTO K MaccHBy a = [ay,...,d,] TIpH-

MeHeH HEKOTOPBIH aJrOPUTM COPTUPOBKH. B nepeBe peleHuil s
MaccHBa W3 M 3JEMEHTOB PAaCCMOTPUM MPOCTYIO Lenb P, coenu-
HSIOILYI0 KOPEHb [epeBa pelleHHH ¢ JIUCTOM, MPeACTaBJSIONIUM
OTCOPTHPOBAHHBIA MacCUB a. MIHTYUTHBHO MOHSATHO, YTO KOJUYE-
CTBO CpPaBHEHHH, HCMOJb30BAHHBIX aJTOPUTMOM [Jis COPTHPOBKH
MacCHBa a, He MeHblle IaWHB Lernd P. OTciona MOXKHO crenaTb
BBIBOL:

[IpoussonvhbLil areopumm COPMUPOBKU MACCUBA U3 M. dle-
menmos (npu nomowyu cpasrenuil) umeem caoxncHocmo Q(nlogn).

IlepelineM K NOCTPOEHHIO IIPOCTOIO U 3(P(MEKTHBHOIO aJ-
FOPUTMAa COPTHPOBKH MACCHBOB, CJIOKHOCTb KOTOPOrO paBHa
O(nlogn). dtoT anroput™ Gbln npenjoxeH B 1964 rony He3aBu-
cumo JIk. Yuabsimcom (mox HasBaHueM HeapSort) u Daoiigom
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(mom HasBanuem TreeSort). B HekoTOphIX KHHrax (cM., Hampu-
mep, [13,49] ero Ha3bIBAOT AACOPUMMOM RUPAMUOAALHOL COp-
muposku. Takoe HazBaHue GoJiee yIOOHO, U Mbl OyIeM HCIO0Jb30-
BaTb HMEHHO €ro.

[lycts a = [ay,...,a,] — npou3BoJbHBIN MaccuB. CBsKeM C
MaccHBOM a OUHapHOe fepeBo T, CUMTasi, YTO B KOPHE HAXOMUTCS
3JIEMEHT @1 ¥ JJIsl KXKIOr0 JEMEHTa a; TOJOXKUM ag; = left(a;)
(ecan 2i < n) U agir1 = right(a;) (ecau 2i + 1 < n). U3 310-
ro ompefeJsieHHs, B YACTHOCTH, BLITEKAeT, YTO a; JKCT TOrga H
TOJIbKO TOTHA, Korma 2i > n. Ha puc. 68 usobpaxkeHo 6GUHapHOe
nepeBo Tg.

Puc. 68

Jlemma 2. Buicoma 6unaprozo depesa T, pasna |logn].

Hoka3areasctBo. [Tyctb h — BbicoTa nepeBa 7,,. M3 onpene-
Jgenns T, crienyer, 4TO NPH KaXOIOM k < h 3JeMeHT agrx MMeEeT
ypoBeHb k. OTciona BHITEKAeT, UTO 3JIEMEHT Qgn SIBJSIETCS JH-
crom B T),. Tlostomy 2"*1 > n. CnenopatensHo, 2" < n < 20+
otkyna h <logn < h+1, 1.e. h = |logn|. O

BunapHoe nepeBo T, OyneM HasblBaTh nupamudoi WU cop-
mupyrowyum depesom, ecau mpu 1 < i < n/2 3jeMeHT a; GoJblie
WJIU paBeH KaXKIOMY U3 CBOHUX ChIHOBEH.

3ailiMeMcsl CHayaja TOH 4YacTbi0 ajirOPUTMa MHUPaMHUAAJbHOU
COPTUPOBKH, KOoTOpas Jioboe OuHapHOoe nepeBo T, mpeobpasyeT B
nupamMmuILy.
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B ocHoBe anropuTMa MUpaMUAANbHON COPTHPOBKH JIEXKHUT CJle-
Iywolas pekypcuBHas npouenypa Sift(i,j). B asrtoii mpoueny-
pe ucrnosb3oBaHa GyHKUUs MaxS(i), BhUNCASIONIAs HOMED HaH-
60JIbIIETO U3 CBIHOBEH 3J€MeHTa a;.

—_—

procedure Sift(i,j);

2. begin

3. if ¢ < |j/2] then

4. begin

5. k= MaxS(3);

6. if a[i] < a[k] then

7. begin

8. afi] < alk]; Sift(k,7);
9. end

10. end

11. end.

Ckaxkem, uto gaepeBo T, SIBJSIETCS 4QCmMudHol AUpamuooL
¢ uHvdexkcom 1, ecqv mpH ¢ > | BCe TONNEPEBbS C KOPHIMHU a;
ABJSAIOTCA NMUpaMuaaMu. fcHo, uto moboe nepeBo 1), sBJsfeTCA
YaCTUYHON NHUPaMUAON C UHAEKCOM [, ecu [ yHOBJeTBOpsSeT Hepa-
BEHCTBY | > |n/2].

Jlemma 3. Ecau depeso T, ssasemcs wacmuuroll nupamu-
doii undekca | + 1, mo 8 peaysomame 8vo.NOAHEHUSL NPOYEOYpbL
Sift(l,n) ono cmarnosumces wacmuuroti nupamudot urndexca l.

Uurarenb 6e3 Tpyna yOenuTCs B CIPaBeNJUBOCTH JIEMMbI 3,
NPYUMEHUB BO3BPATHYI0 MHAYKLHIO 110 HHIEKCY [.

Tenepb HETPYIHO MOHATH, YTO MOCJEIOBATENbHOE TPUMEHEHHE
npouenyps! Sift(i,n), HauuHas ¢ i = |n/2] u 3akaH4uBas i = 1,
npeobpasyet jnw6oe nepeBo 1;, B MHPaAMHULY.

3ameTHM, 4TO B NUpaMHUMe 3JeMEeHT, HaXOAALIMHCA B KOPHE,
sIBJIsieTcsl Han6obIIUM. Bocnob30BaBILIMCh STUM CBOHUCTBOM IH-
paMH/bl, TIPOLECC COPTHPOBKH MacCHBA MOXKHO TIPENCTaBHUTb CJle-
oyomuM o6pasoMm. [loMeHsIB MecTaMu 3JE€MEHTBl @1 H Gy, MBI
MOJyYUM, YTO HAaUOOJbLUIMH 3JeMEHT MaccHBa MOCTAaBJEH Ha MO-
cnenHee Mmecrto. PaccMorpum OuHapHoe nepeBo T,,_1, COOTBET-
CTBYIOLIEE MACCUBY a1, . .., Gn_1 (TEM CAMBIM MOCJAETHUN 3JI€MEHT
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HCKJII0UeH H3 paccMmoTpenust). OueBuaHo, nepeBo 1), 1 sIBJAsETCS
YaCTHYHOH MUPaMUAOH C MHIEKCOM 2. B cusy sieMMbl 3 0fiHOKpaT-
Hoe mpuUMeHeHue mpoueaypsl Sift(l,n — 1) npeoGpasyer T,,—1 B
nupamuny. Jasnee Hy»KHO cliesiaTh MEPECTAHOBKY 3JEMEHTOB aj H
Gp—1 Y IpUMeHUTH npouenypy Sift(1l,n—2) x nepesy T,,—s. [Ipo-
JOJKasi HTOT MPOLECC [0 TeX MOp, MOKA HE OCTAHETCS OfHO3JIe-
MEeHTHOe 1epeBo 17, Mbl IPHIEM K OTCOPTHPOBAHHOMY MACCHBY.

3anuiueM (GopMaJbHYI BEPCHIO aITOPUTMAa MHPaMHIAJbHOH
COPTHPOBKH.

Auaroputm 7.1

1 begin

2 for i := [n/2]| downto 1 do

3 Sift(i,n);

4. for i := n downto 2 do

5 begin a[l] < ali]; Sift(l,i—1); end
6. end.

fcHo, 4To UMKA B cTpokax 2, 3 mpeobpasyer nmepeBo T, B
NUPaMHUIY, a UUKJ B CTPOKax 4, 5 COPTHPYeT MaccHs.

B kauecTBe mpumMepa MPUMEHHM 3TOT aJTOPUTM K MAaCCHUBY
a = [2,3,6,1,4,8]. CHayasa paccMOTpUM paboTy MEepPBOro LHK-
Ja (ctpoku 2, 3). Bce mepecTaHOBKH 3/1eMEHTOB MacCHBa Oynem
otobpaxartb B nepee Tg.

Sift(3, 6 Sift(2, 6 Sift(1, 6

9 ift(3, 6) 9 ift(2, 6) 9 ift(1, 6) 9

/3(76 /3(78 msm(j

1 4 8 1 4 6 1 3 6 1 3 2
Puc. 69

[locnenHee W3 MOJYy4YeHHBIX [epeBbeB MPENCTABJSET MacCHUB
[8,4,6,1,3,2] u, oueBuaHo, siBJsieTcss nupamunon. [pocaenum re-
nepb paboTy BTOPOro LHKJa (CTPOKU 4, D).
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a; < ag a; <> a a, &> ay
8 Sift(1, 5) 6 Sift(1, 4) 4 Sifi, 3)
4 6 2 3 2
1 3 2 1 3 8 1 6 8
a; < ag a; <> ay
3 Sift(1, 2) 2 Sift(1, 1) 1
1 2 1 3 3

'S
(=2}
oo
'S
(=2}

8 4 6 8

Puc. 70

Ha puc. 70 nmokasaHbl mepecTaHOBKH, KOTOpblE MPOAEJBbIBAET
aJrOPUTM ITIPH KaxKIOM BBIIIOJIHEHHH BTOporo uukaa. s yno6-
CTBa UMTATe/sl BEPLIMHBI, METKH KOTOPBIX y2Ke PacloJIoKeHbl Ha
CBOUX MeCTaX, M0Ka3aHbl He3aKpaIIeHHBIMH.

OueHnM C/I0XKHOCTD aJATOPUTMA NMHUPAMUAANBHON COPTHPOBKH.

Teopema 7.1. Aseopumm nupamudarvHoii copmuposku
umeem caoxcrocms O(nlogn).

HokasarenbcrBo. [lycts a = [ay,...,a,] — DaHHBIE MaccHB,
h — BBICOTa COOTBETCTBYIOLIEro 6uHapHoro nepesa 7). O6o3Ha-
ynuM depe3 t(h) (QyHKLHIO, 3HAYEHHEM KOTOPOH SIBJSETCS UHC/IO
ornepauui, He0OGXOAUMBIX [JIsi COPTHPOBKH MAcCHBa, KOTOPOMY OT-
BeuaeT nepeBo T,,. flcuo, uto t(h) = t1(h) + t2(h), tme t1(h) u
to(h) — KosMyecTBa ornepaunil, HeOOGXOMUMBIX MJIsi BBIMOJHEHHUS
MEePBOr0 U BTOPOTrO LMKJOB U3 ajroputma 7.1.

Ouenum cHavana gyHkuuio t1(h). HanomHum, yto mpouenypa
Sift(i,n) HaXOMUT HOMEP M HauGOJIbIIEr0 W3 CHIHOBEH BepIlH-
Hbl @;, © B TOM CJIyuae, KOTJa a; < G, EPECTABJSET 3JEMEHTHI
a; ¥ an,, a 3aTeM BbI3bIBaeT mnpouenypy Sift(m,n). fdcHo, uto
KOJINUeCTBO NeHCTBHH (CpaBHEHHH U MepecTaHOBOK) ¢, BBIMOJHEH-
HbIX Mexay BbizoBamu Sift(i,n) u Sift(m,n), He 3aBHCHT OT
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HOMepa 1. Y6enumcs, uto t1(h) yooBIeTBOpsET HepaBEeHCTBAM
t1(1) <e, ti(h) <2t1(h—1)+ch, ecnu h > 2.

B camom pene, npeoGpazoBaHue B MHUPAMHUIbl IBYX MONJIEPEBbER
C KOPHSIMH ag U a3 Tpebyer He Gosee 2t;(h — 1) meiicTBuii, a
npouenypa Sift(1,n) BeimosHsieT He Gosee ch meACTBUI.

[ycts f(h) = (2! — h — 2). Tlokaxewm, uto t1(h) < f(h)
npu JwoooM h > 1. Ecan h =1, To

ti(h) < c= f(1).
[Iycte h > 1. Torna
t1(h) <2ty (h—1)+ch <2e(2" —h—1)+ch =
= (2" —h—2) = f(h).
Takum obpasom,
ti(h) <@ —h—2) < 2" < 2en.

[Tepexonst k oueHke to(h), caemyeT JUIIb OTMETHTb, YTO BTO-
po#l LUK B anroputMme 7.1 BeImogaHseTcs n — 1 pas, a mpouenypa
Sift(1,i—1) (2 < i < n) Tpebyer He Gosee ch peéicteuit. OTciona

ta(h) < enh < enlogn.
CanepoatesibHo, to(h) = O(nlogn). OKoHUaTeJIbHO HMeeM

t(h) = t1(h) + t2(h) = O(n) + O(nlogn) = O(nlogn). O



Irasa 8

NMOUCK B IrPAMDE

MHorue ajaroputTmel Ha rpadax OCHOBAHBI Ha CHCTeMaTHue-
CKOM Mepebope Bcex BepUIMH rpada, Ipd KOTOPOM KaxKaas Bep-
IIMHA [IPOCMATPHUBAETCH B TOUHOCTH OOMH pa3. B 3Toil rsnase mbl
pPacCMOTPUM JiBa CTAHAAPTHBIX MU LIMPOKO HCIOJb3yeMbIX MeTONA
Takoro nepefopa: Mouck B IMyOMHY U Mouck B wupuHy. Oba Mme-
TOfla U3y4aloTcs NPUMEHHMTe/bHO K OObIKHOBEHHBIM rpadam, Io-
CKOJIbKY Ha TIPOM3BOJIbHBIE IPadbl OHU MOTYT OBITH pacrnpocTpaHe-
Hbl OueBUAHBIM o6paszom. B § 8.3 mouck B riy6uHy nmpumeHsietcs
L7151 OTBICKAHUSI KOMIIOHEHT CHJIBHOH CBSISBHOCTH B oprpade.

§ 8.1. NMOMUCK B rNMYBHUHY

Wnes storo Metona coctout B cienytoiieM. [louck B 06BIKHO-
BeHHOM rpade G HaUWHaeTCs ¢ HEKOTOPOU HavyasbHOH BepLIMHBI ¥
(c aToro MoMeHTa v cuuTaetcsi npocmompernod). IlycTb u — mo-
CJelHsIs IPOCMOTpPEHHAs! BeplIMHA (3TOH BepLIMHON MOXeT OBITh
1 v). Torna BO3MOXHBI 1Ba Cyyuasi.

1) Cpenu BepIIMH, CMEXHBIX C u, CYLIECTBYeT elle HeNpo-
CMOTpeHHasi BepuidHa w. Torga w oOBSBASETCS TPOCMOTPEHHON
Y TIOUCK TIPONOJIKAETCs U3 BepLUMHbl w. Bynem roBoputs, 4To Bep-
WKMHA u fBJseTcs omyom BepuinHbl w (u = father[w]). Pe6po
UwW B 3TOM cJiydae Oy/leT Ha3bIBATbCS OpesecHbuiM.

2) Bce BepuiMHBI, CMeXKHBIE C u, NpocMOTpeHbl. Torna u 00b-
ABJISETCS UCNOAL308aHHOL BeplinHOW. O603HAUUM 4Yepe3 T Ty
BEpLIKMHY, U3 KOTOPOH MBI OMa/u B u, T.e. = father[u]; mouck
B IVyOUHY MPOLOJIKAETCS U3 BEPIUUHBI .
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Uro mpousoiiner, Korga Bce NPOCMOTPEHHbIe BEPLIMHBI OyoyT
ucnosb30BaHbl? Ecii B rpage G He 0CTanoCh HENIPOCMOTPEHHBIX
BepILUMH, TO MOUCK 3aKaHUYHBaeTcs. Ec/iM XKe ocTajsach HEpOCMOT-
peHHasl BepLIHHA ¥, TO OUCK IPOAOJKAETCS U3 3TOH BEpIIMHBI.

[Touck B ryy6uHY npocMaTpuBaeT BeplLuHBI rpada G B ompe-
nejeHHoM mopsiike. st Toro, 4To0bl 3apUKCUPOBATH ITOT MOPSi-
IOK, OyoeT HCHO/Nb30BaTbcs MaccHB num. [Ipy 3ToM ecTecTBeH-
HO CYWTaTh, 4TO numl[v] = 1, ecan v HayalbHasi BeplIHHA, H
numlw] = numlu] + 1, ecnd w mpocMaTpuUBaeTcsi cpasdy Mocie
TOrO, KaK IIPOCMOTPEeHa BepLIHHA U.

Ilycte B 0ObIKHOBeHHOM rpae GG mpoBeseH NMOWUCK B IyOH-
Hy. O603HauuM yepe3 T' MHOXKECTBO BceX JpeBecHbX peGep. Bee
ocranbHble pebpa rpada OyneM HasblBaTb 0Opamubimi pPeOpaMHU.
MHoxecTBO Bcex o6paTHbIX pebep Gymem 0603HauyaTh yepe3 B.

PesynbTar npumMeHeHHsl MOMCKa B IVIyOHMHY K CBSI3HOMY Ipa-
¢y G (puc. 71a) nokasaH Ha puc. 71b. 3mech CIJIOUIHBIE JUHUU
u300paxaloT JpeBecHble pebpa, a NyHKTUPHble JUHUHU — oOpar-
Hble pe6pa. 3aMeTHM, YTO HyMepalus BEpPIIHH COOTBETCTBYET MO-
PAOKY, B KOTOPbIM OHHM NPOCMAaTPUBAIOTCS MOUCKOM B TIJyOHHY.
MoxHo 00paTHTb BHHMaHHe Ha TO, YTO MHOXECTBO BCeX Jpe-
BeCHBIX pefep C BbIIEJEHHOH HauaJbHOH BepLIMHOH v; oOpasyeT
KOpPHEBOe [epeBO C KOPHEM vi. DTO KOPHEBOE JepeBO YacToO Ha-
3bIBAIOT 2AYybOuHMbIM NEPEBOM HJIH, Kopode, d-nepeBoM rpaga G.

v, v, Vg v, v,
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CiienyeT TakxKe OTMETHUTh, YTO Kaxa0e o6paTHOe peOpo coefrHs-
eT B d-epeBe Mpeika U MOTOMKA.

IIycts G — wHecBsisHbil rpag, Gi,...,Gr — MHOXeCTBO
BCEX €ro KOMIIOHEeHT cBsisHOCTH. O6o3HauWM 4yepe3 T; MHOXKe-
CTBO JpeBecHBIX pebep, BblIeNEHHBIX MOMCKOM B IMIyOHHY B KOM-
nonente (;, a yepes v; — KOpHeBylo BepluMHy H3 G, T.e.
TIepBYI0 IPOCMOTPEHHYI0 BeplinHy noarpada G;. Takum obpasom,
MHOXECTBO BCE€X ApPeBeCHbIX pebep HeCBA3HOro rpaga obpasyer
OCcTOBHBIH Jiec. DUKCHPYS B KaXKAOM ITOAJEPEBE 3TOrO Jieca Kop-
HeBYIO BEPILUHY, Mbl IOJYUUM eAyOUHHbLL Aec WK, Kopoue, d-Jec
rpada G.

IIpencraBum Tenepb (popMasibHOE ONUCAHHE YKA3aHHOTO aJjro-
puTMa. B asroputme HCMOJBb3YIOTCS ONHCAHHBlE paHee MaCCHBBI
num W father. B mpouecce paGoTbl anropuTMa MacCHB Num
UCIOJIb3YeTCsl 1Jf Paclo3HaBaHHS HENPOCMOTPEHHBIX BepILUMH,
a HMeHHO, paBeHCTBO num[v] = 0 03HayaeT, YTO BEpLIMHA v eLle
He IPOCMOTpeHa.

BHauasie 13/10:KHUM BepCcHIO aJropuTMa MouckKa B I1y6HHY, oc-
HOBaHHYI0 Ha peKypcuBHOH npouenype DFS(v) (HasBaHue mpo-
Lenypsl sBasercs abGopeBuatypoit oT amea. depth first search),
OCYILECTBJISIIOLIEH MOUCK B TNyOWHY W3 BEPIUHHBI .

Auaroputm 8.1

1. procedure DFS(v);

2. begin

3 numlv] :=1; i := 1+ 1,

4 for u € list[v] do

5. it num[u] =0 then

6 begin

7 T :=T U {uv}; father[u] :=v; DFS(u)
8. end

9. else if num(u] < num[v] and u # father[v] then
10. B := BU{w}

11. end;

12. begin

13. i:=1,T:=0; B:=0;

14. for v eV do num[v] :=0;

15. forveV do



§ 8.1. Mouck 6 eaybuny 203

16. it numv] = 0 then

17. begin

18. father[v] := 0; DFS(v)
19. end

20. end.

Asroputm 8.1 MpUMEHHM K TPOHU3BOJBHOMY OObIKHOBEHHOMY
rpagy G. Eciu G — cBsi3HBIH rpad, TO LHKJI B CTpoKax 15—
19 nocratouHo 3aMeHHTb BbI30BOM mpouenypsl DFS(vg) mpume-
HUTENbHO K HauaJbHOH BeplIHHE vy. 3aMETHM, YTO B TepMHHAX
anroputMa 8.1 BeplIMHA v MPOCMOTPEHA € HayajoM paboThl Mpo-
uenypsl DFS(v); B TOT MOMeHT, Korna npouenypa DF'S(v) 3a-
KOHYHJ/Ia paGoTy, BepIIHHA v SIBASETCS HCIOJIb30BaAHHOM.

Teopema 8.1. [lycmv G — cesasubii (n,m)-epag. Toeda:

1) nouck 6 eaybuny npocmampusaem KaxcOyo 8epuiuny 8
mounocmu 00uH pas;

2) nouck 8 eayburny mpebyem O(n + m) onepayui;

3) nodepagp (V,T) epagpa G ssasemcs Oepesonm.

HoxkasarenbcTBo. 1) [IpoBepka B CTpoKe 5 rapaHTHPYET, UTO
Kaxk[as BeplLIMHA NpocMaTpuBaeTcsl He GoJsiee ofHOro pasa. Yoe-
IMMCSl, UTO MOMUCK B IMyOMHY NPOCMAaTpUBaeT KaXKAylO BEpLIHHY.
[Tycte X — MHOXKeCTBO MPOCMOTPEHHBIX BEPUIMH B TOT MOMEHT,
KOTrZia airopuT™ 3akoH4ua padoty, Y =V \ X. Ecau Y Henycro,
TO B CHJIy CBSI3HOCTH rpaca GG cyliecTByeT Takoe pe6po xy, 4To
x € X, y € Y. llpouenypa DFS(x) monHocTbi0 mpopaboTana,
M03TOMY CMeXKHasi C = BeplIMHA Yy OOJKHA ObITb MIPOCMOTPEHA.
[Tonyuunn npoTHBOpeuHe.

2) Uucno MoBTOPeHMH LMKJAA B Mpouenype (Hadyaso LMKJAA B
cTpoke 4) ¢ y4eToM peKypCHBHBIX 0OpalleHHH paBHO CyMMe CTe-
neHell Bcex BeplIMH rpada, T.e. OHO PaBHO 2m; CJel0BaTesbHO,
YUCJIO OTepaLuil NPOnopLHOHaNbHO m. YHCI0 MOBTOPEHHH LHKJ/IA
B CTpoKe 14, oueBHIHO, NponopLUHoHadbHO n. OTCIOfA BbITEKaeT,
4TO MOUCK B ryGuHy Tpebyetr O(n + m) onepauui.

3) dcuo, uto ycnoBue numfu] = 0 (cTpoka 5) BBIIOJIHUTCS
n — 1 pa3. Orciona caenyer, uto |T| = n — 1. Kpome Toro, u3 1)
BBITEKAET, YTO MHOKeCTBO pebep 1" He COAEPKUT LUKJOB. Takum
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obpazom (V,T) — auukaudeH u 4yucjao pebep B 3TOM rpade Ha
eIMHUIY MeHblile uncaa BepinH. Caenosarensto, rpad (V,T) —
JIEPEBO. O

Ilycte G — cBsA3HBIH Tpad, vy — HeKOTopas ero BepllUHHA.
[Tpennosnoxum, yto B rpade G MpoBefeH MOWUCK B TIyOHHY M3
BeplIKHBI vy. Jepeo (V,T') ¢ BeieNeHHON BepIIHHON vy SIBJISET-
csl KOPHEBBIM JepeBoM. Kak oTMeuasoch Bhlllle, 3TO KOPHEBOe Jie-
PeBO YaCTO Ha3blBaKOT d-AepeBOM HJIM IMyOUHHBIM AepeBoM rpada
G. Jlns m060i BeplIMHBl u # vy BepliMHa father[u] siBnsiercs
OTLOM u B d-JepeBe.

PaccmoTpum HepekypcuBHyi0 Bepcuio mnpouenypsl DEF'S(v).
Pekypcus ycTpaHsieTcs Ipy MOMOILM cTeKa S, 371eMeHTaMH KOTO-
poro sIBJASIIOTCS BepluWHH rpada. BepiuuHa v siBisieTcst mpocMoT-
peHHOH, ecan num|v] # 0. BeplinHa v CTAHOBUTCS HCIOJb30BaH-
HOU ¢ MOMeHTa, Korna v = top(.S) (v HAXOOUTCS B BEPIIHHE CTEKA)
1 BCE BEpLIMHbI, CMEXHbIE C v, Y2Ke IPOCMOTPEHHI (B 3TOM C/ydae
v yoanseTcs U3 creka). BeluncieHus, cBsi3aHHbIE C MHOXKECTBOM
00paTHbIX pebep B 3mech OmyllleHbl; YUTaTe b, pa300paBIIKHCS C
pekypcuBHOU Bepcueit npouenypsl DFS(v), 6e3 Tpyna BoccTaHo-
BUT HX.

1. procedure DFS(v);

2. begin

3. numlv] :==1; i =i+ 1;

4. S:=0;, S <

5. while S # () do

6. begin

7. v = top(S);

8. if exists u, u € list[v] and num|u] =0
9. then

10. begin

11 numlu] :=14; i:=i+ 1; T := T U {uv};
12. father[u] :==v; S < u;

13. end

14. else v <= S

15. end

16. end.
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OTMeTHM cJ/lefyiollee Ba)KHOe CBOHCTBO MOWCKA B TIyOHHY:
ecau xy — obpamuoe pebpo, Mo 8epuilHbL T,y CPABHUMbL 8 d-
depese, m. e. 00HQ U3 IMUX BEPULUH 18AEMCSL NPeOKOM OpYyeoil.

B camom nmene, mycth xy — obpaTHoe pebpo rpada G, npu-
yeM numlz] < numly]. [IpeanosoXumM, 4TO BepLIMHBl T H Y
HecpaBHUMBI B d-nepeBe. M3 omucanusi anroput™a 8.1 cienyer,
4TO B MPOMEXKYTOK BPEMEHH MEXIy HauajoMm paGoThl MPOLENypbl
DFS(x) v ee 3aBepiieHreM GyayT NPOCMOTPEHBl TOJBKO MOTOMKH
5To# BepiuHbl. [TocKoJBKY y € list[r] 1 B MOMEHT 3aBepLIeHHs
npouenypel DFS(x) BepiirHa y elle He NPOCMOTPEHA, MOMydYaeM
IPOTHBOpEUHe C ONKcaHHeM ajroputma 8.1

§ 8.2. AIITOPUTM OTbICKAHUSA BJIOKOB
U TOYEK COYJIEHEHHA

[Tycts G = (V, E) — 0ObIKHOBeHHBIH CBsI3HBIN Trpag. B § 2.2
6b1JI0 OTIpenesieHO MoHsATHe Osioka rpada G v TosyueH psiji yTBep-
XKaeHu# o 6Jokax. B uacTHOCTH, B 9TOM pasfelie oIpefiesleHo
OTHOLIEHHWEe Az Ha MHOXecTBe pebep E rpada G:

e~ f< e=f unu e, f 1exar Ha HEKOTOPOM LHKJIE.

OTO OTHOLIEHHe SIBJIAETCS SKBUBAJEHTHOCTbHIO, TPHYEM KaxKIbIH
€ro KJlacc COBNAfaeT ¢ MHOXKEeCTBOM peGep HeKOTOporo 6JoKa.
[Ipennonoxum, 4to B rpadpe G M3 HEKOTOPOU BEPIIMHBI Vg
npoBefieH TMOUCK B raybuny. [lonck B riy6uHY CcTPOUT d-IepeBo
(V,T) u maccuB num, COCTOSILIKEA U3 HOMEPOB, KOTOPbIe TIPUCBAH-
BaloTcsl BeplMHaM. [TosyyuM cHauajsa B TepMHUHax d-fepeBa Mpu-
3HaK TOTO, YTO JaHHAsl BEPUIMHA SIBJSETCS TOYKOH COUJIEHEHHUS.

Jlemma 1. [lycmo t,v,w — sepuunel epapa G, npuuem t —
omey, a w — npedok sepuwiurvl v. Ecau 8 epage G cywecmsyem
pebpo e = vw, mo e = f = vt.

Hoka3arenbcTBo. MoXXHO cuuTath, 4yto w # t. OTclona cie-
LyeT, 4To w > ¢, T.e. CyLlecTBYeT mpoctas (w,t)-uenb. JobasJsis
K 3TOH 1enu pebpa e = vw U f = vt, TONYUUM LHKJ. O
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Awnajiornudo IIpoBEpsieTCa

Jlemma 2. [lycmo v, w — sepuwiunol epaga G, npuuvem w —
nomomox sepuiurst v. Ecau 6 epage G cywecmsyem pebpo e =
= vw, mo e &= f = vs 042 HEKOMOPOEO CblHA S BEPULLHbL V.

[Tycth v — npousBoJsbHast BepiiuHa. O603HAUUM Yepes ¥ MOJ-
IepeBo d-nIepeBa ¢ KOpHeM v. Jlyif IPOU3BOJILHOTO HEMYCTOr'0 MHO-
x)ectBa X C 0 uepes VB(X,v) Gynem 0603HaYaTh MHOXKECTBO
BCeX TAaKUX BepIIMH w, YTO w > v W JJISI HEKOTOPOH BepIUMHBI
x € X cyuiectByeT o6paTHoe pebpo zw. Eciu X onHO3/MeMeHTHO,
T.e. X = {z}, 10 B7Mecto VB({z},v) Gynem nucarb V B(x,v).

Jlemma 3. [lycmo t,v,s — sepwunot epaga G, npuvem t —
omeu, a § — ColH 8epuiuHbl v. Pebpa e = vt u f = vs aemam
Ha obuem yukie moeda u moavko moeda, koeda VB(8,v) # (.

Hoka3arenbctBo. [Ipennosnoxum, uto pebpa e = vt u f = vs
Jiexkat Ha obuleM uukiae C, UMeloleM BUJ U1, . . ., Up, U1. MOXKHO
CuMTaTh, UTO U = VU, Uy = S, U, = t. Halinercs HaumeHbluee
4uca0 ¢ > 2 Takoe, 4To ug, ¥ S. fcHo, 4to ¢ < p M pebpo
Ug—1Uq SIBASETCS] OOpaTHBIM, CJefOBaTeNbHO, BEPLIHHBl Ug—1 H
Ug CpPaBHUMBI B d-fepeBe. ITocKOMBKY uq—1 < 5, HMeEEM uq = v.
Yuuteiasg, uro C' — UMUK U u; = v, NOJydyaeM HePaBEHCTBO
ug > t. Takum obpasom, u, € VB(8,v), nostomy VB(3,v) # 0.

O6parno, nycts w € VB(§,v). Torna w > t u cyuecrsyer
obpatHOoe pebpo zw, mpuieM z < S. fcHo, 4TO & — MOTOMOK
BepuinHbl w B d-mepeBe. [loaTomy cyuiectByer npocras (w,x)-
uenb P, npuyeM P comepxut pebpa vt u vs. Jobasasig K uenu P
pebpo xw, NOJAYYUM TpeOyeMbld LUKJI. O

Jlemma 4. Bepuiuna v seasemcs mouKol counrenenus moaoa
U moavko moeda, kK020a 8bLNOAHAEmCcs 00HO u3 08yx caedyro-
wWux ycaosui:

1) v — Kopenw d-Oepesa, umeroujuii He mexee 08YX ColHOBeLL;

2) v He ABASemCs. KOpHeM U OAsl HEeKOMOpo2o CblHA S 8ep-
wunoL v mHoxcecmso V B(§,v) nycmo.

HoxkasareabctBo. [lycTh v — Touka couseHeHus rpaga G.
Torna v — ofmwas BepmKMHa pa3nnuHbIX 6710K0B. CJenoBaTesnb-
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HO, CYILIECTBYIOT BEpLUMHHl Z,y, 00e CMeXHble ¢ v U Takue, 4To
vx % vy.

[Ipennonoxum, uto v — KopeHb d-zfepeBa. Torna x,y, O4eBUI-
HO, SIBJISIFOTCS] IOTOMKAMHU v. B cHsly JIeMMBI 2 CYILIECTBYIOT CBIHO-
BbSl S1,S2 BEPLIMHBI ¥ TAKHeE, UTO US] R VT, VS & vY. [I0CKOJIBbKY
vr % vy, UMeeM vs1 % vse. OTCIOa, B YaCTHOCTH, CJIElyeT, 4TO
S1 7é S9.

[lycte v He siBAsieTcsl KOpHEM d-fepeBa U t — OTell BeplIu-
Hbl v. HetpynHo nousith, 4to Jubo vt % vz, aubo vt % vy. bes
OTpaHHYEHUS OOLIHOCTH MOXKHO CUMTaTh, 4yTO vt % vx. [IpumeHe-
HUe JieMMbl 1 MOKa3blBaeT, UTO = MOTOMOK BepLIMHBI v. B cuay
JIeMMbl 2 CYLIEeCTBYeT TakKOH CblH $ BEepIIHHHl ¥, UTO VI =% US.
flcHo, uTO vt % vs ¥ W3 JeMMbl 3 CJeyeT MycTOTa MHOXeCTBa
VB(5,v).

[TpoBepumM obpatHoe yTBepxkieHHe. [Ipennosoxum cHauvasa,
YTO BBIMOJHEHO yCJ0BHE 1), T. €. BepliMHA v — KOpeHb, UMEIIIHH
IIBYX CBIHOBEH s1 U So. YOennMmcs, 4To pebpa vsy U vsy IpUHALJE-
JKaT pasHbIM GJiokaM. JlonmycTuM, paccyXaasi OT NPOTHBHOTO, YTO
pebpa vsi U vSy JexaT B ogHoM OJjioke. Torna cyliecTByeT LMK/
C, conepxawuil atu peépa. Ecau C' umeet BUL ug, ..., Up, U1, TO
MOXKHO CUHTaTh, YTO U1 = U, Ug = S1, Up = Sg. |IOCKOJIBKY So He
SIBJISIETCSI TOTOMKOM S§1, HaUAeTCcs HaWMeHbllee YHUCJa0 q > 2 Ta-
KOe, 4TO U, He fIB/JAeTCH MOTOMKOM Si. fcHO, uTo g < p M pebpo
Ug—1Uq ABASeTCH ob6paTHbIM. CJ/lefloBaTe/bHO, U, — MPeNoK Bep-
IIUHEl 51, @ MIOTOMY u, = v. Bepiinna v cogepxxutcsa B C 6onee
OJIHOTO pa3a, YTO MPOTHBOPEYUT ONpeeseHHI0 UK.

[Tyctb BoinosHeHo ycgosue 2). O603HaunM vepes ¢ oTLA Bep-
wuHel v. [Tockosbky V B(§,v) mycro, U3 JeMMbl 3 MOJydaeMm,
yto pebpa vws, vt Jexar B pasHblx Ojokax. [loHsaTHo, uTo v —
oflasi BeplIMHA 3THX OJIOKOB, CJIEOBATEIbHO, ¥ — TOYKa CcoUJie-
HEHHUS. O

[Tycte X — mpon3Bo/ibHOE MHOXKECTBO BepiinH rpaga G. O6o-
3HauuM vepe3 num(X) mHoxkectBo {numfv]|v € X}.
Ha mHoxectBe V' BepiuuH rpada G paccCMOTPUM CJIEYIOLLYIO
(DYHKLHIO:
Lv] = minnum({v} UV B(9,v)).

Oyuxuus L obnanaet nBYyMs Ba’KHBIMH CBOHCTBaMHU:
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1) ¢ ee MOMOLIBIO JIETKO PACMO3HABATH TOUYKH COUJIEHEHHS (CM.
Teopemy 8.2);

2) 3HaueHHs] ITOM (YHKILHMH BeCbMa MPOCTO M €CTECTBEHHO
BBIUKCJISTIOTCS TIPU MOMOIM MOUCKA B TIyOHHY (CM. JemMmy 6).

Jlemma 5. [lycmo sepuiuna v He ssasemcs KopHem d-Oepe-
8a, s — Hekomopulli coin sepuiunvl v. Mnosxcecmeo V B(§,v)
nYcmo 8 MoM u MOAbKO mom cayuae, koeda L[s] = numv].

Joka3arenbcTBo. B Halnx paccykIeHUAX BaXKHYIO PoJib 6y-
LyT urpate MHoxectBa V B(§,s) u VB(S,v). HerpynHo noHsTs,
YTO BBINOJIHEHB BKJIOYEHHUS

VB(3,v) CVB(3§,s), VB(3,s)\ VB(3,v) C {v}.

[Ipennonoxum, uro VB(8,v) = 0. Torna VB(s,s) C {v}.
Orcrona cienyer, 4To

{s}UVB(3,s) C {s,v}.

Briuncass MHUHHUMYM HOMEPOB BEPILIWH, BXOAAUIUX B JIEBYIO U Mpa-
BYIO 4aCTH 3TOr0 BKJIIOUEHHs, TMOJYYHUM

L[s] 2 min(num|s], num|v]) = num]v].

O6parHo, ecau MHOkKecTBO V B(8,v) Hemycro, TO CyLIeCTBY-
er w € VB(8,v). fcro, uto num[w] < num|v]. Tlockoabky
VB(3,v) CVB(S,s), umeem

{s} UVB(38,v) C{s} UVB(3,s).
Orciona cienyer, 4To
num[v] > numlw] > minnum({s} UV B(§,v)) > Ll[s].
CrnenoBarenbHo, L[s] < num[v]. O
W3 nieMM 4 1 5 BBITEKaeT CleAyioliee yTBEPKAEHHE.

Teopema 8.2. [lycmo sepwuna v He A8AsleMCA KOPHEM
d-Oepesa. Bepwuna v — mouka counenenusn ecpaga G moeda
u moavko moeda, koeda L[s| = numlv] 015 Hekomopoeo cuiHa s
amotl 6epUILUHbL.
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Jlemma 6. [lycmo v — npoussosvrHaa sepuiuna epaga G.
Tozda

L[v] = min (num[v], L[s1], ..., L[sp], num(V B(v,v))),
ede si,...,S, — B6Ce CblHOBbS BEPULUHDBL V.
JokasarenbctBo. [TockoabKy ¥ = § U--- U §, U {v}, uMeem
VB(?,v) = VB(81,v)U---UVB(,,v) UVB(v,v).

Kpowme toro, {v} UV B(3;,v) = {v} UVB(3;,s;) npu 1 < i < p.
CJaienoBaTesibHO,

{v}UVB(t,v) ={v}UVB(%1,s1)U...

-+ UVB(8,sp) UVB(v,v).

O6o3HauuM yepe3 W MHOXKECTBO, CTOsillee B IPABOF YacTH 3TOr0
paBeHctBa. Tak kak v € W u num[v] < num[s;] (1 < i < p),
BHITIOJIHEHO PABEHCTBO

min num(W) = minnum(W U {s1,...,sp}).
Tenepb HETPYAHO BHAETH, UYTO
Llv] = min (num[v], L[s1],. .., L[sp], num(V B(v,v))). O

,U,a[lI/IM q)opMaanoe OINKMCaHHe aJropuTMa HaxOoXIACHHS 6.J10-
KOB M TOYEK COYJIEHEHHH.

Auropurm 8.2

procedure BiComp(v);
begin
numlv] :==i; Lv] :==14; i := i+ 1;

for u € list[v] do
it numu] = 0 then
begin
SE < vu; father[u] := v; BiComp(u)
L[v] := min(L[v], L[u]);
it L{u] > num[v] then

OO O W=
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10. {monyunTh HOBBIH GJIOK; AJISI HTOTO U3
creka SE Halo BBITOJKHYTb BCe pebpa
BIJIOTh 10 pebpa vu}

11 end

12. else if num[u] < num[v] and u # father[v] then
13. begin

14. SE < vu; Lv] := min(L[v], num[u]);
15. end

16. end;

17. begin

18. i:=1; SE := nil; father|vg] := 0;

19. for v €V do num[v] := 0;

20. BiComp(vg)

21. end.

[Mpouenypa BiComp(v) siBasieTcss Mogu(UKALMEH TPOLELYPhl
DFS(v) u3 anroputma 8.1. B MoMeHT 3aBepiieHHsi paGOTHl MPoO-
uenypbl BiComp(v) 3HaueHue L[v] yxke BbluMcaeHO. BriuucieHne
L[v] npousBogutest no ¢opmyse u3 Jjemmbl 6. B camom gnese, B
CTpOKe 3 BBIMOJIHSIETCS NMpUcBauBaHue L[v] := num[v]. Hasee B
CTPOKe 8 YUHUTBIBAIOTCS 3HAUEHUs] (PYHKUUH L 18 Ka)KAOro H3
CbiHOBel BeplIMHBI v. HaxoHel, B cTpoke 14 HaxomuTcs MHUHHU-
MaJibHOe M3 [BYX YHCeJs: TeKyllero 3HaueHust L[v] u numlu], roe
u — OYepelHOH JeMeHT U3 MHOXkecTBa V B(v,v).

Heobxonnmoe 1 [ocTaTo4yHOe YCJOBHE MJS BepLIMHBI OBITb
TOYKOH coYsieHeHHus, c(hopMy/nHpOBaHHOe B TeopeMme 8.2, mpose-
psietcst B cTpoke 9. Pasymeercs, 3T0 yc/ioBHe Hesb3si MPUMEHSTh
K KOpHeBOH BepliHHe vg. UTo6bl y3HATb, fBJISETCS JH vy TOY-
KOH COYJIEHEHHS], HYXKHO IMOJCUMTATh KOJHMYECTBO CBHIHOBEH 3TOH
BepIUUHBI B d-JepeBe.

Jns HaxoxneHHs] MHOXKecTBa pebep odepenHoro 6J0Ka ajro-
put™ 8.2 ucrnosb3yer crek SE, 3jeMeHTaMH KOTOPOTO SIBJISIOTCS
pebpa rpaga G.

Teopema 8.3. Axcopumm 8.2 npasurvno Haxodum 6i0Ku
epaga G.

HoxkasareabctBo. [lyctb rpad G comepxut ¢ 6710KoB. IIpose-
JeM HHAyKUUIo 1o uucay g. Ecan g = 1, To rpad G Hepaszmeanm.
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W3 nemmbl 4 crenyeT, uTo B d-fepeBe KOPHeBas BeplIHHA vy HMeeT
eIMHCTBEHHOr0 CblHa w. HeTpyaHO MOHSATH, YTO B MOMEHT 3aBep-
wenusi npouenypel BiComp(w) crek SE Gymer comepKaTh Bce
pebpa rpada G. [Tockosbky L[vg] = num[vg] =1 u rpad He ume-
eT TOUYeK COUJIEHEHHs], yCJIOBHE B CTPOKE 9 BBHINOJHUTCS TOJBKO
npu v = w. B pesysabrare Bce pebpa rpada G 6yayT BHITOJKHYTHI
u3 creka SE, ¥ Mbl NOJYyYUM €IHHCTBEHHbIH 6JIOK.

[Iycte ¢ > 1. O603HauuM 4epes uq, vy Ty NMapy BepIINH, AJS
KOTOPOH HEPaBEHCTBO B CTPOKe 9 BHITIONHUTCS B MepBBIH pa3. fc-
HO, UTO v; — TOUKa cousieHeHus rpada G. K atomy MoMeHTY mpo-
nenypa BiComp(u,) 3aBepluiniach U TOYEK COUJIeHeHHs He oOHa-
pyxuia. [loatomy mocse mpoBepku ycaoBusi B Llug] > numfvq]
u3 creka SE 6ynyT ynanensl pe6pa Hekotoporo 6j0ka B. Tenepb
MOXKHO CYMTaTh, UTO aJroputMm obpabarteiBaer rpad (1, cocras-
JIeHHBIH U3 BceX 6s10k0B rpada G, otnuunbelx oT B. K rpagy G;
IIPUMEHUMO TPEAINOJOKEHHEe HHAYKLHUH, MO3TOMY OJIOKH, OTJIHY-
Hble 0T B, Takxxe OyAyT HalieHbl MPaBUJIbHO. O

§ 8.3. AIITOPUTM OTbICKAHUSA KOMIMOHEHT
CUIIbHOMU CBA3HOCTH B OPTPA®DE

[yets G = (V, EY) — cBssublit oprpad. Aaroputm 8.1 usz § 8.1
JIETKO TIPUCTIOCOOUTH [JIsi OpPraHMW3alyy MoucKa B IyyOHHY B Op-
rpade G. {5t 3TOr0 HYXKHO JIHIIb CIHUCOK list(v) 3aMEHUTDb CIHC-
KOM [ist(v), COCTOSILIUM U3 KOHIIOB BCEX AYT, BHIXOMSIIMX K3 Bep-
HIKWHBL v. Bce MOHATUSA, CBSI3aHHBIE C TOUCKOM B IVIyOUHY B OOBIK-
HOBEHHOM rpade, 04eBHAHBIM 06pa30M TPUMEHUMBl U [Jis Oprpa-
¢oB. B uactHOCTH, B pe3dysnbraTe moucka B TyOuHY B oprpade
G crpourcst d-jiec (rmyOUHHBIN JIec), COCTOSIIHH U3 OPHEHTHPO-
BaHHBIX KODHEBBIX AepeBbeB. TeM caMblM Ha MHOXECTBE BEpILHH
oprpadpa G BBOAMTCS OTHOLIEHHE YaCTUYHOrO MOpsifka: u < v,
eci u,v MpPUHAJJIEXKAT OJHOH KOMIIOHEHTEe CBSI3HOCTH d-Jjieca U
u sIBJsieTcs TOTOMKOM v. OTMeTHM TaK»Ke, YTO TOUCK B TIyOUHY
pa3brBaeT MHOXKECTBO BCeX IyT oprpada Ha yeThIpe KJjacca:

1) npeBecHBle OyrH, UOYLIME OT OTLA K CHIHY;

2) obpaTHBle AyTH, UOYLIHe OT MOTOMKA K MpPEIKY;
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3) mpsiMble AyTH, MAYLIHe OT NpefKa K NOTOMKY, HO He fBJIf-
IOLLHeCs] PeBECHBIMU IyraMH;

4) momnepeuHble IYrd, COEIVHSIOIIHE BepUIMHBI, HH OJHA U3
KOTOPBIX He §IBJISIETCS] IOTOMKOM JpYTOH.

Ha puc. 72 noxasan oprpad u ero riyOUHHBI Jec.

-9 v, I -
v, v; v, /2
/
a) / b)
V@
Puc. 72

Cuenyiomiye Ba yTBEPXKIeHNs OUEBHUIHBI.

Jlemma 1. Ecau vu — nonepeunas dyea epaga G, mo
num(u] < num(v).

Jlemma 2. [lycme u,v,w — makue sepuiunvl opepagpa G,
umo numlu] < numv] < numlw] u w A643€MCS NOMOMKOM U.
Toeda sepuwiuna v — NOMOMOK 8epuiLHbL U.

[TpuMeHUM MOUCK B MJIyOUHY [Jisl IOCTPOEHHUS AITOPUTMA, CIIO-
coOHOro pacro3HaBaTh CHJbHYIO CBSI3HOCTb oprpada G. Ha camom
nejie GyieT MOCTPOEH aJrOPUTM, KOTOPHIE cMoxeT B oprpade G
BBIIEJISATb KOMNOHEHMbL CUAHOL C8A3HOCMU, SIBISIOUHECS MaK-
CHMaJIbHBIMH CHJIBHO CBSI3HBIMH mnoarpadamu oprpada G. 3ame-
THM, YTO KOMIIOHEHTBI CHJIbHOH CBSI3HOCTH SIBJISIFOTCS KJaccaMu
OTHOIIEHHS] B3AUMHOH TOCTHXKUMOCTH Ha MHOXKECTBE BEpLIHH Op-
rpada G.

[ycts G; = (Vi,E;) (1 € i < k) — KOMIIOHEHTBI CHJIbHOH
cBsisHOCTH oprpada G. O603HaYUM uepe3 r; TaKYK BEPILHHY KOM-
noHentsl G; (1 < ¢ < k), uro num|r;] = minnum(V;). Ilycts r —
npeoGpa3oBaHHe MHOXKECTBa BepLIMH oprpada G, ompejesieHHOe
npasuioM: 7(w) = r; AJs JA1000H BepwHbl w € G;. fcHo, uTo
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BepLIMHB ¥ U w JIEXKAaT B OfHOH KOMIIOHEHTE CHUJIBHOH CBSI3HOCTH
TOra ¥ TOJbKO TOraa, koraa r(u) = r(w).

Jlemma 3. Ecau w # r(w), mo w < r(w).

Hoxa3sarenbctBo. [lockonbKy 7(w) U w B3aUMHO HOCTHXKH-
MBI, CyllecTBYeT KpaTdailiuas (r(w),w)-opuens P ojuHbel g > 1.
[TpoBeneM MHAYKLHMIO MO q.

[lycte ¢ = 1. Torma cywectsyer ayra r(w)w. ScHo, uTo 3Ta
Iyra JpeBecHasi WK MpsiMasi, I03TOMY w — MOTOMOK 7 (w).

Honyctum, uro ¢ > 1. O603HAUUM uepe3 x MPEAINOCEeHIO0
BeplKHy opuenu P. Jlerko npoBepsieTcs, 4TO BepLIMHE U 7(w)
B3aMMHO JIOCTHXKHMBbI, T03TOMY 2 ¥ 7(w) JIeXKaT B ONHOH KOMIIO-
HeHTe CHUJIbHOH cBsiHOCTH. Ciie0BaTe/IbHO, K BEpLIKHE 2 TMpHUMe-
HHMO MPEAnonoKeHHe HHAYKUUH. Takum o6pa3oM, BepLIHHA & —
notomok r(w). Ecain xw — npeBecHast uiu npsiMasi [yra, T0 w <
< z unoromy w < r(w). Ilycts xw siBasieTcsi 06paTHON HJH MO-
nepeuoit nyroil. [Ipumensist semmy 1, mosmyuaem, 4to numlw] <
< num|z]. Tak Kak num[r(w)] < num[w] 1 £ — NOTOMOK (W),
BepLIKHBl 7(w), w, T YHOBJETBOPSIOT YCJOBHUSIM JIEMMbI 2, T.e€.
w < r(w). O

Jlemma 4. [lycmo uw — npoussoavrasn sepuiuna, yoosiemso-
parouwjan Hepasencmaam r(w) > u > w. Toeda r(u) = r(w).

JHoxkasarenbctBo. [lockobky 7(w) > u > w, CyLleCTBYeT
(r(w),w)-opuenp P, mpoxoasiuasi uepe3 BeplIHHY u. Kpome To-
ro, r(w) moctrxkuma u3 w. CienoBatesnbHo, r(w) U u B3aHMHO
JOCTHXKHUMEL, T.e. 1(u) = r(w). O

[Iycts v — mpousBosibHas BepwnHa oprpada G. Kak u B § 8.2,
yepe3 U 0003HauMM noxanepeso d-seca ¢ KopHeM v. Ecan X C 9,
TO MHOXECTBO BCEX TAKHX BEpIIKH w, uTO r(w) > v U [Js HEKO-
TOPOH BepLIMHBl & € X CyllecTByeT oOpaTHas WJH INoIepeyHas
nyra zw, OyneM o603HauaTh, Kak U paHblie, yepe3 V B(X,v).

JleMMBbI 3 ¥ 4 TOKa3bIBAIOT, YTO BEPLIMHBI KaXKI0H KOMIOHEH-
Thl CHUJBHOU cBsid3HOCTH G;, 1 < ¢ < k, 06pa3yioT B IyOHHHOM
Jiece TOAIEPEBO C KOPHEM 7.

Jlemma 5. [lycmo v u w — makue sepuiunsl epaga G, umo
w € VB(d,v). Toeda r(w) = r(v).
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JokasateabctBo. [lockoneky w € VB(0,v), BBIIOJHEHO
HepaBeHCTBO 7(w) > v U CyLIeCTBYeT oOpaTHasi UJIH TOMepevHast
nyra zw, e x < v. fcHo, 4to cymectsyet (r(w),x)-opuens P,
cozepaKaliias BepunHy v. Kpome toro, Ha#inercs (w, r(w))-opuerb
Q. U3 opueneéi P, )Q v AyTH zw JErko MOJYYHUTb 3aMKHYTbIH
OpMapIIpyT, copep:Kallui BepuwiMHbl v ¥ w. [lostomy r(w) =
=r(v). O

Teopema 8.4. [lycmo v — npousgosvHas 8epulurHa opepa-
¢a G. Pagerncmso v = r(v) 8blN0AHEHO M0Oe0a U MOALKO moeda,
koeda VB(v,v) C 0.

JokasateabctBo. [IycTh v — Takas BepliuHa, 4To v = (V).
BosbmeM npousBosbHyio BeplinHy w € V B(0,v). B cuny gemMmbl
5 umeem 7(w) = r(v) = v. OTCIOAA C YUETOM JEMMBI 3 MOJTyYaeM,
4TO0 W € D.

[Tpenmonioxum, uto v # r(v). Y3 smemmbl 3 ciemyer, 4to
v < r(v). C gpyroil cropoHsl, cymectByer (v,r(v))-opuens P.
B opuenu P Haiiiem nepByio Ayry zw TaKylo, 4TO w He IIpH-
Hapaexut 0. OueBnaHO, xw — obGpaTHas WM MOMepeuHas Ayra.
Kpome Toro, jierko npoBepsieTcsi, 4TO w W v JiekaT B OfHOH KOM-
MOHEHTe CUJIbHOH cBsizHOCTH oprpada G. CaenosatesbHo, r(w) =
= r(v) > v. Takum o6pasom, w € VB(D,v), OTKyia BBHITEKAET,
uro VB(d,v) € 0. O

Ha mHoxecTBe V' BepiinH rpada G pacCMOTPHUM CJIEIYIOLLYIO
(YHKLHIO:
L[v] = min num({v} UV B(9,v)).

Teopema 8.5. [lycmv v — npoussoavHas epuiuHa opepa-
¢a G. Pasercmso v = r(v) 8binosnero moeda u moivko moeoa,
koeda L[v] = num[v].

HoxasarenbctBo. [lycts v = r(v). Torna VB(0,v) C 0. lo-
stomy min num(V B(9,v)) = num[v]. Orciona L[v] = num[v].

[Tpennonoxum, 4to v # r(v). YuutsiBas Teopemy 8.4, nosyda-
eM, uTo cyulectByeT w € VB(0,v) \ ©. Halinercs Takas BepiinHa
x € U, 4T0 xw — obpaTHas WJH nonepeuHas ayra. CrenoBareJib-
Ho, num[w] < num/[z]. [IpoBepum, uto numlw] < numfv]. Pac-
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CyxJasi 0T MPOTHBHOTO, HOMyCTHM, uTo num[v] < numlw]. Ilo-
CKOJIBKY W # v, UMeeM CTPOroe HepaBeHCTBO numlv] < numlw].
K BepunHam v, w, © MOXKHO NMPUMEHUTDb JEMMY 2, IOITOMY w €
€ 7, 4TO HEeBO3MOXKHO. M3 0Ka3aHHOr0 HepaBeHCTBA CJIEYeT, UTO
Lv] < num|w] < num[v]. O

Teopema 8.5 mosBosisieT pacro3HaBaTb B KaXKI0H KOMIIOHEH-
Te CUJIbHOH CBSI3HOCTH BepLUMHBI ¥, YAOBJETBOPSIOIIKE YCIOBHIO
v = r(v). CpaBuuBast Teopemy 8.5 ¢ Teopemoit 8.2, Mbl BHIHM,
YTO POJIb TAKUX BEPIIMH AJs oprpad)oB aHaJOTHUHA POJIH TOYEK
COYJIeHEHUS 1151 OOBIKHOBEHHBIX TpadoB.

Jlemma 6. [lycmo v — npoussonrvrasn sepuiuna opepaga G.
Toeda L[v] = min(num[v], L[s1],..., L[sp],num(V B(v,v))),
ede si,...,5, — BCe CoLHOBbSA BEPULLIHbL .

dra jeMMa npoBepsieTCst aHaJOTUYHO JeMMe 6 u3 § 8.2.

[Tepefinem K OmUCaHMIO aJrOPUTMa, MO3BOJSIOLUIETO CTPOUTH
KOMIIOHEHTBl CHJIBHOH cBs3HOCTH oprpada G. Ilycte K oprpagy
NpUMeHeH MOWCK B ryOHHY. B KOMMOHEHTax CHJIBHOH CBfI3HO-
ctu G4, 1 <@ < k, paHee ObLJIH BbleJIeHB KOPHEBbIE BEPLIUHBI T;.
C atoro MomeHTa OyfieM CUUTATb, YTO KOMIIOHEHTB! CUJbHOH CBA3-
HOCTH 3aHyMepOBaHbl CleAyIIUM o6pasoM: ecnd 1 < ¢ < j < k,
TO BepLIMHA 7; WCIOJb30BAaHA TMOMCKOM B TJIYOMHY paHbIle, UYeM
BeplIMHa r;. Takasd HyMepalHsl KOMIIOHEHT CHJIBHOH CBA3HOCTH
o6/agaeT cAedYIOIHMM BaXKHBIM CBOHCTBOM.

Jlemma 7. Komnonewma cunvroil ceasnocmu G;, 1 <1 <k,
cosnadaem ¢ MHONECMBOM 8CeX dAeMeHmos u3 noddepesa t;,
He npuHadsexcauwux komnonenmam Gy, ..., Gi_1.

W3 neMMBl 7 JIeTKO H3BJIeKaeTCst CAeNYIOMIUM crocod Haxoxae-
HUSI KOMIIOHEHT CHJIbHOH cBsi3HOCTH. Onpenenum ctek S u Oynem
NOMellaTh B HETro BepllWHBI oprpada G B TOM MOpsiiKe, B KAKOM
UX TPOCMAaTpHUBaeT MOUCK B ryy6uHy. Ecau cpasy mocse toro, Kak
BEpLIMHA 7°; UCIIOJb30BaHA, BHITOJNKHYTh U3 CTeKa S BCE BEPLIMHBI
JI0 7; BKJIFOUUTEJBHO, Mbl MIOJYUUM KOMIIOHEeHTY G;.

Tenepb Mbl MOKeM MpHBeCTH QOpMaJsibHOE OMUCaHUE AJTOPUT-
Ma [JJIs1 OTBICKAHHUSI KOMIIOHEHT CHJIbHOH CBSI3HOCTH oprpada G.
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Auaroputm 8.3

1.  procedure StrongComp(v);

2. begin

3 numlv] :==1; Lv] =4, i:=i+1; S < v,

4. for w € list[v] do

5. it num[w] = 0 then

6 begin

7 StrongComp(w); Lv] :== min(L[v], L[w]);

8. end

9. else if num|[w] < num[v] and w € S then

10. L[v] := min(L[v], num|[w]);

11 if L[v] = num[v] then

12. while num[top(S)] > num[v] do

13. begin

14. x < S; 106aBUTh T K O04YepeiHOU
KOMIIOHEHTE CHJIbHOH CBSI3HOCTH;

15. end

16. end;

17. begin

18. 1:=1; S :=nil;

19. for v € V do num[v] :=0;

20. forveV do

21. it num[v] =0 then StrongComp(v)
22. end.

[Tpouenypa StrongComp(v) sBaseTcss MOAHGHULHPOBAHHON
BepcHel pekypcuBHO# npouenypbl DFS(v) (em. § 8.1). Has nas-
HOU BepLIMHBI v 3HaYeHHe (QYHKUUH L[v] BBIUKC/ISAETCS LHKJIOM B
cTpokax 4-10 B cooTBeTCTBHHU ¢ (POPMYJIOH, MONYUEHHOH B JleMMe
6. B ctpoke 11 /s BepILMHBI v TPOBEPSIETCS YCJAOBHE U3 T€OPEMbI
8.5, o3Hauarlllee, UTO v — KOPHEBasi BepIIMHA OuepeTHOH KOMIIO-
HEHTBI CUJIbHOU CBA3HOCTH. [/ HaX0XKA€HUSI KOMIIOHEHT CHIbHOH
CBSI3HOCTH HCIIOJIb30BaH YIIOMSHYTHIH BBIIIE CTeK S, 3JeMeHTaMU
KOTOPOTO SIBJISIIOTCS BepinHbl oprpada G (cTpoku 12-15). Kpome
TOTO, 3TOT CTEK y4acTBYeT B ()OPMHPOBAHHUH YCJIOBHS, MPOBEPS-
emMoro B ctpoke 9. BrimosHeHHe 3TOro yc/0oBHS O3HauaeT, 4To
w € VB(t,v).
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Mbl u3noxuau HeopMmasbHble cOOOpaxKeHHs 10 MOBOAY Ipa-
BUJIBHOCTH paboThl ajroputMa 8.3. [lepefinem K cTporum paccyx-
JEHUSIM.

Teopema 8.6. Ascopumm 8.3 npasurvio cmpoum KOMNO-
HeHmbl CUAbHOU cessnocmu opepagha G.

Jloka3aTenbCcTBO. 3aHyMepyeM KOMIIOHEHTBI CHIIbHOH CBSI3HO-
ctu G, 1 < i < k, B opsiiKe HUCIOJb30BAaHUS KOPHEBBIX BePILHH
r; TIOUCKOM B TyOuHY. B cusmy seMMbl 7 MHOXKECTBO BepLIMH
V1 KommoHeHTH (G COBManaeT C MHOXeCTBOM 7, COCTOSILIHUM
M3 BepLIMHBI 71 H BCEX ee MOTOMKOB. B mporuecce paGoTsl mpo-
uenypsl StrongComp(ry) NPOUCXOAAT 0OpalleHUs K MPOLEAype
StrongComp(u) IJs KaXI0T0 U3 MOTOMKOB BepliHHbI 1. [IpoBe-
DHM, UTO HH B OHOH M3 3THX MPOLeNyp paBeHCTBO L[u] = num|u]
He BBINOJIHEHO (31eCh U Hajee pedyb HAET O 3HAYEHHUSIX (PYHKLHUH
L, BoluncaeHHbx anroputMoM 8.3). [osarasi mpoTHBHOE, MOXHO
BBIOpPATh CPe BEPIINH, [ KOTOPBIX PABEHCTBO BBIMOJHEHO, MHU-
HUMaJIbHYI0 BEPIIMHY & (HAOMHHUM, 9TO d-JleC SIBJISIETCS YacTHU-
HO yMOpPsIIOYEHHBIM MHOXecTBOM). fcHo, uto  # r(x) = r1. U3
TeopeMmbl 8.4 BeITeKaeT, uto V B(Z,z) € &. [loatoMy cyluecTByeT
obpaTHasl WJIM ToNepeyHas ayra yz, rae y € &. Mcmoneays nem-
My 3, HETPYAHO MPOBEPHTb, 4TO num|z] < num|z]. Boibop Bepriu-
Hbl o TAPaHTHPYET, YTO BCe BEPIIHHHI, MPOCMOTPEHHBIE MOHUCKOM
B riyOuHYy, comepxkarcsi B creke S. CiieoBaTesbHO, NP BHIMOJ-
HeHUH mnpouenypsl StrongComp(x) ycnoBue B cTpoke 9 (cuuras,
4to w = z) BeMoJHHUTCA. [loaToMy Tekyiuee 3HaueHue L[z] He
npeBocxXomuT numlz] < num|x]. OTcioga cienyer, uTo 3HaueHHe
L[z], noncunranHoe mpouenypo#, 6yner MeHblie yeM num|z]. dTo
IPOTUBOPEUUT BBIOOPY .

[Tokaxem, YTO B mpolLecCe BBIIOJHEHHUs  [POLELYPhI
StrongComp(r1) ycnosue L[ri] = num|ri] OymeT BblloJHe-
HO. HamoMmHHMM, 4TO MHOXECTBO 771 COBMafaeT C MHOXECTBOM
BepuivH KommoHeHTH (7. Orcioma caepyer, uto V B(i,u) C
C VB(#1,r1) oas nwo60ro motoMka u BeplinHbl 71. M3 Teope-
mbl 8.4 Boitekaert, uto V B(71,r1) C 1. [lpu Bhio/MHEHHH mpolie-
nypel StrongComp(u) Bce NPOCMOTPEHHbIe BepLIMHBI HAXOASTCS
B creke S. [losTomy sHauenus Llu|, yTouHseMble B CTpokax 7
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u 10, Bcerna 6ynyTt He MeHblle 4eM num[ri]. C yueToM npucBau-
BaHUH B cTpoke 3 umeeM L[ri] = numlry].

Jlnsi 3aBeplueHHsl [0KAa3aTe/bCTBA TPUMEHUM HHAYKLHIO MO
YUCJy ¢ KOMIIOHEHT CHJIBHOH CBSI3HOCTH oprpada G.

[lycte ¢ = 1. Torna G = G, T.e. Bce BepwHHb oprpaga G,
OT/IMUHBIE OT BEPLIMHBI 71, SABJSIOTCS €€ MOTOMKAaMH. YCJOBHE B
cTpoke 11 BBIMOJHUTCA TOJMBKO OAMH pa3 mpu v = ry. [loatomy u3
cTeka S OYAyT BBITOJKHYTHl BCce BepLUMHB oprpada G.

[Ipennosnoxum, uro g > 1. [lycte anroputm 8.3 HauMHaeT pa-
60Ty ¢ BepLIUHBI vg. B mpoliecce paboThl ajJroputMa mnocJje 3aBep-
weHusi pabotsl npouenypsl DF'S(r1) U3 creka S 6yoyT BBITOJK-
HYTbl BCe BEPLIMHBI KOMIIOHEHTBI CHJIbHOH cBA3HOCTH G1. O603Ha-
yuM yepe3 G’ moxrpad, nonydeHHsi U3 oprpada G ymaneHuem
KoMroHeHTsl G1. OueBupHo, K oprpadgy G’ npuMeHHMO Mpearo-
JoxkeHne HHAYKUUK. CJienoBarte/ibHO, BCe KOMIIOHEHTHI, OTJIHYHBIE
ot G1, 6yLyT HakIeHb! PABUJbHO. O

§ 8.4. MOUCK B LUMPHUHY

PaccmoTpum eliie onuH crnoco6 cucTeMaTHUECKOT0 00X01a BCex
BepUIMH 0ObIKHOBeHHOro rpada (G, Ha3blBaeMbIH NOUCKOM 8 ulu-
pury. JIns onucaHus MOMCKA B IIUPUHY BBEIEM B PacCMOTpPEHHe
odepenpb (), 3MeMeHTAaMH KOTOPOH SIBJSIOTCS BepLIMHBI rpada G.
[Touick HaurMHaeTcsl ¢ HEKOTOPOH BEPIUHMHB v. DTa BePLIMHA MOMe-
1aetcs B ouepesib () ¥ C 3TOrO MOMEHTAa CUMTAETCS NPOCMOMPEH-
HoUi. 3aTeM BCe BepILIMHBI, CMEXHbIe C v, BKJIOYAITCs B 04epelb
W TOJIy4aloT CTAaTyC MPOCMOTPEHHBIX, a BEpUIMHA U W3 Ouepenu
ynassiercsi. Bosee o6111e, mycTh B HauaJsie o4epend HAXOOUTCS Bep-
mwurHa u. O603HaYUM Yepes Ui, ..., U, BEPLIMHBI, CMEXHbIE C U H
elle HermpocMoTpeHHble. Torna BepIIMHBL U1, . . ., Up NOMELIAIOTCH
B oyepelb () U C 3TOrO MOMEHTa CUMTAIOTCS MPOCMOTPEHHBIMHU, a
BepLIMHA ¥ yHaJsieTcss U3 o4epeld M MOoJydaeT CTaTyC UCNOAb30-
sanHol. B aTOl cUTyauuu BepliMHAa w HA3bIBAETCS OMUOM IJis
Kaxo# u3 BepiuH u; (u = father[u;], 1 < ¢ < p). Kaxnoe us
pebep uu;, 1 < i < p, 6yneM HaswlBaTh dpegecHovim pedbpoM. B ToT
MOMEHT, Korha odepelb () OKa)KeTcsl MyCTOH, MOUCK B LIMPUHY
060iIeT KOMIIOHEHTY cBsi3HOCTH rpada G. Ecau ocranuch Hemnpo-
CMOTpPEHHbIE BEPIIMHBI (3TO BO3MOXKHO JIHIIb B TOM CJAydae, KOTaa
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rpa¢ G HecBsi3eH), MOUCK B [IKPUHY MPOLOIKAETCS U3 HEKOTOPOH
HENPOCMOTPEHHOH BEpLIHHBI.

[Torick B mIMpHHY MpOCMAaTpHBaeT BEPIIMHBI B ONpeNeseHHOM
nopsinke. Kak u paHblile, 3TOT MOPSAOK (DUKCHUPYETCS B MaccHBe
num. Ecin u — oTel BepIIUH Uy, . .., Uy, TO numlu;] = numu]+
44, 1 <4 < p (a9 onpeneseHHOCTH MBI MoJlaraeM, YTO cHadaJa
B ouepelb MOMEINAeTcss up, 3aTeM wup U T.14.). Il HayanbHOH
BEpLIHHBI U €CTECTBEHHO MOJIOKHUTh numlv] = 1.

[Touck B IIMPHHY peasu3yeT OMNUCAHHAs HHXKe MpoLexypa
BFS (Ha3BaHMe TIpolLenypHl siBAsieTcss abOpeBHATYPOH OT aHed.
breadth first search). 9ta npouenypa ucrnosnb3yer onucaHHble pa-
Hee MaccuBbl num U father. Kpome Toro, oHa BbIUHC/ISIET MHOXe-
CTBO Bcex HpeBecHbIX pebep 1. MaccuB num ymo6HO HUCIOJb30-
BaTb 1Jf PAclO3HABAaHUS HENPOCMOTPEHHBIX BEPLIMH: PABEHCTBO
numlu] = 0 03HayaeT, 4YTO BepLIHHA u €lle He MPOCMOTpPEHa.

Agaroputm 8.4

1. procedure BFS(v);

2. begin

3 Q = nil; Q < v; numfp] :=14; i:=1i+ 1,
4 while @ # nil do

d. begin

6 u < Q)

7 for w € list[u] do

8. if num|[w] = 0 then

9. begin

10. Q < w; father|w] := w;

1. numlw] =4 i:=i4+1; T := T U {uw};
12. end

13. end

14. end

15. begin

16. i:=1,T:=0;

17. for v € V do numfv] :=0;

18. forveV do

19. it num(v] = 0 then

20. begin father[v] :=0; BFS(v) end
21. end.
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[TonesHo cpaBHUTb npouenypy BFES ¢ HepeKypCHBHOH Bep-
cueit npouenypel DF'S (cM. ¢. 204) u yOeauThbesi, 4To MO Cylle-
CTBY TlepBasi MPOLeAypa MOoJTyyaeTcsl U3 BTOPOH 3aMeHOi cTeka Ha
ouepenb.

3aMeTHUM TaKxXe, YTO, MPUMEHSST 3TOT AJTOPUTM K CBSI3HOMY
rpady GG, MOXXHO LHKJ B cTpokKax 18—20 3aMeHUTb OLHOKPATHBIM
obOpalleHreM K npouenype BE'S.

Teopema 8.7. [Tycmo G — csa3uoui (n,m)-epagp. Tozda:

1) nouck 8 wupuny npocmampusaem Ka#oyr Sepuiuny 8
mounocmu 00uH pas;

2) nouck 6 wupuny mpebyem O(n + m) onepayuii;

3) nodepagp (V,T) epagpa G ssasemcs Oepesom.

dTa TeopeMa AOKasblBaeTCsl aHaJOrM4HO TeopeMe 8.1.

B cBasHoM rpae GG HOUCK B LIMPUHY W3 BEpLIMHBI U CTPO-
UT KOPHEBOE [epeBO C MHOXKecTBOM peGep 7' M KOpHeM v. JDTO
KOPHEBOE JIepPEBO HA3bIBAETCS 0epesom Nnoucka 8 WUpUMy Wi,
Kopoue, b-depesom. AHanoruuHo, ecnu (G NPOU3BOJBHBIN OOBIK-
HOBEHHBIH rpag, TO MOUCK B LIMPHUHY CTPOUT b-IepeBO B KaxKAoH
KOMIIOHEeHTe CBf3HOCTH rpada (G; oObefuHsAss 9TH JepeBbs, Mbl
nosydnM OCTOBHBIH Jec rpada (§, HasbiBaeMbId B NajbHEHIIEM
b-necom atoro rpada.

Ha puc. 73 nokasausl cBsi3HbIH rpag G U ero b-mepeso.

v
Uy Ug Vg Uy 1

Puc. 73

[lycte B rpace GG mpoBefeH MOWCK B LIMPHUHY. 3aHyMepyeM
BepIIWHbI Tpada B COOTBETCTBHU C MOPSAKOM, B KOTOPOM MOHMCK
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B IUMPUHY OOGXONUT BEPLIMHBI. A HMEHHO 0603HAauMM BEpIIHHBI
rpada uyepes w;, 1 < i < n, cuntas, 4to numlw;] = i.

B semMax 1-5 u3yuaioTcsi HEKOTOpblE CBOKCTBA MOUCKA B ILIH-
PUHY, OTJMYAKIIKME ero OT TOUCKA B TYOHHY.

Jlemma 1. Bepwuna wy f845emCs OMUOM BEPULUHbL W)
moeda u moavko moeda, koeda k = min{i|lw; € list(w;)}.

Hoka3arensctBo. [lycTh wj — oTel BeplwHHBl w;. DTO 3HA-
YUT, UTO HEMOCPEINCTBEHHO Mepel ylaleHHeM wy U3 odepenu @,
BepIIMHA w; He Oblia mpocMoTpeHa. Ecan w), cMexkHa ¢ w; B rpa-
de G up <, T0 w, ObIA yaaneHa U3 ouepely () paHblle, 4eM
wy. TloaToMy oTLOM w; oKasasnach Obl BepLIMHA Wy, YTO HEBO3-
MOKHO.

O6patHo, mycTb k — HauMeHbLIMH U3 HOMEPOB BEPIIHH wj,
CMeXHBIX ¢ w; B rpade G. fcHo, uTo nmpu p < k BeplIMHa wp
He CMeXHa C BepUIMHOH w; U MOTOMY He MOXKET ObITb ee OTIOM.
Orcrona cienyer, 4To wy — OTeL wy. O

U3 nemmel | cnenyet, 9To pebpo, He SBJSIOUIEECS 1PEBECHBIM,
HUKOIJla He COEMHseT MpeiKa ¢ MOTOMKOM B b-ZiepeBe; 1O 3TOH
npuyMHe Takue pebpa rpacda (G OyfeM HasblBaTb NONEpPeUHbLMU
pebpami.

Jlemma 2. [lycmo sepuuurol wy, w; A6ALOMCS OMUAMU 8ep-
wuH wy, wg coomeemcmeenro. Ecau p < g, mo k < 1.

HoxkasarensctBo. [Ipennonoxum, yto [ < k. M3 aToro Hepa-
BEHCTBA CJEyeT, YTO BepIUHHA w; OyHeT UCIOJb30BaHA PaHblIe,
yeM wy. [lo3TOMy BeplinHa wy, ABJIAILASACA CHIHOM wy, MONajgeT
B ouepe/lb paHblile, 4eM ChIH wj;, BeplHHbl wy. OTciona ¢ < p, 4To
HEBO3MOXKHO. O

HanomHuM, 4To B KopHeBoM IepeBe depe3 h(u) Mbl 0603HAUH-
JI1 YypPOBeHb BEpIUMHbI U, PABHBIH PAaCCTOSHUIO 3TOH BEpIIHHBI OT
KOpHSI.

Jlemma 3. Ecau 1 <p < qg<n, moh(wy,) < h(w,y).

Joxka3arenbcTBo. TpebyeMoe HepaBeHCTBO OUEBHUIHO, €CJHU
wp — KopeHb b-mepesa. Ilyctb w, He siBnseTcss kopHeM. O6o-
3HaYUM uepe3 S HaWOOJbIIMHA H3 HOMEPOB p U ¢ U NPUMEHHUM
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VHIYKIHIO M0 s. PacCMOTPUM BepIIMHbBI Wy, w;, SBJSIONIKECs OT-
LaMH BEpLIMH w,, W, COOTBETCTBEHHO. B cuiy jiemmbl 2 nmeeM
k < [. flcHo, 4TO K BepIIMHAM Wy, w; TIPUMEHUMO MPeIo0KeHe
unnykuuu. Cieposaresibho, h(wg) < h(w;). Otciona

h(wp) = h(wg) + 1 < h(wy) + 1 = h(wy).

[TockosbKy 6asa HHAYKUMHK (IpH § = 2), OYEBUAHO, BHITIOJHSAETCS,
JeMMa JoKa3aHa. O

Jlemma 4. Ecau sepuwiunvl wy, u w, cmexHo. 8 epage G u
p < ¢, mo h(wy) — h(w,) < 1.

JoxkasatenbcTBo. [lycTh w; — oTel BepIIMHBE w,. Toraa us
gemMbl 1 caenyer, uto [ < p. B cumay jsemmbl 3 umeem

h(w) < h(wp) < h(wy).
[Tockonbky h(wg) — h(w;) = 1, noayyaem
h(w,) — h(w,) < h(w,) — h(w) = 1. O

Jlemma 5. Paccmosuue 6 epage G om sepuiurol wyi (m. e.
om kopHa b-Oepesa) 0o npoussosvroll sepuitinsl u pasro h(u).

Hoka3areabcTBo. J[0CTaTOYHO MPOBEPUTH, UTO [J5 TPOHU3-
BOJIBHOH (w1, u)-LemnH

W1 = Vo, V1,.-.,Vs-1,Vs = U

BLIIIOJIHEHO HepaBeHCTBO s > h(w). PaccmorpuM nocnenosaresinb-
HOCTb

0= h(vo), h(v1),..., h(vs—1), h(vs) = h(u), (8.1)

COCTaBJIEHHYIO M3 YpOBHel BepIIMH JaHHOH Lenu. B cuay Jewm-
Mbl 4 COCelIHHe 3JIEMEHTHI MocaenoBaTeNbHOCTH (8.1) pasauuaioT-
csl He GoJsible 4eM Ha 1. OTcloma BBITEKAET, UTO MOCJEN0BATEb-
HOCTb (8.1) MMeeT HaMMeHbLIYIO IJIMHY, €CJIH OHA SIBJISETCS BO3-
pacrawlleli. B aTom ciyuae moc/ienoBateibHOCTh AOJKHA MMETh
Bug 0,1,...,h(u). CienoBaTesbHO, /s NPOU3BOJBHOM MOC/EN0-
BaTeJbHOCTH (8.1) BBINOJIHEHO HEpaBeHCTBO s = h(u). O
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[Tycth v9 — KOpeHb b-nepeBa. Jlemma 5 mokasbiBaeT, 4To MPo-
crasi (vg, u)-Uemb B b-nepeBe siBasieTcst Kpardakiiued (vo, u)-Lemnbio
B rpade G. OTciona ciefyeT, YTO MOUCK B LUIMPHHY MOXKET ObITb
IpUMeHeH [/15 pelleHusl clefylolllell 3afauu: 8 c8A3HOM epage
G Halmu Kpamuatuyro yenv, COeOUHAOWYI 0aHHYIO 8epulUny
Vo € NPOU3BONLHOLU 8EPULLHOL U.

Jnsa pewienns stoll 3amaun Heob6xomumo B rpade G u3 Bep-
IIHWHBI Vg NPOBECTH TOUCK B LIMPHHY, a 3aTeM, HUCIIOJb3Ysl MacCHUB
father, mocTpouts TpebyeMylo KpaTualllyio Lelb.

§ 8.5. AJITOPUTM OTbICKAHMSA SUJIEPOBOM LLEMMH
B SMJIEPOBOM I'PA®DE

C sijiepoBbIMU I'padamMu Mbl o3HakoMuauch B § 3.1. Hanow-
HUM, 4TO 3aMKHyTas lenb B rpade (G HasblBaeTCsl 3HJEpOBOH,
eCJ/JIM OHa COEp:KHUT Bce pebpa U Bce BeplIuHBI rpada. M3 teope-
Mbl 3.1 cjlenyet, yTO CBSI3HBI HEONHO3JEMEHTHHIH rpad sisepos
TOTA U TOJNBbKO TOTAA, KOTAA KaxKaas ero BepllMHa HMeeT YeTHYIO
CTereHb.

ITOT pasies MOCBSILEH NOCTPOEHUIO W aHA/IN3y a/JrOpUTMa,
TI03BOJISIIOILEN0 B CBS3HOM OOBLIKHOBEHHOM rpage GG ¢ 4YeTHBIMU
CTENeHsIMH BEpIIMH MOCTPOUTH 3UJEpoBY Lienb. B asropurme uc-
noJb3ytoTes nBa creka SWork u SRes; anemeHTamMu 060UX CTe-
KOB SIBJSIIOTCA BeplirHBEl rpada G. Kpome Toro, BBeneH MmaccuB
listW, sneMeHThl KOTOPOro — CIIUCKU BeplIMH. MBI cuuTaem, 4To
IJIST KAXKJIOH BepIIMHBI v HAadasbHOe 3HauyeHue [istW[v] coBnamaer
CO CIHCKOM BCEX BEPIIMH, CMEXKHBIX C BEPLIHHOH v, T. €. ¢ list(v).

Auaroputm 8.5

Bxon: cBssHblil rpadh G = (V, E) Ge3 BepliurH HEUETHOH CTEMEHH,
HavaJslbHasi BepLIMHA .

Bbixon: sijepoBa Uenb, NpeAcTaB/leHHas M0CJeL0BaTeJ]bHOCTbIO
BepILUH B cTeKe SRes.

1 begin

2 SWork := nil, SRes := nil;

3. SWork < vg;

4. for v e V do listW[v] := list[v];

5 while SWork # nil do

6 begin
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7. v = top(SWork);

8. if listW (v) # () then

9. begin

10. u :=nepBas BepiinHa listWv];
11. SWork < u;

12. listW (v) := listW (v) \ {u};
13. listW (u) := listW (u) \ {v};
14. end

15. else

16. begin v < SWork; SRes < v; end
17. end

18. end.

[IpuHUMT PaGOTBl 3TOrO ATOPHTMAa COCTOHT B CJENYIOLLEM.
Asroput™M HaunMHaeT paGoTy ¢ HEKOTOPOH BEpIIMHBI Vg, MNPOABH-
ratbcsl Mo pebpam rpacda, IpuUeM Kaxkaoe NpoiaeHHOe pebpo u3
rpada ymansiercs (ctpoku 10-13). fcHo, yTo mocsaenoBaTesbHOE
BBINOJIHEHHE 3TOH TPYMIBl ONEPaTOpPOB IO3BOJISET BBIAENHTb B
rpae HEKOTOPYIO 3aMKHYTYIO Lielb. 3aTeM HauHMHAeTCs BBINOJI-
HeHHe TPYIIbl ONepaTopoB U3 CTPOKH 16. DTu omepaTopsl BeITAJ-
KHUBAIOT OuyepeHYI0 BepluuHy u3 creka SWork B crek SRes 1o
TeX I0p, [OKA He BBIMOJHUTCS OIHO U3 YCJOBHH

1) crex SWork myct (anropuT™ 3akaHuHBaeT padoTy);

2) pas BepwuHbl v = top(SWork) cylecTByeT HempoineH-
Hoe pebpo vu. B aToM ciydae anroput™ mpomoskaer paboTy H3
BEPLIKHBI .

Ha puc. 74 uso6paxeH sisepoB rpad u sijepoBa Lelb, I0-
CTpOeHHas aJroputmMoM 8.5 (mpenmoJsiaraeTcs, YTO BCE CIHCKH
BEpLIMH yNOpPsIAOYEHbl 10 BO3PACTAHHIO HOMEPOB).

Teopema 8.8. Ascopumm 8.5 npasurvro cmpoum ailreposy
yeno 8 atireposom epage G.

HJoka3areabcTBO. 3aMeTHM CHauaJjla, 4YTo U3 cTeka SRes Bep-
IIMHBl HUKOTAAa He BblTaskuBatoTcs. OTcioga cienyer, 4To Ha-
YyHas C HEKOTOPOro MoMeHTa paboTbl ajroputrMa crek SRes
nepecTaHeT U3MEHATbCS. DTO MPOU3OUAET MOCE BBINOJHEHHS Orle-
patopoB B ctpoke 16. [lpennonoxum, uro crek SWork B 3TOT
MoMmeHT HemycT. Ecan v = top(SWork), onepatopbl B CTpoKax
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U, Uy Uq
v, v,
U3 U5 Usg

Uy, Uy, Uy, Uy, Uy, Uy, Ug, Vs, Ug, Ugy Ugy Vg, Vg, Ugy Uy, U

Puc. 74

10-13 HayHyT n0o6aBATE BepIUIHHHE K cTeKy SWork (310 03Ha-
yaeT, 4TO B rpade G K3 BepLIMHBl ¥ MOXKHO NOCTPOUTH LieMb, CO-
CTOSILIYIO M3 ellle HeNpoHIeHHBIX pebep). fIcHO, YTO MOCTPOEHHe
TaKoH LeNH JO0J/KHO NMPeKPaTHTbCs. DTO 03HAUaeT, YTO MBI MPH-
JeM B BeplLIMHY u, AJsI KOTOPOH Bce MHLHAEHTHble el pebpa yike
npoitnensl (listW(u) = (). ITocse 3Toro HauHyT BBIMONHSITHCS
orneparopsl U3 CTPOKH 16 u, cienosaresibHO, K cTeKy SRes noba-
BUTCS XOTS Obl OJlHa BepILLUMHA, YTO HEBO3MOXKHO. TakuM o6pas3oM,
crek SWork paHo WM MO3HO 00513aTe/bHO CTAHET MYCThIM, UTO
NpUBeJeT K 3aBeplIeHHI0 paboThl aArOPUTMA.

[Iycte P — uenb, comepxkariasicss B cTeke SRes mocJie OKOH-
4yaHUs paboTbl aJroputMa. JIerko moHsTb, YTO BepLIMHA W HOMe-
maetcs B ctek SRes, ecan Bce pebpa, HHUMAEHTHbIE C w, yXKe
npoitfiensl. Otciofa cjefyeT, yTo IJs /000N BepLIMHBE! Lenu P
Bce pebpa, MHLHAEHTHbE 3TOH BeplIKHe, colep:KaTcs B Lenu P.
[Tockomeky G — cBs3HBIH rpad, uenb P CcOmep:KUT Bce pebpa
rpada G. Tenepb Jierko MoHsATh, 4TO P — 3HjepoBa LEMb. O

B 3aksoyeHHe OLEHUM CJIOKHOCTB ajnroputma 8.5. [Last atoro
3aMeTHM, UTO NPH KaxKAOH UTepaluu UUKJIa Jubo K cteky SWork
n00aBJsieTcsl BeplIMHA (9TO 03HaYaeT MPOXOXKJAEHHe OYeperHOro
pebpa), nubo BepliMHa mepeHocHuTcss U3 crteka SWork B SRes
(IpyruMH CJI0BaMH, K CTpOsIIIelcs SH/IepOBOH Ienu 1006aBaseTcs
pebpo). Otciona ciefyer, 4TO YMCJIO MOBTOPEHMH LMKJA PaBHO
O(m). Ecan nmo3aGoTUTbCsi 0 TOM, 4YTOOBI BpeMsi, HEOGXOOUMOe
I/l yHaJleHHWsi BepLIMHBl U3 crucka listW[v] Gblio orpaHHYeHo
KOHCTaHTOH, TO CJIOXKHOCTb anroputMa 8.5 Gyner pasHa O(m).



Inasa 9

3A0AYA
O MMHUMAJIBHOM OCTOBE

[Tycts G = (V, E) — cBsi3HbIH 00bIKHOBeHHBIH rpad. Hamowm-
HUM (cM. § 2.1), uTO ero 0OCTOBOM Ha3bIBaeTCsl OCTOBHBIN nmoarpad,
sBJsioliics: nepesom. OctoB (n, m)-rpaca nerko HalTH MOUCKOM
B ryyOHUHY WJM NOUCKOM B LIKMPUHY. [TockosbKy 06a moncka ume-
10T cjoxkHOCTE O(m + n) U B cBA3HOM rpade m > n — 1, ocToB
cBs3HOro (n, m)-rpada MoXKHO HalTH 3a Bpemsi O(m).

[pap G = (V,FE) HasbiBaeTcs 838euleHHblM, €ClH 3alaHa
¢yHkuus ¢ : E — R. D10 03HayaeT, UTO KaxXAOMYy pebpy e Ta-
KOro rpada MocTaBjeHO B COOTBETCTBHE YHCIO c(e), Ha3blBaeMoe
gecom Un cmoumocmoro pebpa e. VIHBIMU c10BaMH, B3BELLEHHBIH
rpa¢p — 3to Tpoiika (V, E,c). Hns Npou3BOJBHOrO HEHYJIEBOTO
noarpada H ero BecoM c(H) OymeT Ha3blBaTbCsl CyMMa BeCOB
Bcex pebep nonrpacga H.

OctoB T B3BeweHHoro rpaga (G Ha30BeM MUHUMAALHLIM
0Ccmosom, ecau 1Sl J060ro octoBa T’ BBIMOJHEHO HEPABEHCTBO
e(T) < e(T).

ITOT pasfies MOCBSILLEH pelleHUIo caelylollell 3ajayu: B 1aH-
HOM CBSI3HOM rpape HaHTH MHHHMMaJsbHBIH OCTOB (3adaua o mu-
HUMAABHOM 0CMo8e).

[lyets G — cBsisHbld rpad. AunkaudecKu#l OCTOBHBIH MOA-
rpad F' u3 G 6yneMm HasblBaTb dcmosHoim aecom rpada G. B Tom
cJydae, Korga 6CTOBHbIH Jlec rpada G cBs3eH, OH SIBJSETCS OCTO-
BoM rpaga G. Pe6po e = uv HasblBaeTCsl BHEWHUM K OCTOBHOMY
Jecy F', ecnu ero KOHIbI JeaT B Pa3HbX KOMIIOHEHTax CBS3-
Hoctu Jleca F'. Ecan H — HexkoTopasi KOMIIOHEHTa CBSI3HOCTH
6cToBHOro Jieca F', 1o yepes Ext(H) Gymer 0603HauaTbCs MHO-
JKECTBO BCEX BHELIHUX pebep, KaxkAoe M3 KOTOPbIX MHLMIEHTHO



3a0a4a 0 MUHUMAABHOM OCMOBe 227

HeKoTOpo# BepurHe U3 H. fcHo, uto Ext(H) sBasieTcsl ceueHHU-
eM rpaga G.

[Tpenmosoxkum, uto F' — OCTOBHBIH JieC CBSI3HOTO B3BellleH-
Horo rpaga G. bynem rosoputb, uto F' npodoasxcaem 00 Muru-
MAABLHO20 OCMOBA, eCIH CyLIeCTBYeT TaKOW MUHUMAJbHBIA OCTOB
T, uto F <T.

Jlemma 1. [lycmo dcmosneiil aec F' npodoaxcaem 0o mu-
HUMAAbHO20 ocmosa u H — o0Ha u3 Komnowewm ceszHocmu
seca F. Ecau e — pebpo munumansvroeo seca u3 Ext(H), mo
dcmosHulll sec F' + e npodoasxcaem 00 MUHUMAALHO20 OCMOBA.

HokasareabctBo. [lyctb 7' — Takodl MUHHMa/bHBIH OCTOB
rpaga G, uto F < T u e ¢ ET. U3 teopemnl 2.1 craenyer,
yto noarpad 1" + e comepxUT efuHcTBeHHBH Luka C. B § 4.9
OBIJIO TIOKA3aHO, YTO JI000€e CeUeHHE U JII0OOH LUK/ UMEIOT YETHOE
yueso obuux pebep. [Tockosbky pebpo e siBjasieTcss oOLWUM 715
ceuenus Ext(H) v unkaa C, Ha#inercs elue ogHo pebpo f, obliee
st Ext(H) n C. B cuny BoiGopa pebpa e umeeM c(f) > c(e).
Heno, uto T/ =T + e — f siasiercs octoBoM rpada G u F +e C
C T'. Kpome Toro,

o(T") = ¢(T) + c(e) = c(f) < e(T).

Yuutbiasi, ytTo T — MHUHHMaJbHBIH 0CTOB, noaydaeMm c(1') =

= ¢(T'). Takum obpasoM, T’ — MHUHHMaJbHBIH OCTOB, COZEpPXKa-
wui ec F' +e, T.e. I 4 e nponoskaeM 10 MHHHMAaJbHOTO OC-
TOBA. O

JlemMa 1 mo3BoJisieT CKOHCTPYHPOBATh ABa aJrOpUTMa MOCTPO-
€HUs MHUHHMaJbHOrO OCTOBa BO B3BellleHHOM (m,m)-rpade G.
[Tycts Fy — OCTOBHBIH Jiec, sIBJSIOLMECS Hy/leBbIM rpadom. fc-
HO, 4TO Jec Fy MOXKHO MPONOKHUTh N0 octoBa. O6a asroputma
CTPOSIT MOCJIEN0BATEBHOCTD

FO7F1>~"aFn—17 (91)

COCTOSIIIYI0 U3 OCTOBHBIX JIECOB, TIpuueM F; = F;_1 +e;, e e; —
pebpo, BHellHee K OcToBHOMY Jecy F;_q, 1 < i < n — 1. HUHo-
ria yKa3aHHYI0 TO0CJeN0BaTeJbHOCTb HA3bIBAIOT pACMyUiUM Ae-
com. TocnenoBatenbHoCcTb (9.1) cTpouTesi TakuM 06pa3oM, YTOOHI
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s Kaxkporo 4, 1 < 4 < n — 1 6cToBHBIH Jiec F; MOXHO OblJIO
NPOIOJIXKUTb 10 MUHHMaJbHOIO oCTOBa. fIcHO, 4To Torma Fj,_;
SIBJISIETCSI MUHUMAaJIbHBIM OCTOBOM.

[Tpu nepexome or F;_1 k F; (T. e. npu BeiGOpe pebpa e;)
BO3MOXKHBI [1BE CTPaTErHHU.

Cmpameeus 1. B xauecTBe e; BbiOUpaeM peGpo MUHUMAJbHOTO
Beca cpelu Bcex pebep, BHELIHUX K OCTOBHOMY Jecy F;_j.

[lycte H — onHa M3 JIBYX KOMIIOHEHT CBSI3HOCTH Jeca Fj_q,
coflepxKalllasi KOHLEBYIO BeplIUHY pebpa e;. Ecau F;_; mpomos-
’KaeM 10 MMHHMaJbHOIO OCTOBa, TO B CHJY JeMMbl 1 sec F; =
= F; 1+ e; o6a1anaeT TeM ke CBOHCTBOM.

Cmpameeus 2. 31ech NpeanoaaraeTcsi, UTo Kaxiabli 0CTOBHbIH
Jgec F; (1 < i) u3 nocnaenosaresbHocTd (9.1) UMeeT JHlIb OAHY
HEeOHO3JIEMEHTHYI0 KOMIIOHEHTY CBSI3HOCTH H;. ¥no6HO cuuTaTh,
410 H( COCTOUT M3 HEKOTOPOH 3apaHee BHIOPAHHOH BepIIMHEI I'pa-
¢a G. Takum o6pasom, MO CYIIECTBY, pedb HIAET O MOCTPOEHHUHU
M0CJ/IeN0BATENbHOCTH

H07H17"'aHn—17 (92)

cocTosllell U3 nonjepeBbeB rpada G, mpuueM H; = H,;_1 + e,
rae e; € Ext(H;—1). WNHorna ykasaHHyH0 MOC/I€I0BAaTENbHOCTb
Ha3blBAIOT pacmyuyum 0epesom.

[TocnienoBateibHOCTD (9.2) CTPOUTCS CJAEAYIOLIMM 06pa3oM.

B xauectBe H, OepeM MpoM3BOJbHYIO BepliuHy rpada G.
[Iycts npu HekoTopom i, rae 0 < ¢ < m — 1, nepeso H; yxe
noctpoeHo. B kayecTBe e; 41 BbiGHpaeM pe6po MUHHMaJbHOIO Be-
ca u3 MHOKecTBa Fxt(H;) v nonaraem H; 1 = H; + e;41.

Crparerusi 1 peanusyercs anaroputMoMm bopysBku—-Kpackana.
DTOT aJropuTM BrepBble Obl1 H3n0keH B padore O. BopyBku B
1926 romy. OmHako pnaHHasi pa6oTa Oblia MPAKTHYECKH 3a0bITa.
[TosiB/ieHMe, a 3aTeM W IIKPOKOE PacHpOCTpaHEHHe KOMIBIOTEPOB
CTUMYJIMPOBAJIO HHTEPEC MATEMATHKOB K TIOCTPOEHHUIO aJTrOPUTMOB
pellleHHst OUCKPeTHBIX 3anad. B pesyabrate B 1956 romy stoT
aJropuT™ Obl1 3aHOBO OTKPHIT Kpackasom.

OtMeTuM, uTo airoput™m BopyBku-Kpackana siisetcs yact-
HBIM TPUMEPOM KaJHOrOo ajiroputMa, omucaHHoro B § 4.6 (cm.
3aMeyaHHe, CIeJaHHOe M0CJ/e 0Ka3aTeabCTBa TeopeMbl 4.16).
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OnHo# M3 OCHOBHBIX omepauui B aaroputme Bopysku—Kpac-
Kajia SBJISIeTCS orepailusi CJausiuusi nepeBbeB. Juisi adderTHB-
HOH OpraHusally 3TOro mpoiecca GyleM HCIOJb30BaTh TPU Of-
HOMEpHBIX MacCuBa — mname, next, size, KaXAblH IJIUHBI 1.
[lycte F — mnpoM3BOJIBHBIA ujieH mocjenoBarebHOCTH (9.1).
MaccuB name obnagaer CaeoyIOIAM CBOHCTBOM: namelu] =
= name[w] TOTAa ¥ TOJBKO TOr[d, KOTAA BEPLIMHB U K w JIeKAT
B OJHOH KOMIIOHEHTe CBsSI3HOCTH Jeca F. C MOMOLIbIO MaccHBa
next 3a1aeTcsi KOJMbLEBOH CIHUCOK Ha MHOXECTBE BEPIIMH KaXKI0H
KOMIIOHEHTHI CBsi3HOCTH Jeca F. Ecnu v = namelw], to size[v]
PaBHO YHCJY BEpLIMH B KOMIIOHEHTE CBS3HOCTH OCTOBHOTrO Jieca
F', copepxalell BepIIHHY Ww.

Onuiuem npouenypy Merge(v,w, p,q), IpeAHa3HAYEHHYIO 1JIsI
causuus 18yx nepesbeB Hy = (Vi, Eq) u Hy = (Va, E3) o pebpy
vw, BHelIHeMy K GcToBHOMY Jecy F. Ilpemmonaraercsi, uto v €
e Vi, w € Va, p = namelv], ¢ = namelw].

1. procedure Merge(v,w,p,q);

2. begin

3 namelw| := p; u := next[w];

4 while namelu] # p do

5. begin

6. namelu] := p; u = nextul;
7 end;

8 size[p] := size[p] + sizelq];

9 x := next[v]; y := next[w];

10. next[v] := y; nextw] = x;

11. end.

OTMeTHM HeKOTOpble 0COOEHHOCTH PaboThl 3TOH MPOLENYPHI.
OO6benrHeHe COCTOMT, MO-CYLIECTBY, B CMeHe 3HaueHHH name|w]
ons1 Bcex w € Vo (uuka 4-7). Orciona cienyer HeCUMMeTpHU-
HOCTb TIPOLEAYPH, @ UMEHHO CJOXKHOCTH BBINOJHEHUS TMPOLEYp
Merge(v,w,p,q) n Merge(w,v,q,p) pasusl O(|V1|) u O(|Va|)
cootBeTcTBeHHO. CTpokH 8—-10 HYKHBI [Jis COXpaHeHHSI CTPYK-
TYp HAHHBIX. B HHUX NPOMCXOAHUT (POPMHUPOBAHHE OLHOTO KOJb-
LIeBOr0 CIIMCKA 115 3JeMeHTOB oobenunenus Vi U Va. Has 3To-
ro [OCTATOYHO HCIPaBHTh 3HAYEHHS] [BYX 3JEMEHTOB next[v]
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U next[w] U yCTAHOBUTH Size[p| paBHBIM YHCIY 3JIEMEHTOB B MHO-
xectBe Vi U V.

Tenepb MOKHO AaTh (hopMasibHOE OMUCaHUe ajaroputrma bopys-
ku—Kpackana. Ilpennonaraercsi, uto ouepenb () comepKuT pebpa
rpacda. Panu npocToTsl mpeamnosaraercsi, UTo odepenb () opraHu-
30BaHa MU MOMOILK MacCHBa IJHHBI m. B anroputme ucnoss-
syercsi mpoueaypa Sort(Q); 3Ta npoluesypa COPTHPYeT odepelb
() mo Bospacranuio BecoB pebep. [lpouenypa Sort(Q) peanusy-
€T THPaMHUIAJbHYI0 COPTHPOBKY, MO3TOMY €€ CJOXKHOCTb paBHa
O(mlogm) = O(mlogn), nockoabky m < n?.

Auaroputm 9.1 (Bopyeka, Kpackau)
Bxon: cBsasHbiil B3BewenHsiit rpap G = (V) E, ¢).
Beixon: muHumanbHelil octoB T’ rpada G.

1.  begin

2. Sort(Q);

3. forveV do

4. begin

5. namelv] := v; next[v] := v; size[v] :=1;
6. end;

7. T := 0

8. while || #n — 1 do

9. begin

10. vw < Q; p = namev]; g := namelw;
11. if p # ¢ then

12. begin

13. it size[p] > size[q] then

14. Merge(w, v, q,p)

15. else Merge(v,w,p,q);

16. T :=TU{vw}

17. end

18. end

19. end.

[TpokommeHTHpYyeM paboty anroputma 9.1. Lluka B cTpokax
3-6 Qopmupyetr o6croBHbIH Jec Fy. B ctpoke 11 mpoBepsieTcs
NPUHAMJIEIKHOCTD BEPLIMH v U w Pa3U4HbIM JepeBbsM. CansHue
JIepeBbEB TPOUCXOAUT B CcTpokax 13-15.
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Jlns naHHOH BepLIMHBI v 0603HAYMM 4epe3 7(v) UMCIO H3Me-
HeHUH 3HaueHUs1 namelv] npu padore anropurma 9.1.

Jlemma 2. /[ 210600 8epuiuHbl v C853H020 B838eULEHHO20
G = (V, E, ¢) svinoaneno nepasercmso r(v) < log|V].

Hoka3areabcTBo. TpeGyemoe HepaBeHCTBO OYEBHUIHO, €C/H
V] = 1. Ilyets |V| > 1. 3ameTuM, 4TO [pH [epPexofe OT
6cToBHOrO Jeca F,_5 K MUHUMaJbHOMY OCTOBY Fj,_1 mpouenypa
Merge cpabaTbiBaeT poBHO OfiMH pas. Jlec F,,_o COCTOUT U3 ABYX
nepeBbeB. [lycts Vi, Vo — MHOXKeCTBa BepLIMH 3THX JIEePEBBEB.
Torma Vi U Ve =V, Vi NV, = . Tlpennonoxum, uyro |Vi| = |Va.
Torna |V4] < |V| —1, |Vo| < |V]|/2. HetpyaHo HOHATb, 4TO NpH
CIUsIHUM MHOKecTB Vi u Vo 3HaueHue name[v] COXpaHUTCS, eCiu
v € Vi, U uaMenures, ecau v € Vo. [lpumMeHss mpeamosioxeHue
UHIYKIHH, OJYYUM

r(v) < log|Vi| < log|V], ecan v € V7,

r(v) <log|Va| +1 < log|V], ectn v € Va.

JleMMa nokasaHa. O

Teopema 9.1. Buoiuucaumenvras CAOHHOCMb QASOPUMMA
Bopysku-Kpackanra 0as cesasnozo esseuiennoco (n,m)-epaga
pasra O(mlogn).

HoxkasareabcTBo. Lluka B cTpokax 8—18 npopaboraer B Xya-
weM ciaydae m pas. OLeHHUM YUCIO0 onepauuil, HeoOXOMUMBIX s
OHOKPATHOT'0 BBINOJIHEHHS TeJa LHKJa. 3aMeTHM, YTO IpUCBa-
¥WBaHKe B CTpoke 16 BeimosiHsieTcss poBHO n — 1 pas. fcHo, yTo
CTOJIBKO 2Ke pa3 OyaeT BbiMoJHeHa mnpouenypa Merge. U3 nem-
Mbl 2 CJIeLyeT, YTO KOJHYECTBO OMEepalyi, BHIMOJHEHHBIX IPH
BCeX BbI30Bax mpouenypsl Merge, He mpeBocxogut ». r(v) <

veV
< (n —1)logn. Otciopa cnoxkHocTh Lukaa 8—18 pasua O(m +
+ nlogn) = O(mlogm) = O(mlogn), NOCKOJBKY B CBI3HOM

rpade BBIMOJHEHb HepaBeHcTBA 1 — 1 < m < n?.

Ocrasoch 3aMeTHTb, 4TO Tpoueaypa Sort Takxke Tpeyer
O(mlogm) onepauui. O
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Ha puc. 75a usobpaxeH cBsi3Hbi#l rpap G. Uwucna, cros-
lMe psgoM c peOpamu, o3HavaloT Beca pebep. IIpenmosaraercs,
4TO mpouenypa Sort ynopsinournBaet pebpa caedyOIUM 06pa3oM:
V102, V304, U5Vg, V1V3, UV2V4, V1V4, V3VU5, V4V, U3V MuHuMaabHBIH
OCTOB NIOKa3aH Ha puc. 75b.

Uy 3 Uy 4 Vs Uy Uy Vs
2 4 2 5 2
Uy 3 U3 4 U5 Uy U3 U5
a) b)
Puc. 75

B npuBeneHHOH HMKe Tab/Hle yKasaH MOPSAOK, B KOTOPOM
CTPOMJICS OCTOB JAHHOro rpaga.

|T| name T

0 | vi,v2,v3,v4,05,06 | O

1 v1,v1,v3,V4,V5,V6 | V1V2

2 v1,v1,V3,V3,V5,V6 | V1V2, U3V4

3 v1,v1, V3,03, V5,V5 | V1V2, V3V4, U5V6

4 v1,v1,01,01,05,05 | U1V2, U3V4, UsUG, V1V3

5 v1,v1,v1,01,01,01 | U1V2, U3V4, UsVG, V1V3, V3V5

[Tepefinem & paccmorpeHuto agaroputma fpHuka—IIpuma-—
JleliKcTphl, OCHOBAHHOTO Ha MPUMEHeHWH cTpaTeruu 2. Brepsble
OH mosiBHJICS B paboTe fpHuka, onybsankoBanHo# B 1930 romy,
3ateM Obl1 3aHOBO OTKPBIT [Ipumom B 1957 romy u He3aBHCHUMO
JHetiketpoit B 1959 romy. 3amernm, uto JlefikcTpa MpPEmIONKHUI
oueHb 3(P(HeKTUBHYIO peanu3alHio TOrO aJTrOPUTMa, CBA3aHHYIO
C PacCTaHOBKOH CIelHa/bHBIX METOK.

st pebpa e = vw Bec ¢(e) Oymer uHOrAa 0603HAYATHLCS Ue-
pe3 ¢(v,w). HamoMHuM, 4TO B 06CyK1aeMOM aJTrOPUTMe CTPOMT-
cs mocsenoBartenbHoCTh (9.2), cocTosiiasi U3 AepeBbeB, B KOTOPOH
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nepeBo H; nosydaercs u3 H;_1 MOIVIOLIeHHeM OJikKallled K ne-
peBy H;_; BepuuHbl. [las opraHusauuu 3¢HeKTHBHOrO BbIGO-
pa Takoi BepLIMHBI HCMOJB3YIOTCS ABa MaccuBa: near[v] u d[v].
[Tycts H — npou3BosibHOE [epeBO U3 mocjenoBatenbHOCTH (9.2),
U — mHOoxkecTBO ero Bepiuud. [lo ompenesenuio d[v] paBHO pac-
CTOSIHHIO OT BepLIMHBI v 0 MHOXecTBa U, UHBIMH CJIOBAMU

d[v] = min{c(v,u)|u € U}.

[Tycts d[v] = ¢(v,w), w € U. Torna near[v] = w. UHpIMuU cioBa-
MH, near[v] — Gauxallias K v BepliHHa U3 MHOxecTBa U.

[lyctse W = V \ U. Bynem cuurare, uto ecau vw ¢ E, TO
c(v,w) = 4o00. Yepes Min(W) o6o3HauuM (YHKLHIO, 3HAYEHH-
eM KOTOpOH sBJseTCs BepliMHA v € W, UMewolas MHUHUMaJbHOE
3HaueHHe MeTKH d.

Auaroputm 9.2 (Apuuk, Ilpuwm, deiikcrpa)

Bxon: cBsisHbifl B3BeleHHbld rpad G = (V, E, ¢), 3anaHHbI# MaT-
puueit BecoB A[l..n, 1..n].

Brixon: MuHuManbHBEIE ocToB 1" rpaga G.

1. begin

2. w := NPOU3BOJIbHAS BepIIKHHA U3 V;
3. W=V \{w}; T :=0;

4. forveV do

d. begin

6. near[v] ;== w; dv] := Afv, w]

7. end;

8. while |T'| #n —1 do

9. begin

10. v = Min(W); u := near[v];
1. T:=TU{vup; W:=W\ {v};
12. forue W do

13. it d[u] > A[u,v] then

14. begin

15. near[u] := v; dfu] = Alu,v];
16. end

17. end

18. end.
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Teopema 9.2. Ascopumm Spruxa—Ipuma-/eikcmpor npu-
MEHUMeNbHO K C8R3HOMY 638euiennomy (n,m)-epagy umeem
caomcrocmy O(n?).

HokasareabcTBo. Kaxablll mpoxon uukJa B cTpokax 8-17
yMeHbLIaeT Ha eIWHHUIYy UYUCJIO BeplIMH B MHOxectBe W. Ilo-
cie k mpoxomoB uukjaa 8—17 muoxectBo W OymeT comep:katb
n — k BepwnH. CJienoBaTe/IbHO, YUCJIO ONepauuil, He0OXOOUMBIX
1151 BeiGopa Bepiuunbl Min(W), nponopuuoHansHo n — k (ctpo-
ka 10). B cTpokax 12-16 ocyuiecTBasieTcs MepecyeT MeTOK MJis
n —k — 1 BepiinH, T. e. 9YUCJI0 onepauni B uukjie 12-16 npomnop-
nMOHaMBbHO 1 — k — 1. OKOHUATeNBHO YHCJIO ONepaluil B aropuT-
Me 9.2 mpomnopIHOHaNbHO CyMMe

5:(n—1)+(n—2)+---+2+1:@,

, UTO W JOKa3blBaeT TEOpeMy.
O

[Tpounnioctpupyem pabory anroputma 9.2 Ha rpade, nzobpa-
JKEHHOM paHee Ha puc. 75. 31ech B KauecTBe BepLIMHbI w BhIOpaHa
BEpILHHA V.

UMeolled, OYeBUIHO, MOPSAOK n?

|T| U=V\W near d

V2,3, V4, U5, Vg v2,vV3,V4, U5, Ve
0 v1 V1,01, V1, V1, V1 2,3,4, 00,00
1 V1, V2 v1,v2,V1, V1 3,3, 00,00
2 v1, V2, U3 v3, V3, U3 2,4,5
3 | wi,v2,vs,v4 V3,4 44
4 | v1,v2,v3,v4,5 vs 2
5 V1, v2, V3, V4, U5, Vg

B pesysbrate paboThl airopuTMa MOJYyUUTCS OCTOB
T = {v1v2, v1v3, V3V4, V3V5, V506 }

(pebpa ocToBa MepevrC/ieHbl B TOM MOPSIIKE, B KAKOM OHU ObLIH
HalileHbl). DTOT OCTOB HM300pa)eH Ha pHC. 75b, T.e. OH COBNa-
JlaeT C OCTOBOM, IOCTPOEHHBIM asnroputmoM Bopysku-Kpackasa.
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3amerum, uto (yHkuus Min(W) npu HaJIWYUK HECKONBKUX Tpe-
TEHJEHTOB BhIOHpaJ/a TOT, Y KOTOPOro HoMep MeHblie. Hanpumep,
B TPeTbel CcTpoKe TabJIHLbl BepPIIHHE v3 OTAAHO MPEATIOUTEHHE Te-
pel BepLIMHOH vy. AHajorMyHas CUTyalHsl HabJ/0oaeTcs B Tpel-
nocyeHeH CTPOKe.

B HayuHOH JuTepaType HMeeTcsi MHOro padoT, MOCBSIIEH-
HBIX Pa3/MYHBIM BapHaHTaM IOCTAHOBKH 3aJauyd O MHHHMaJlb-
HoM octoBe. Hamnpumep, coBceM HenaBHO pa3paGoTaH aJrOpPHUTM
MOCTPOEHHUs MUHHUMAaJbHOTO OCTOBA B €BKJHIOBOM rpade, UMelo-
wui caoxuocts O(nlogn). 3nech Moa eBKJIWAOBBIM rpadoM mo-
HUMaeTcsl TOJHBIH rpad, BepLIMHAMHU KOTOPOTO SIBJASIOTCS TOUKH
N-MEPHOT0 eBKJIMI0BA POCTPAHCTBA, a BeC KaxK1A0ro pebpa paBeH
PaCCTOSTHHIO MKy €ro KOHLaMH. 3a/jaya 0 MHHUMaJbHOM OCTOBe
IJ1s1 eBKJIHMOBBIX padoB Ha IJIOCKOCTH (Caydyadl n = 2) HaXOmUT
HernocpenCTBEHHOe TIPUMEHeHHe MPH MPOEKTUPOBAHMUH PalHu03JIeK-
TPOHHBIX H3LENUH.

HetanbHoe o6cyXIeHHe 3alad¥l O MHHHUMAaJbHOM OCTOBE CO-
nepxutcs B kaurax [30, 64, 66].



Irasa 10
NMYTU B CETAX

§ 10.1. NOCTAHOBKA 3A4A4YM

Bsgewentsiit oprpadg G = (V, E, ¢) HasbiBaetcsi cemoro. CeTb
MOXKET OBITb MPEACTaBIEHa B KOMIIbIOTEpE MaTpHled BECOB AyT
WM CIIMCKaMH CMeXHOCTH list[v] nan list[v]. B atoil rnase, cie-
Iysi TPAAULKH, HAM yIOOHO OpMapLIPYT HA3bIBaTb Nyme.

[Tycts P — HeKkoTOpHIH (v, w)-MyTh:

€1 (D) €k
V=g — V] — - —> U = W.

[Tonoxxum
c(P) =cler) +clea) + -+ - + cex).

Yucno ¢(P) HaszoBem Oauroti nytd P. HaumeHbluywo ©3 IjHH
(v,w)-nyTeld HA30BeM paccmosiHuem OT v A0 w, a TOT (v, w)-
nyTb, IJHHA KOTOPOrO paBHA PAcCTOSIHUIO OT v A0 w, OyoeM Ha-
3biBath kpamuatiuum (v,w)-nyTeM. FcHo, 4TO paccTosiHHE OT v
J0 w MOXKET OTJIMYaThCs OT PACCTOSIHUS OT w JO .

3adaua o kpamuatiwem nymu (3KII) mendy guxcuposam-
HolMu BepuiuHamy (HOPMYJTHPYeTCs CAeIyIOlUM 00pa3oM: B 3a-
naHHOU ceTH (G ¢ OBYyMsl BbiI€JEHHBIMH BepLIMHAMH S U ¢ HAHTH
Kpatyaimui (s,t)-nyTh.

Otmerum cpasgy, uto 3KII MoxHO paccMaTpuBaTh U B He-
OpHEHTHPOBAHHBIX B3BElLIEHHHBIX Ipadax, 3aMeHHB KaxKaoe peo-
po vw rpada AByMS AyTaMH vw, wv W CYUTAsi, 4YTO Beca 00EUX
IyT paBHbl Becy pebpa vw. [asee, ecid B MPOU3BOJBHOM rpa-
(be MOMOKUTH BeC KAXKAOTO pedpa paBHBIM eIUHHLE, TO MOJYUUM
IaHHOe paHee ONpefiesleHHe [JIMHBI MYTH KaK YHMCJIa BXOASLIMX
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B Hero peGep. C 3TOl TOUKH 3peHHst pacCMOTpeHHas paHee (CM.
§ 8.4) samaua mocTpoeHHs] KpaTyaHllero fno 4ucay pebep MyTH
€CTb YaCTHBIH cay4aill c(opMy/NHPOBAHHON TOJBKO UTO 3aa4H.

§ 10.2. OBLLMM CIYYAMN.
ANITOPUTM OPAA-BENIIMAHA

Beiony B nmanbHefiiiem OyneM mpeamnoJaratb, 4TO e€C/Jd Bep-
IIUHBL ¥ U w He SIBJASIOTCS cMexkHbIMH B cetd G = (V) E,¢), To
c(v,w) = co. Jnst yno6CTBa H3JI0KEHHST K BO H30€XKaHHe BBIPOXK-
JeHHBIX CJly4yaeB IPH OLEHKe CJOXKHOCTH aJrOpUTMOB OyleM CUH-
TaTh, 4TO N < M. DTO UCKJIIOUAET CUTYalWH, IPH KOTOPBIX 60JIb-
IIMHCTBO BEPIIMH H30JHpOBaHbl. Kpome Toro, 6ymeM paccMatpu-
BaTb TOJIbKO TaKHe CETH, B KOTOPbIX HET KOHTYPOB OTPHULIATENbHOH
0auHblL. [TOHATHO, 4TO ecJiu CeThb COAEPKHUT KOHTYP OTpHULATENb-
HOH JJIMHBI, TO PAaCcCTOSIHUE MeXXIy HEKOTOPBIMH MapaMy BepLIMH
CTAHOBUTCSl HeOINpeeJIeHHbIM, [10CKOJbKY, 0OXOASl 3TOT KOHTYp
JOCTAaTOYHOE YMCJIO Pa3, MOXKHO MOCTPOWUTH MYTb MEXAY 3THMH
BepIIMHAMH C JJUHOU, MeHblIeH J060ro, Hanepen 3aJaHHOTO Be-
LIECTBEHHOT0 YHCJIa.

Merton pewenus 3KII B HEKOTOpPOM cMblc/le aHAJOTHUEH Me-
TOly MOCTPOEHUS KpaTyakluero 1o yucay pebep nyTt. Brauase
pa3MeuaeM Bce BEpIIUHBI NaHHOH ceTH (MPsIMOH X0 aJroputMma),
BBIYMC/ISI PACCTOSIHUS OT S 1O BCEX BEPILHH. 3aTeM, HCIOMb3Ys
CrelMaibHble METKH, 0OPaTHBIM XOIOM CTPOUM TpebyeMbIH MyTb.
VHTepecHO OTMETHTb, UTO 1Jf BBIYMCJEHHUS] PACCTOSHUSA OT S MO
3a[JaHHOH BEPIIMHBI ¢, Mbl BbIHYK/IE€Hbl BHIYUC/IATb PACCTOSHUSA OT
s 10 BCeX BepLIMH ceTH. B HacToslllee BpeMsi He M3BeCTE€H HH
OJIMH aJITOPUTM HaXOXIEHHS PACCTOSHHUS MeXAy (PUKCHPOBAHHBI-
MM BepLIMHAMM, KOTOpPbIE Obl1 Obl cylllecTBeHHO GoJsee 3(dex-
THUBHBIM, UeM H3BECTHbIE AJTOPUTMBI BHIUMCJEHHS] PACCTOSHUH OT
OlHOH M3 (PMKCHPOBAHHBIX BEPILHH 10 BCEX OCTAJbHBIX.

HauHeMm ¢ nepBoro stana — BbIYMCJ/IEHHUS PACCTOSHUM OT S 10
BCeX BeplUMH. MeTon, KOTOpbl# Mbl OyneM 31eCh HMCIOJb30BaTh,
4acTo HasblBAlOT AMHAMHYECKHM MPOrpaMMHUPOBAHHEM, a aJro-
PHTM BBIUHCJIEHHUS paccTosiHUE — asnroputmoM Popna—bennmana.
[TosiBusics atot anroputm B padore Poppa 1956 rona u B pabore
Bennmana 1958 ropa.
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OcHoBHasi unesi anroputmMa Poppa-bennmana saxmawodaercs
B MMO3TAMHOM BBIYHCJEHHH KpaTdaiiux paccrosinnii. O603HauuMm
uepes dj(v) IIHHY KpaTdaiiliero cpeau Bcex (s, v)-myTeH, comep-
Kalux He Oosee ueM k nayr. Jlerko BuAeTb, YTO CIPaBedJIUBbI
CJIelyIOlHe HEPABEHCTBA:

dl(v) 2 dg(’U) 2 2 dn_l(’l}).

[TockosbKy MO MPeArnoJokKeHHuo B rpade HET KOHTYPOB OTPH-
LaTebHOH IJIMHBL, KpaT4alluuil (s, v)-MyTh He MOXKET COLepXKaTb
6osee ueM n — 1 nyr. [losTomy BesnuuuHa d,,—1(v) HaeT UCKOMOe
paccTosiHHe OT § JIO V.

[nst BeluucaeHus: d,,—1(v) HOCTATOYHO MOCJENOBATENBHO BhbI-
uncasth di(v) nas Bcex k=1,...,n — 1.

3naueHusi di(v) BBIUHUCISIOTCS IPOCTO:

dy(v) = ¢(s,v) pas Bcex v € V.

[Tyctb 3HaueHusi di_1(v) BelUKCIAEHBl 451 Bcex v € V. Jlerko
BUZETb, UTO

di41(v) = min{d (v), di(w) + c(w,v)|w € V}.

OpraHu30BaTh BCE 3TH BBIYHUC/IEHHSI MOXKHO C MOMOLLbIO BCETO
JIMIIb OJHOTO OXHOMEPHOTO MaccuBa D JTHHBI M.
[Tonoxus D[v] = c(s,v) nas Bcex BepwuH v € V, Gynem
MMeTb PaBEHCTBO
D] = dy(v).

HpOCManI/IBaH nocJie 3TOro BCe BEPUIMHBI v, MPOU3BEAEM II€-
pecuer 3HaueHu# D[v] no popmyse

D[v] = min{D[v], D[w] 4 c(w,v)|w € V}. (10.1)

[Tocne 3aBeplueHMsl MepBOro nepecdyera 3HaueHHd Dlv] ags
Bcex v, OyneM HMMeTb HepaBeHcTBO Dv] < do(v). Ilouemy Hepa-
BeHcTBO? [lycTh mepecueT HayMHaJCA C BEPLIMHBI vp. $ICHO, 4TO
torna D[v1] = da(v1). [lpennonoxkum, 4to ciepymoliel Bepiiu-
HOH, /IS KOTOPOH OblJ ClesiaH TepecyeT, Obla BepllHHa vo. Torna
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Dlvg] < D[v1] + ¢(v1,v2), 4TO BbITeKaeT U3 (OPMYyJbl Nepecye-
ta (10.1). Orcrona cienyet, 4TO BO3MOXKHA CHUTYyallMsl, B KOTOPOU
Dlvs] = D[v1] + ¢(v1,v2), 1, KpoMe Toro, 3HaueHue D|vi] mMorsio
ObITh MOJYYEHO Ha MYyTH, COCTOsALIEM M3 AByX ayr. CjenoBaTelib-
HO, 3HaueHHe D[vy] MOXKeT ObITh NOJYYEHO MO HEKOTOPOMY MYyTH
U3 Tpex AyT, T.e. D[va] < da(va).

[ToBTOpHB n — 2 pasa mpoiecc nepecuera D[v], GyaeM HUMeTb
paBeHctBo D[v] = dp,—1(v), T.e. D[v] naet paccTosiHde OT $ 10 0.
[pexne yeM nompoGHee oGocHOBaTh paBeHcTBO D[v] = dp—1(v),
nanuM popmanbHoe omucaHue anroputMa ®opna-bennmana. [lo-
CTPOEHHSI CaMHUX KpaTyallIHMX MyTed yIO0OHO BECTH C MOMOLLbIO
OJHOMEPHOro MaccuBa Previous mJIHHBH n, rie Previous[v] naer
VIMS BepLIMHBI, PEANOC/IeNHel B KpaTyaiiueM (s, v)-MyTH.

Auaroputm 10.1 (Popa, beanman)

Bxon: cetb G = (V, E,c), 3anaHHas marpuuedl BecoB A mopsia-
Ka n; BePLIHUHBI S U L.

Beixon: paccrosuust D[v] oT s 10 Bcex BepllMH v € V/, cTek S,
comepxalui KpaTyadui (s,t)-myTh, WM COOOILIEHHE, YTO HC-
KOMOTI'O MYTH B CETH HE CYLLECTBYET.

1 procedure Distance

2. begin

3 Dls] := 0; Previous[s] := 0;

4. for v e V\ {s} do

5. begin D[v] := A[s,v]; Previous[v] := s end;
6 for k:=1ton—2do

7 for v e V\{s} do

8. forweV do

9. it D[w] + A[w,v] < D[v] then
10. begin

1. D[v] := D[w] + Alw,v];
12. Previous|v] := w

13. end

14. end;

15. begin

16. Distance;
17. it D[t] < oo then
18. begin
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19. S:=nil; S<t,v:=t

20. while Previous[v] # 0 do

21. begin v := Previous[v]; S < v end
22. end

23. else writeln («Not exists»);

24. end.

HanomHuM, 4To MO ONpefesieHHI0 MAaTPHULIBl BECOB CIIPABEIJIH-
Bbl paBeHcTBa Afv, w] = ¢(v,w) Aas Bcex vw € E U no Hauemy
cornauenuio Afv,w] = oo, €C/IM B CeTH HET AyTH vw.

Bepuemcst x o6ocHoBanui0 paBeHctBa D[v] = d,—1(v). 3ame-
THM, 4YTO NIPH NEPBOM BXOI€ B LMK/, HAYHHAIOILIKHCS B CTPOKe 6,
crpaBefnBO paBeHCTBO D[v] = dy(v) ansi Bcex v € V.

[IpennosnoxumM, 4Tto Hpu BXome B k-I0 MUTepaluio LUKJIA O,
cripaBeinBo HepaBeHCTBO D([v] < di(v) nas Bcex v € V. Jloka-
JKeM, UTO I10 3aBepIUeHHUI0 3TOH HUTepaluu [Js JHO0H BEpLIHHBI
v € V crnpaBefsiiBO COOTHOILLEHHE

D] < di41(v).

JleficTBUTEIbHO, MOCJE BBIMOJHEHUS LUKJAA B CTpoKe 6 nJis
NIPOU3BOJIbHOM BepIIWHBI ¥ BBIIOJHEHO HEPABEHCTBO

Dv] < D[w] 4+ A[w,v] nas Bcex w € V.

[To mpenmosioxeHuto uMeeM HepaBeHcTBO Dlw]| < di(w). Yuu-
ThiBasi, uto Alw,v] = ¢(w,v), noayuaem HepaBeHctBa Dlv] <
< di(w) + ¢(w,v) nJsi BCex BEpIIHH w.

B uyacTHOCTH, 3TO HEPABEHCTBO BHIMOJIHEHO M [IJIsi TOH BepILH-
HBl W, KOTOpas sIBJSIETCS TPEANOC/eqHell B Kpardaiiiem (s,v)-
nyTH, cocrosueM U3 k + 1 nyru. Otciona cpasy cienyet Tpeby-
emoe HepaBeHCTBO D[v] < di41(v).

TakuM o6pasoM, 1Mo 3aBeplieHHio (n — 2)-i UTepaLHUH LHKJA
B cTpoke 6 crpaBeninBo HepaBeHCTBO D[v] < dp,—1(v) mast Bcex
BepIIMH v. Beille y»ke oTMeuasoch, YTO MOCKOJNBKY CETb He CO-
IEpXKHUT KOHTYPOB OTPHLATENbHON IJIHHBI, TO dy—1 (V) JA€T LJIHHY
Kparuaiiero (s,v)-nytu. CaenoBaresnbHo, D[v] = d,,—1(v). Tem
caMbIM 0G0CHOBaHHe 9TOr0 PABEHCTBA, a BMECTE C HUM M 000CHO-
BaHMe KoppeKTHocTH anroputma Popra-bennmana, 3aBepiieHo.



§ 10.2. O6wuii cayuati. Areopumm Dopda-berimana 241

Teopema 10.1. Ascopumm DPopda—Berimarna umeem cromc-
nocmo O(n?).

Hoxka3ateabcTBo. [IOHATHO, UTO CIOXKHOCTb aJTOPHUTMA OTIpe-
JeJisieTcs CJI0XKHOCTbIO mpouenypsl Distance, Tak Kak OCHOBHas
nporpamma TpebyeT yuc/a onepaunuil MpornopLuroHadbHoro n. fc-
HO, 4TO KOJHYEeCTBO OMepaluil B LMKJIe 4 NMPOMNOPLHUOHANBHO N.
[TockosbKy LMKJ B CTpOKe 6 BbIMOJHSIeTCS m — 2 pasa, B CTPOKe
7 —n—1 pas, a B cTpoKe 8 — n pa3 U YUCJIO BHIIOJHEHUH olle-
paTopa NpHCBAaHBAHHUS NPH KaxKJIOM BXOfie B IIMKJ 8 OrpaHMYEHO
KOHCTQHTOH, TO CJIOKHOCTB BBINOJIHEHHS LIMKJIA, HAYMHAIOMIErocs
B cTpoke 6, ectb O((n —2) - (n — 1) -n) = O(n?). O

3ameTHM, UTO BbIYHCJEHUS B Tpouenype Distance MOXHO 3a-
BEPIUUTb NPU TaKOM BBIXOAE M3 LMKJA MO k, NPH KOTOPOM He
NPOUCXOOUT HU3MEHeHHsl HH OfHOro 3HaueHuss Dv]. To MoxeT
NpoU30UTH U mpu kK < n — 2, oAHaKo Takas MoAH(UKaLud alj-
rOpUTMa He H3MeHsieT CYIIeCTBeHHBIM 00pa3oM ero CJOXKHOCTH,
MIOCKOJIbKY B XYAILIEM CJydae MPHAETCS OCYIIECTBHTb N — 2 UTe-
pauuy LMKJA 10 k.

Hnmoctpupyet paboty anroputma Popna—-bennmana puc. 76.
Beca nyr nanbl B cko6kax. L{uk/abl B cTpokax 7 U 8 BHIMNOJHSIUCH
B TMOPsIIKE BO3PaCTaHUsI HOMEPOB BepILHH.

k | D[1] | D[2] | D[3] | D[4] | DI[5]
0 1 2 00 0o
1 0 -1 2 9 1
2 0 -1 2 -1 1
0 -1 2 -1 1
3 (1) 5

@)
s—1a 3] ®

(e

4)
(-2)

2 (10) 4

Puc. 76
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PexkomeHnayem 4nTaTeI0 IPOBECTH BBIUMCAEHHS 1JI1 STOH CETH
B MPeJN0JIOKEHHH, YTO BEPLIMHBI BCTPeYarTcs B nopsike 1, 3, 2,
9, 4. (B aToM coryuyae paccTosiHUs OyAyT BEUHCJ/IEHBI 32 OIUH MPO-
XOJl, T. €. CTPOKH TaOJHILBI, COOTBETCTBYIOLINE BCEM 3HAYEHUSM K,
OyAyT OQVHAKOBBIMH.)

B cayyae korma ceTh 3ajaHa CIHCKaMH CMeXHOCTEH lz—m>5[v]
ans pewenuss 3KII B anroputme Popra-bensnmana pocraTodHo
LMKJ B CTPoKe 8 mpouenypsl Distance 3anucaTb CJeLyOWUM 06-

pasom:

7. forwe lz_sz)f[v] do

8. if D[w] + A[w,v] < D[v] then

9. begin D[v] := D[w] + ¢[v,w]; Previous[v] := w end.

B Ttakom cayuae anropurm Poppa-besnnmana Gynet UMeThb Bbl-
YUCJUTEBHYI0 CJIOKHOCTE O(mn).

§ 10.3. CITYYAHX HEOTPULLATENIbHbIX BECOB.
AJITOPUTM AEMKCTPbI

OnucbiBaeMblEl B 3TOM pasfelie ajJrOPUTM IO3BOJISET BbIYHC-
JSITb B CETH C HEOTPHLATEJbHBIMM BECaMH PACCTOSHUS OT (DHK-
CUPOBaHHOH BepIUIMHbl § [0 BCEX OCTaJbHBIX BEpLIMH W Ha-
XOIWUTb KpaTuadliue nyTd Oojee 3(P(PeKTUBHO, UeM aJrOpPUTM
©®opna-bennmana. AToT aaropuT™ Obla mpensoxeH B 1959 ro-
ny Het#ixkctpo#i. B ocHoBe anroputma JeHKCTpbl J1€KUT NPUHLHKN
«Ka[THOCTH», 3aKJI0YAIOIHKICs B 10CJAe10BaTEIbHOM BBIUHACIEHNH
paccTosiHUU cHavaja o Osnkaiilell K s BeplIMHe, 3aTeM [0 CJe-
nyouledl 6auxKanen u T. 1.

s yno6cTBa ua/oxkeHUsi 0603HaUUM depe3 d(v) paccTosHUe
OT $ 10 v, T.e. AJIHHY KpaTdaiiiero (s,v)-myty B cet G.

[lepBasi Osuekaiiliass K BeplLIMHe S BEpPIIMHA v BBIUUCJSETCS
NPOCTO: 3TO CaMa BepLIMHA §, HaxoAsfllascs Ha HYJeBOM pac-
cTosiHuM oT 8, T.e. d(s) = 0. [lyctb Gaukaiiiuve k BepuIMH K
BEpIIKHE § ONpPENeNeHbl U [JIsi BCEX BBIUMCJIEHB PacCTOSHUS d(v),
T.e. ompefeseHo MHOXecTBO S = {v; = $,vg,...,V;}, NpHUEM
BBITIOJIHSIIOTCSl HEPaBEHCTBA!

1) 0 =d(v1) < d(va) < ... <d(vg);

2) d(vi) < d(v), pas Bcex v € F, tne F =V \ S.
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3nech ciaenyeT MMeThb B BHIY, UYTO IOCJEHEE HepPaBEHCTBO
UMeeT <«IOTeHLHAJbHbI» XapaKkTep, a MMEHHO Mbl CUUTAeM M3-
BECTHBIMU 3HA4YeHHUs! PACCTOSIHUHU JIWWIb [J51 BEPUIUH V1, .. ., Uk, a
IJIS1 BCEX OCTaJIbHBIX BEPIIMH PACCTOSIHUS €elle He BBIYMCJIEHBl, HO
IJ1s1 HUX M3BECTHO, YTO HEPABEHCTBA 2) OYLYT BLIOJIHSATHCS.

Haiinem caenytomyio 6snxaiimyio K s BepimHy cetu G. s
Kaxa0ro w € F' nosoxXum

D(w) = min{d(v) + c(v,w)|v € S}.

MoxHO OTMeTHTb, uTO Torna D(w) ompenessieT IJMHY MUHHU-
MasbHOrO ($,w)-MyTH cpedu BceX (s,w)-NMyTeH, BCe BepLIMHbI B
KOTOPOM, KpoMe w, TNpHHanjexar S.

BrolGepeM Temnepb Takyl BeplLIMHY w* € [, 4TO BBINOJHEHO
yCJI0BHe

D(w*) = min{D(w)|w € F}.

OkasbiBaercsi, 4TO BeplliMHa w* sBJsieTcst caMol GJIM3KO#H K S
Cpeld BCeX BepLIMH, He BXOAAIIMX B S (OHA sABJsieTCs C/leayolel
(k4 1)-# omekadiiued K s BepIIMHOMN), U, GoJiee TOr0, PacCTOSTHHE
OT BEpLIHHBI § [0 BEPUIMHBl w* B TOUHOCTH paBHO D(w*), T.e.
crpaBeyiuBo paBeHcTBO d(w*) = D(w*).

Ob6ocHyem BHauase paBeHcTBo d(w*) = D(w*). Ilyets P :
§ = Wp,W; ..., W, =w" — NPOU3BOJBHEIH (s, w*)-nyTb B ceTH G.
Hocrarouno nokasate HepaBeHcTBO D(w*) < ¢(P). Cpenu Bcex
BepIIMH NyTH P BbiGepeM BepLIMHY w; C HaUMEHbLIHM HOMEPOM
CpPelH TeX, KOTOpble He BXOAST B MHOxecTBO S. Tak Kak HayaJb-
Hasl BeplUMHA MyTH P BXoguT B S, a KOHEUHasi — He BXOAHUT B S,
TO Tako# HoMep j Hainercsa. Mrak, w;_; € S, w; € F'. Torna us
onpenenexnsi D[w], rae w € F, 1 onpefeneHnsi CTOUMOCTH NyTH
BBITEKAIOT HEPABEHCTBA

D(’LUj) d(UJj_l) —i—c(wj_l,wj) <

<
< clwo,wr) + -+ F c(wj—1,w5) = ¢(Q),

rie 4epes () o6osHaueH (s,w;)-moamyTtb nmytu P. M3 ycsosus
HeOTPHLIATENbHOCTH BeCOB AYT BbiTeKaeT, 4To ¢(Q)) < ¢(P). Kpo-
Me TOro, 1Mo BBIGOPY BepIIMHB w cjenyet, yto D(w*) < D(wj).
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C yyeToM 3THX HepaBeHCTB nosydaeMm, 4to D(w*) < ¢(P). Cae-
noBaresibHo, d(w*) = D(w*).

Ocrasnoch ybennTbesi, 4TO BepluiuHa w™* sBasgercs (k + 1)-i
Oanxkadime#t Kk s BepwnHOH. Jls 3TOro JAOCTaTOYHO [0Ka3aTb
HepaBercTBo d(w*) < d(w) s Bcex w € F. 3adpukcupyem
(s,w*)-nytb Py u (s,w)-nytb Py, njs kotopbix ¢(Pp) = d(w*)
U ¢(P;) = d(w). B cuny n0KasaHHOrO TOJMBKO YTO paBEHCTBA
D(w*) = d(w*) MOXHO CUMTaTh, YTO B NMyTH P; BCe BepLINHBbI,
KpoMme w*, nexat B S. Torna no BeI6opy BepIIMHBI w™* CIpaBeaJy-
Bo HepaBeHCcTBO D(w*) < D(w), U, MOBTOPsisi BhILIENPHBEAEHHbIE
paccyxaeHusi, npuxonum K HepaBeHcTBY D(w) < ¢(P). Otcrona
c(Py) = d(w*) = D(w*) < ¢(P) = d(w), uto u TpeboBasOCh
10Ka3aTh.

Hrax, Bei6upast BepmiMHy w € F' ¢ MHHHMaJbHBIM 3HaueHH-
eM D[v] n po6aBnsisi K .S, Mbl paclIHpsieM MHOXeCTBO BepLIHH,
IO KOTOPBIX BbIYHCJIEHO PacCTOsHUeE, Ha OfUH aJjeMeHT. CienoBa-
TeJIBHO, TIOBTOPSIst . — 1 pas mpoliece pacIIMpeHHst MHOXKeCTBa S,
MBI BBIUMCJIUM PACCTOSIHHS 10 BCEX BepLIMH ceTH G.

[Tpu ¢opmanbHO# 3amucu anroputMa JleHKCTpel (anroput™
10.2) xon BBIYHCJIEHUS PACCTOSTHUH OT S IO OCTAJbHBIX BEPIIUH v
6ynem oTpaxkatb B MaccuBe D. [To okoHUaHUM pabOTEl aJropuT™Ma
paBeHcTtBo D[v] = d(v) Gynet BbIMONHATHCS A5l Bcex v € V. Bes
(bopMasibHOrO omUcaHusl Hcnodb3yercss GpyHkuust Min(F'), koro-
pasi BO3BpalllaeT BePUIMHY w € F' TaKylo, U4TO CIIpPaBeLJHBO pa-
BeHcTBO D{w] = min{D[v]|v € F}, uHaue roBopsi, OHa HaXOIUT
TOT CaMbIfl 3/1EMEHT, KOTOPBIH cieayeT A06aBUTb K S U YAAJUTh
13 F'. Mbl orpaHuuUMCst TOJIKO BbIYHCJEHHEM PacCTOSIHUH U Me-
TOK Previous, ¢ NOMOLIbIO KOTOPBIX KpaTyallliMe MyTH CTPOSITCS
TaK e, Kak B anropurMe Popna-besnmana.

Aaroputm 10.2 (Heiikctpa)

(* HaxoxngeHune pacCTOSSHUH OT (PUKCHPOBAHHOHM BEPIUIMHBI [0
BCeX OCTa/bHBIX B CETH C HEOTPHULATEJbHBIMH BeCaMH *)

Bxon: cetb G = (V, E,¢), 3ananHasi MaTpuue# BecoB A mnopsia-
Ka n; BblIeJeHHas BepLIKMHA S.

Boixon: paccrosHusi D[v] or s 1m0 Bcex BepwH v € V,
Previous[v] — npenmnocienHsisi BepiivHa B KpaTdafiem (s,v)-
MyTH.
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1. begin

2. Dls] := 0; Previous[s] :=0; F:=V \ {s};
3. forve F do

4. begin D[v] := A[s,v]; Previous[v] := s; end;
5. for k:=1ton—1do

6. begin

7. w:= Min(F); F:=F\{w},

8. for ve F do

9. if D[w] + A[w,v] < D[v] then

10. begin

1. DIv] := Dw] + A[w,v];

12. Previous[v] := w;

13. end

14. end

15. end.

Jna nokasatesbcTBa KoppekTHocTH ajgroputMa 10.2 3ame-
THM, YTO [IPH BXOJEe B OUEPeNHYI0 k-0 MTepalMio LHKJIa O—
13 yxe onpenenensl k OMuKaHIIMX K $ BepLIMH W BBIYHCIe-
Hbl PAcCTOSIHHS OT s N0 Kakuod u3 Hux. [Ipu stoMm mepBo-
HauaJbHbBle 3HAUEHHS] PacCTOSHMH BbIUHMC/IEHH B cTpoke 4. Kak
M0Ka3aHO BbILLe, BBIMOJHEHHe CTPOKH 7 TMPABHJBHO ONpejessieT
(k + 1)-10 6nuxkaiiliyo K s BeplinHy. YnajieHue w u3 F' Bieuer,
4to D[w] GoJbllle MeHATbCS He OyfeT, a N0 NOKa3aHHOMY paHee
TIePeCYUTEIBATE €r0 HET HYXKIBI, TAK KaK BHINOJHIETCS PaBEHCTBO
D]w] = d(w). Ocranoch 3aMeTUTb, YTO BBIMIOJHEHHE CTPOKH 9 B
KaXKJI0H WUTepaluy LUK/Ia 5—13 103BoJsieT MPaBUJIBHO INepecdu-
TbIBaTb 3HaueHHs1 D[v] ¥ OTC/IEKUBATD NPEANOCAEIHION BEPLIHHY
B KparyaiimeM nyTu. CienoBatesbHo, aaroput™ 10.2 npaBuibHO
BbIYMCJISIET PACCTOSIHUA M KpaTyaillye NMyTH OT (PMKCHPOBaHHOM
BEPLIMHBI 0 BCEX OCTAJbHBIX BEPIIMH CETH.

Pa6ota anropurma JleHKCTphl IOKa3aHa Ha puc. 77.

Teopema 10.2. Axrcopumm [leiikcmpol umeem CAOHHOCHb
O(n?).

Joxa3sarenbctBo. [lycTs HaliieHbl paccTossHUS [0 k OauKaii-
KX K s BepiuiuH. Onpenenenue paccrosinus 10 (k+1)-i BepLInHbI
TpebyeT B CTPOKe 7 uHcJ/a Ornepallil mpornopiroHasbHoro (n— k),
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k| S=V\F D[] | D2 | DB | DA | D | D6

{1=s} 0 3 10 1 00 )
1| {1,4} 3 10 00 3
2 | {1,4,2} 7 8 3
3 | {1,4,2,6} 6 8
4| {1,4,2,6,3} 8
5 | {1,4,2,6,3,5}

4 2) 6

o ——— >
(2)(3}/‘
) (12)

@ 3
(5)
°
5

Puc. 77

TaK KaK HMEHHO CTOJIbKO BEpIUMH HaxXOAUTCS B MHOXecTBe F.
[Tposepka ycJ/ioBHsi B cTpoke 9 M, ecsu HyxHO, mepecueT D[v] u
Previous[v] B ctpokax 11, 12 tpe6yer uncna onepauuit npomnop-
uuoHasnbHoro (n — k). OkoHYaTespHO, 0OOllee YHUCJIO OMepauuil B
anroput™e JleHKCTpBl MPONOPLUUOHAIBHO N+ (n — 1) +--- + 1 =
=n(n—1)/2, 1.e. paBno O(n?). O

MoxHO naTh W OpPYryl, rpapuyeckylo HHTepHpeTalHdio pa-
60Thl anropuTMa [leHKCTpHI, MOCTPOUB depeso Kpamuailuiux ny-
meti K. DTo nepeBo siBjisieTcsi oprpadoM Ha TOM Ke MHOXKeCTBe
BeplIKH, 4To U G. [lyra vw BKaw4aercs B K, ecan w — OaKai-
wast (k + 1)-s1 BepuinHa u v = Previous|w]. flcHo, uto K — 310
KOpPHEBOe [IepeBO C KOpPHEM B S, MO3TOMY [Jisi BCSKOH BepILHHBI
v € V B K cyllecTByeT eIMHCTBEHHBIH (S, v)-IyTb. DTOT MyTh
siBJIsieTcst Kpatuaiium (s, v)-nytem B cett G. Insi cetn, usaobpa-
JKeHHOH paHee Ha puc. 77, XOH MOCTPOEHHs JepeBa KpaTuailInx
nyTel Mokas3aH HUXKe Ha puc. 78.
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|

[ J [ ]
2 2
k=4 k=5

4 6 4 6
‘—)7. .—7

1 o 1 °

3 3
[ o—0
2 2 5

Puc. 78

§ 10.4. CNYYAH BECKOHTYPHOM CETM

B stoM caydae, Tak Ke Kak M B clydae ceTell ¢ HeoTpHlla-
TeJIbHBIMH BeCaMM IYT, U3BecTeH Gosiee 3PQPeKTUBHBIH aJrOpUTM
BBIUMCJIEHHSl PAcCTOSHUM OT (PUKCUPOBAHHOM BepLIMHBI 0 BCeX
ocTajbHbIX, yeM anaroput™m Poppa-besnnmana. B ocHose 3storo
aJropuTMa Jiexar cjeflylollle 1Be JIeMMbI.

Jlemma 1. B kaxcdom beckonmyprom opepaghe umeemcs xo-
ms 6b. 00HQ BepuiUMHQA, NOAYCMeneHs ucxoda Komopol pasHa
HYAIO.

IokasarenbcrBo. [lycts G = (V,E) — GeCKOHTYpHbIH 0p-
rpad ¥ wi; — MpoM3BOJbHAA ero BeplMHa. Ecin ee mosycreneHs
MCXOla He PaBHA HYJIO, TO BbIOepeM MPOH3BOJIBHYIO BEPLIMHY We
Takylo, 4To wiwy € F, 3aTeM ws Tak, 4To wows € E, u 1. 1.
IO TeX Top, ToKa MONOOHBIH BEIGOpP BepIIMHBI BO3MOKeH. Uepes
KOHEYHOe YHCJIO ILIaroB Mbl HOHIEM N0 HEKOTOPOH BEpILUHBI w,
M3 KOTOPOH He BBIXOAWT HH OfHA Iyra, u60 B GECKOHTYPHOM Op-
rpade BepLIMHBI B CTPOSIEMCS NMYyTH Wi, Ws,Ws, ..., HE MOTYT
noBTopaTbesd. CjlenoBaresibHO, MOCJAEIHSAS TOCTPOEHHAss B MYTH
BepIUMHA w HMeeT HYJIeBYIO IIOJIyCTeNeHb UCXOa. O
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Jlemma 2. Bepuwunol 6ecKOHMYypHO2O0 OPUEHMUPOBAKHOEO
epaga MoxcHoO nepenymeposames max, umo xaxoas dyea udem
U3 BEPULUHbL C MEHbULUM HOMEPOM 8 8epuiury ¢ 6OAbULUM HO-
MePOM.

(Oprpagsl ¢ Tak NpOHYMepOBaHHBIMH BepLIMHAMH HHOTAA Ha-
3bIBAIOT MONOAOCULECKU OMCOPMUPOBAHHbIMU, 8 AJITOPUTM, OCY-
LIECTBASAINH TaKyl0 HyMepalLHio BepLIUH, — aA20pUmMMOM MO-
NoA02UHeCKOl COPMUPOBKU BEPULLH.)

JokasatenbctBo. [IprBeeM anroput™, OCYIIECTBJSIOWINH
TOTIOJIOTMYECKYIO COPTHPOBKY. HedhopmasbHO 3TOT aIropuT™ MOXK-
HO C(pOPMYIHPOBATE CJELYIONIIM 00Pa3OM:

1) 06bSABUTb HAUGOMBIINM HEHCIIOJIb30BAHHEIM HOMEPOM YHC-
JI0, PaBHO€ KOJIMYECTBY BepLIHH B oprpade;

2) BbIOpPaTb MPOU3BOJILHYIO BEPLIMHY ¥, MOJYCTENEHb HCXO-
Ja KOTOpPOH paBHA HYJO, U MPHCBOMTb BepIIHHE v HaHOOJbLINH
U3 ellle He HCIOJNb30BaHHBIX HOMepoB. Homep, KOTOpbIH MogyuuT
BepLIMHA v, CYUTATh HCIIOJIb30BAHHBIM;

3) yranuTh U3 oprpada BepLIMHY v BMECTe CO BCEMH BXOAS-
IUMH B Hee JyraMi;

4) noBTopsATh WArW 2 U 3 [0 TeX IOp, MOKa BCe BEPILIMHBI He
noJiyyaT CBOM HOMeD.

KoppexkTHOCTb paGOTEl NPHBENEHHOTO AJTOPUTMa TOIMOJOTHYE-
CKOH COPTHPOBKH BBbITEKAaeT M3 JIeMMbl 1, Tak Kak IIpPH KaxJIOM
yAaJleHHH BepIIUHEl HOBHIH rpad octaercsi 66CKOHTYPHEIM H, Clle-
JOBaTeJIbHO, B HEM TaKiKe CYILECTBYeT BeplIMHA C HYJIEBOH MoJy-
CTeMeHbIO HCXOMA. O

[lpy opmasbHOM OMHCAHMH HTOrO AJTOPUTMA IepeMeHHasi
number J1aeT 3HauyeHHe CaMOro OOJBIIOrO M3 ellle He HCIOJb-
3oBaHHbIX HOMepoB. [lepemennas DegOut[v] ykasbiBaeT Ha Te-
Kylllee 3HaYeHHe MOJYCTENeHH HCXO0fla BEpIIKHbI v. B yacTHOCTH,
yAajieHHe BepLIMHBI U BMECTE CO BCEMH BBIXOASILIMMH H3 Hee 1y-
ramMd MPUBOAHUT K yMeHblueHHI0 3HadeHnsi DegOut|w] Ha enuHU-
uy mist Bcex w € list[v]. Ouepenp @ CayXKHT [AJsi HAKOTJIEHHUS
TEKYIero MHOXKECTBA BEpLIHH, MMEIOIMX HYJIEBYIO MOJYCTENEHb
ucxona. Maccus Index npefHasHauyeH [Jisi XpaHEHHs] HOBBIX HO-
MepoB BeplIHH. B 5TOM paspesie HaMm GyneT ygoGHee CUMTATh, UTO
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P
BCe CeTH M oprpadbl 3aiaHbl CIIHCKaMH CMexHocTe# list[v], rae
w € list[v], eCIU U TOJNBKO €CJM HMeeTCs 1yra U3 w B 0.

Auaroputm 10.3

Bxon: 6eckontypuuiét oprpad G = (V, E), 3agaHHbId CIHCKaMH
cMexkHocTel list[v].

Beixon: maccuB Index OJvHBL n TakoOH, 4TO AJs JIIOOOH AyTH
vw € E crnpaBenynBo HepaBeHCTBO Index[v] < Index|w].

1. begin

2. for v € V do DegOutlv] :=0;

3. forveV d

4. for w € list[v] do DegOut|w] := DegOut[w] + 1;
5. Q := nil; number := n;

6. forveV do

7. if DegOutlv] = 0 then Q < v;;

8. while Q # nil do

9. begin

10. v < Q; Index[v] := number;

11. number i> number — 1;

12. for w € list[v] do

13. begin

14. DegOut[w] := DegOut[w] — 1;
15. if DegOut{w] = 0 then Q < v;
16. end

17. end

18. end.

B anroputme 10.3 B umkiae B cTpokax 3 u 4 BBIUHC/sSETCS
TOJIyCTeNeHb MCXOAa KaXKAOW BEpIIUHBI. 3aTeM BCe BepIUWHBI C
HYJIEBOH MOJyCTENEeHbI0 UCXOAA TOMELIAITCsl B ouepenb ) (UMK
6-7). B crpokax 10 u 11 ouepenHoil BepiiHe MPHUCBAHBAETCS
HauOOJBIINH U3 HEUCIIONb30BAaHHBIX HOMEPOB, HHAUe IOBOPS, pea-
JusyeTcs war 2 HeOpMasJbHOIO OMHCAHHUA anroputma. LIuk/a B
cTpokax 12-15 obecreuynBaeT ynajeHue NocjaeqHel MPOHYyMepo-
BAaHHOH BepLIMHBl BMeCTe C AyraMH el WHIMIEHTHHIMH, U BCe
BEPILUHUHBI, TIOJNYCTENEeHb HCX0Ia KOTOPBIX B HOBOM oprpade paBHa
HYJII0, Cpasy ke MoMellaiTces B odepenpb () (war 3 Hedopmasib-
HOTO OIMHCAHUS).
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Jlerko BHIeTb, YTO Ka)[as BepLIHHA I[OMELAeTCsi B Oue-
penp () TOrma, KOria ee MOJYCTelleHb HUCXONAa B 3aJlaHHOM Op-
rpace paBHa HyJI0, TU6O TOTAA, KOTIA BCE BEPIIHMHEI, CAEIYIOIIHe
3a Hel, moJsiydaT CBOM HOBble HOMepa. [lostomy anroputm 10.3
MPaBUJIbHO OCYLIECTBJSIET TOMOJOTHUECKYIO COPTHPOBKY BEPLUIMH.

Teopema 10.3. Aseopumm 10.3 umeem caoxncrocmo O(m).

HdoxasatenbcTBo. HanoMHuM, 4TO Ha MPOTSKEHUH 3TOH Tia-
Bbl Mbl YCJIOBHJIUCH CYMTATh, 4TO0 1 < m. LIUKabl B cTpokax 2 u
6-7 aHaJU3UPYIOT KaXIYI BepLIKHY POBHO MO OAHOMY pasy, a B
cTpokax 3—4 u 12-15 — Kaxknayw Oyry Tak:Ke POBHO MO OTHOMY
pasy. CuenoBaTesbHO, cJoXkHOCTh anroputMa 10.3 ectb O(n) +
+ O(m) = O(m). O

B Tex cnyyasix, korna 6eCKOHTYpHBIH oprpad 3agaH ClIHCKaMH
CMeXKHOCTel [list, Tomosoruyeckasi COpTHPOBKA BepIIMH oprpada
TaK>Ke MOXKeT OBITb OCyLIeCTB/eHa 3a Bpemsi O(m).

[1pu onucaHuK anropuTMa BbIYHC/IEHHS] PACCTOSHUI B OECKOH-
TYpHOH ceTH OyoeM CUHTaTh, YTO BCe BepLIMHBI 3aJaHHOH CeTH
TOIOJIOTMYECKH OTCOPTUPOBaHHL. PaccTosiHus 6yeM BLIYUCAATh OT
BEpLIMHBL U] = .

IlycTb v — mNpOM3BOJIbHAS BeplLIMHA 3aflaHHOH OeCKOHTYp-
Ho#t cetu. Torma s06o# (s, vg)-MyTh MPOXOAUT YePe3 BEPIIHHBI C
MEeHBIIUMHU 4eM k HoMepaMu. M3 3Toro 3ameuaHus cjenyer, 4To
IJis BBIYMCJIEHHS] PACCTOSIHUE OT s O BCeX OCTaJbHBIX BepLIMH
CeTH NOCTATOYHO IMOCJEN0BATENbHO BBIYUC/AATH PACCTOSHHUS OT S
IO Vg, 3aTe€M OT S A0 U3 U T. 1. [1ycTb, KaK U B NPeABIAYIIHX pa3-
nenax, d(v) o6o3Hauaer paccrosinue ot s g0 v. Torma d(vi) =0,
u ecan d(v,) asi Bcex 7 < k BBIYHCJEHO, TO

d(vg) = min{d(v,) + c(vy,vi)|r = 1,2, ..., k}. (10.2)

KoppekTHoctb hopmynbl (10.2) nerko mpoBepsieTcst MpH MOMOLIH
UHAYKUKMK. VIMeHHO 1o 3T0i (hopMmysie BBIUUC/ISIET PACCTOSIHUSI OT
BEpLIMHBI § = v1 Mpe[JaraeMblil HUXKe aJrOPHTM, B KOTOPOM Iie-
pementbie D[v] u Previous[v] UMEWOT TOT K€ CMBICJ, YTO H B
anroputmax dopna-bennmana u JedkeTpol.
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Auaroputm 10.4

(* BbluHc/ieHHe pPaCCTOSSHHH OT BepIIMHBI ¥; B GECKOHTYPHOH
CETH *)

Bxon: 6eckontyphas cetb G = (V, E, ¢) ¢ TONOJOrHYECKH OTCOP-
THPOBAaHHLIMH BepLINHAMH, 3a[aHHasl CIUCKaMH list[v].

Beixon: paccrositusi D[v] ot vy 1o Bcex v € V, Previous[v] —
Mpeanoc/eiHsis BeplIHHa B KpaTdatieM (vq,v)-TyTH.

L. begin

2. Dlvy] := 0; Previous|vy] := 0;

3. for k:=2 ton do Dvg] := o0;

4. for k:=2 ton do

5. for w € listv,] do

6. if D[w] + c(w,vx) < D|vg] then
7. begin

8. Dluvg] := D[w] + c(w, vk);
9. Previous|v] := w;

10. end

1. end.

Teopema 10.4. Aseopumm 10.4 umeem caoxncrocmo O(m).

JoxkasateabcTBo. LIUK B cTpoKe 3 TpebyeT n onepamuil npu-
cBauBaHusi. [lukn B ctpokax 4-10 npUBOAUT K TOMY, UTO Ka)K[as
JIyra CeTH aHAJU3UPYETCsl POBHO OJUH pa3 U KaXKblH aHAJTU3 TYTH
NPUBOAMT K BBITIOJIHEHHIO YHUCJA OTepaluid, OrpaHUYeHHOro KOH-
cTaHTo#l B cTpokax 6-9. CienoBaresbHO, CJI0XKHOCTb aJrOpUTMa
10.4 ects O(n) + O(m) = O(m). O

Pa6ora anroputma 10.4 nokasana Ha puc. 79.

k | D[vi] | Dlvz] | Dlvs] | Dlva] | Dlvs] | Dlve]

0 9] [es) o0 00 9]

4 0o 00 o) 00

11 00 e’} 00

| U [ DO
w
8
8
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o6 L

®
(5)
10) (-6)

U

()

Uy

o—0
Uy U3
Puc. 79

B cnyuae 3amaHns GeCKOHTYPHOH CeTH CIHMCKaMHU %ﬁ pac-
CTOSIHUSI OT v1 [0 BCEX OCTaJbHBIX BEpIIMH TaKxKe MOTYT ObITh
BbluKc/eHbl 3a Bpemsi O(m). Takoll airoputm mosydaercs Jer-
Kol Mopudukauueit anroputMa 10.4. [lpenocrapasiem unutaTensm
BO3MOXKHOCTb CaMOCTOSITeNIbHO TNoAnpaBuTh anroputm 10.4 pas
JOOCTYKEHHUS] YKa3aHHOH LeJH.

B 3ak/iouyeHHe OTMETHM, YTO BCe TPU OCHOBHBIX aJIFOPUT-
ma (Popna-bennmana, Jeikerpsbl u aaroput™ 10.4) BeruncaeHus
pacCTOSHUH OT (PUKCUPOBAHHOH BEPLIMHBL JIETKO MOTYT OBITb MO-
JU(ULIUPOBAHBl /15 BEIYUCJEHHUSI PACCTOSHUH OT (PUKCHPOBAHHOH
BEPLIMHBI B CETAX C B3BELUEHHbIMH BepILHHAMH.

§ 10.5. 3AJAYA O MAKCUMATIIBHOM NYTHU
U CETEBbBIE TPAMUKH

3agaya 0 MakKCHMaJbHOM INyTH (DOPMYJIHMPYeTCs CJeLYIOLIUM
o6pasom: B 3anaHHod cetu G = (V, E,c¢) ¢ BbeNeHHOH BepLIH-
HOH s Il KaxKIOH BepLIMHBl v € V HalTH (s,v)-nyTb, UMEIIUH
MaKCHUMaJIbHYIO JJIMHY CPEIH BCEX BO3MOXKHHIX (s, v)-TyTel B ce-
™ G.

OTMeTHM, 4TO MMeeT CMBICJ pellaTh 3Ty 3afady JHllb B ce-
TSIX, HE COJepKAIIUX KOHTYPOB TOJIOXKHUTEbHON AJKHBL. Pacemor-
peB TOTZa CeTh, OTJHMUAILLYIOCS OT UCXOMHOH TOJBKO H3MEHEHHEM
3HAKOB BECOB JyT, NMOJYYHUM CETb, B KOTOPOH HET KOHTYPOB OTpH-
nateqbHod nnuHbl. [IpuMeHsis K HoBoH cetu ajnroputMm Popma-—
BessiMaHa, MOXKHO MOCTPOUTb KpaTuadiine (s, v)-NyTH, KOTOPble
6yoyT MyTSMH MakCHMaJbHOH IJIMHBl B UCXOIHOH CETH.

BrpoueMm, 3agmauy o0 MakcUMaJbHOM TyTH B 0OLIeM CJay-
Yyae MOXKHO pellaTb U HENOCPEACTBEHHO, 3aMeHslsl B aJrOPUTMe
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®oppa-bennmana 3Hak HepaBeHCTBA B CTPOKe 9 Ha MPOTHBOIO-
JIOXKHBIH.

Pasymeercsi, pemass Takum o6pa3oM 3agadyy O MaKCHMaJb-
HOM MYTH, BeC HECYIIECTBYIOMINUX AYT CJAeLyeT MOJOXKHTb PaBHBIM
—0Q.

BaxxHbll 4acTHBIH caydail ceTH ¢ HeoTpHULATeJbHBIMM Beca-
MM AYT, He HMelolllell KOHTYPOB IMOJIOXKHUTENbHOH MJUHBI, — 3TO
CeTb C HEOTpULATEeJbHBIMA BeCaMH YT, B KOTOPOH BOOOILE HeT
KOHTYpOB. B aToM 4acTHOM c/iy4ae 3aaua 0 MaKCHMaJbHOM ITyTH
MoxeT ObIThb pelueHa anroputmoM 10.4, B KOTOPOM +00 3aMeHs-
eTcs Ha —00, a 3HAK HepaBeHCTBa B CTPOKe 6 MeHsieTcsl Ha Mpo-
TUBONOJMOXKHBIH. HecnoxHoe nokasarenbcTBO KOPPEKTHOCTH HC-
IpaBJE€HHOTO TaKUM o6pasoM ajiroputrMa 10.4 Mbl npenocTaBiaseM
qUTaTeJIo.

OTMeTHM, 4YTO MomoGHasi 3aMeHa 3HaKa HEPABEHCTBA B aJjro-
putMe JeHKCTpBI He TO3BOJISIET TIOJMYYUTh AJTOPUTM pELIeHHs 3a-
a4l 0 MakCHMaJsbHOM MyTH. IIas mpuMepa AOCTAaTOYHO pPaccMoT-
peTb ceThb, U300paxKeHHYI0 Ha puc. 80. 3neck Takas MoIU(HUKaLUA
anroputMa JleHAKCTpPEl HEeMpaBUJIBHO OMPENEJUT MyTh MaKCHMaJb-
HOH [JIMHBI OT BEPLIMHBI S 10 BEPLIMHBI 2.

o2
(2)

8 3)
1

Puc. 80

Hrak, anroputm Popna-bennmana u anroputm 10.4 ser-
KO MOTYT ObiTb MOAM(HLHPOBAHBI [Jis1 BBIYHCJAEHHUs MJHH Mak-
CUMaJsbHBIX (S,v)-myTell. CaMH e MYTH C IOMOIIbI METOK
Previous[v] crtpositcsi Tak ke, Kak W B ajroputme Poppa-
Bennmana.

3agaya 0 MaKCHMAJbHOM MyTH B OECKOHTYPHOH ceTH HMe-
eT 60JblIOe TpaKTHYeckoe 3HaueHHe. OHa sBJISeTCS BaXKHEHILUM
3BEHOM B METONaX CEeTEBOTO IJIAHMPOBaHHs PaboOT MO OCYyLIeCT-
BJIEHHIO TIPOEKTOB.
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MHorue KpymnHble MPOEKThl, TaKHe KaK CTPOUTENbCTBO IOMA,
U3roTOBJIEHHE CTaHKa, pa3paboTKa aBTOMATH3MPOBAHHOH cHCTe-
MBbl OyXraJTepCKOro ydeTa W T.[., MOXKHO pa3OuTb Ha OoJiblIOe
KOJIMUECTBO Pa3JHYHBIX omepauuil (pador). Hekoropele 3 3THX
ornepauUil MOTYT BBIIOJNHSITbCS OJHOBPEMEHHO, IPyTHe — TOJBKO
M0CJ/Ie0BATEIbHO: OflHA ONepalys Mocje OKOHUaHUs apyrod. Ha-
IIPUMep, NPU CTPOUTEJNbCTBE OMA MOKHO COBMECTHUTD 10 BpEMEHH
BHYTPEHHHE OTAeJO4YHBle PadOoThl U PaboThl MO GJArOyCTPOHCTBY
TEPPUTOPUH, OJHAKO BO3BOAHUTb CTEHbl MOXKHO TOJIBKO [10CJ/IE TOrO,
KakK OyfeT roToB (pyHIaMeHT.

3anaur MJaHUPOBaHUS PaboT M0 OCYLIECTBJEHHIO 33aJaHHOrO
IpoeKTa COCTOAT B OMpe/ie/leHHUH BPeMEHH BO3MOXKHOIO OKOHYa-
HUSI KaK BCero NpoeKkTa B LEJOM, TaK M OTAeJbHBIX paboT, 06-
pasyIoLIUX TPOEKT; B ONpeleJeHUH Pe3epBOB BpeMEHM [Js BHI-
TIOJIHEHHUS OTAEJbHBIX PaboT; B ONpeNeseHHH KPUTHYECKUX paboT,
T. €. TaKUX paboT, 3afep:KKa B BHIIIOJHEHHH KOTOPBIX BEJEeT K 3a-
Jlep;KKe BBINOJIHEHHS BCEro MPOeKTa B LieJIOM; B yIpaBJeHHH pe-
CypcaMmH, ec/ld TaKoBble UMEITCs, U T.II.

3nech Mbl pa3bepeM OCHOBHble MOMEHTBI OLHOIO U3 METOIOB
CeTeBOro MNJaHUPOBaHHUS, Ha3bIBAEMOI0 MemoOOM KPUMULECKO20
nymu. Meton Obl1 paspabortad B KoHle 1950-x romoB [lomnoHoM
u Pemunrronom Panpom s ynpaBieHuss paboToOH XHMHYECKHX
3aBonoB (upmbl «[lionon ne Hemyp» (CIIA).

ITycTb HekoTOpPBIM NpoeKT W cOCTOUT U3 paboT vy, .. ., Up; A4
Ka)X 10l paboThbl vy, U3BECTHO (MJIM MOXKeT OBITb JOCTATOYHO TOYHO
OLIEHEHO) BpeMsi ee BbimosHeHusi tm(vg). Kpome rtoro, mis kax-
IOH paboThl v M3BECTEH, BO3MOXKHO MycToH, cnucok Pred(vy)
paboT, HEMOCPENCTBEHHO MPEALIECTBYIOIUX BHIIOJHEHHIO PaboThl
vi. VlHaue roBopsi, paGoTy v MOXKHO BBINOJHATb TOJBKO MOCJE
3aBeplIeHUs BceX paboT, BXOAALIMX B 3TOT CIIHCOK.

Jns yno6¢TBa, B crucok padot npoekta W nob6aBuMm aBe QUK-
TUBHbIE PaboTHl S U ¢, Ile padoTa s 0603HaUaeT HauaJd0 BCEro Npo-
exta W, a pab6ora t — 3aBepiuieHue pador no npoekty W. Ilpu
3ToM OyfeM cuMTaTb, UTO paboTa S MpeAlIeCcTBYeT BCeM TeM pa-
6oram v € W, 1Jst KOTOpBIX CUCOK Pred(v) mycT, HHade roBops,
IJIs1 BCeX TaKHUX paboT v nojoxum Pred(v) = {s}. [lonoxum na-
nee Pred(s) =0, Pred(t) = {v € W|v He BXOIUT HU B OIHH CIIH-
cok Pred(w)}, T.e. cuntaeM, 4to paGoTe ¢ MPEILIECTBYIOT BCE Te
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paboTbl, KOTOpPble MOTYT OBITb BBHITIOJHEHBl CAMbIMH TOCJAEIHUMH.
Bpems BbimosiHeHUs1 paboT s U t €CTECTBEHHO MOJIOXKHUTb PaBHBIMU
nyao: tm(s) = tm(t) = 0.

Becb npoekt W Tenepb yno6HO NpeacTaBUTh B BuIe ceTH G =
= (V,E,c), rne cetb G = (V, E, ¢) onpeneanm 1o npaBu/aM:

1) V. = W, T.e. MHOXeCTBOM BepIIHH OOBSIBUM MHOMKECTBO
paobor;

2) E = {vw|v € Pred(w)}, T.e. OTHOLIEHHE MpeILIECTBOBA-
HUS 3a/laeT OYTH B CETH;

3) ¢(v,w) = tm(w).

Tak moctpoeHHy!0 ceTh (G 4acTO Ha3bIBAIOT CETEBBIM I'padu-
KOM BbITIOJIHEHHsI paboT no npoekty W. Jlerko BUAETh, YTO CIIHC-

KU CMEXXHOCTell 3ToH ceTH list[v] coBmagamoT ¢ 3afaHHBIMH A5
MPOEeKTa CIHUCKaMH MpeAIIecTBY0UX padot Pred(v).

[TonaTHO, 4TO ceTeBOH rpauk M1060ro NPOeKTa He MOXKET CO-
JepxKaTb KOHTYPOB.

OT1cyTcTBHE KOHTYpOB B ceTd (G 103BOJIS€T [IPOHYMEpPOBAaTb
paboTel npoekTa W TakuMm 00pa3om, 4TOOBI AJS KaXKIOH IyTH )
ceTh GG BhIMOJHAJNOCH ycaoBUue ¢ < j. [loatomy B nasbHeduem
OyleM CUMTaTh, YTO BepILIMHbI B ceTH (G TOMNOJOIMYeCKH OTCOPTH-
POBAaHBI.

Ha puc. 81 npuBeneH npumep npoekTa CTPOMTENBCTBA AOMa H
COOTBETCTBYIOIIUH CeTeBOH rpaduk.

Ne | Hayvenosanne pa6orsi Tpenwecreytomme Bpewms
n/n paboThl BbINIOJIHEHHSI

1 3aknanka ¢pyHnameHrta Her 4

2 BosBenenne KopoOKH 31aHus 1 8

3 MoHTaX 3JeKTPONpPOBOAKH 2 2

4 CaHTexMOHTaX 2 3

5 HacTua kpoitn 2 4

6 OtnesioyHble paboOThHI 3,4 5

7 BuaaroycTpoiicTBO TeppUTOpHH 5 2

KoneuHoi HeJIbI0 MOCTPOEHUS CeTeBOH MoOMeJd SIBJSeTCS IIO-
JIydueHue I/IHq)OpMaU,I/II/I O BO3MO2KHBIX CpPOKaxX BBINIOJHEHUSA Kak
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Puc. 81

OTHEJNBHBIX PaboT, TaK U 0 BO3MOXKHOM CPOKE BBIMIOJIHEHHS BCETrO
MPOEKTa B LEJIOM.

O6o3nauum uepes efin(v) (coorBercTBeHHO ebeg(v)) Haubo-
Aee PAHHUL BO3MONCHULIL CPOK BbINOAHeHUs pabomsl v (COOT-
BETCTBEHHO Hauboaee paHHULl 803MOXCHbLE CPOK Hauara pabo-
mot v). Yno6HO cuuTaTh, uTo efin(s) = ebeg(s) = 0. [lockoabKy
HayaTb BBIIOJHATE PaGOTy ¥ MOXKHO TOJIBKO [OCJe TOro, Kak Oy-
LYyT BBITOJHEHB! BCe paGoThl, MPeALIECTBYOLIME JaHHOH padoTe v,
TO MOJYYHM CJeayolire popmysbl 15 pacyeTa 3HaueHHH ebeg(v)
u efin(v) :

ebeg(v) = max(efin(w)lw € Pred(v)),

efin(v) = ebeg(v) + tm(v).

Jlerko BupeTh, 4TO 3HaueHHe efin(v) paBHO AJKMHE MaKCH-
MasibHOTO (s, v)-nyTH B cetd G. IloaToMy, mJisi BEIYHC/IEHHs 3HA-
yeHn# efin(v) MOXKHO MCIIO/Ib30BATh AJTOPUTM BBIYHCIEHHUS IJIHH
MHHHMAaJIbHBIX MyTeHd B GECKOHTYPHOH CETH, B KOTOPOM BCe 3Ha-
KM HepaBeHCTB 3aMeHeHbl Ha MPOTHBOMNO/OKHbIE. [IpH 9TOM 3Ha-
yenue efin(t) maer Haubosee paHHHUI BO3MOXHBIH CPOK 3aBep-
IIEHHsT BCETO MPOEKTa B LeJoM. Pajiyl MOJHOTH MpUBELEM 31eCh
(opMasIbHYIO 3aMKCh aJrOPUTMa, HEMOCPEACTBEHHO BBIUUC/ISIOLIE-
ro XapakTepucTHKH ebeg U efin.

Auaroputm 10.5

(* Pacuer nauGosiee paHHHX BO3MOXKHBIX CPOKOB HadaJja U Bbi-
MOJIHEHHST PaboT *)

Bxon: cereBoil rpaduk G pabor V, 3ananubliél cniuckamu Pred(v),
veV.
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Beixon: HauGosiee paHHHe BO3MOXKHbIE CPOKH HauyaJa U BIIOJIHE-
HHUsE paboT ebeg[v], efinfv],v € V.
1. begin
for k:=0ton+ 1 do ebeglk] := efin[k] :=0;
for k:=1ton+1do
begin
for i € Pred(k) do
ebeglk] := max(efin[i], ebeg[k]);
efink] := ebeg[k] + tmlk];
end
end.

O XN Ok D

B atom anroputMme BeplIMHBI CeTEBOro rpaduka s u t 0603Ha-
YeHbl COOTBETCTBeHHO yepe3 0 u n + 1.

3Hauenns efin(v) n ebeg(v) mast cereBoro rpaduka, H300-
paxkeHHoro Ha puc. 81, mpuBemennl B Tabs. 1. M3 HaiineHHBIX
3HaueHUH cjeqyeT, YTO 3TOT MPOEKT HE MOXKeT OBITb 3aBeplleH
paHblile yeMm uepe3 20 eAWHUL BpeMeHH.

[Tycts T — mnnaHOBBIA CPOK BBIMOJHEHHS mpoekta W. fcHo,
uto T' HOJKHO YOBJETBOPSITH HepaBeHcTBY efin(n + 1) < T.

Yepes [fin(v) (coorBercTBeHHO lbeg(v)) 0603HaUMM Haub0o-
see nosdHull donycmumolii cpok evinosnenus (Hauara) pabo-
TH v, T.€. TAKOH CPOK, KOTOPHIH He yBesJnunBaeT cpok 1’ peasu-
3aluu Bcero npoekrta. Hanpumep, nss pa6oTsl 3 ceteBoro rpagu-
Ka u3 puc. 81 umeeM ebeg(3) = 12, efin(3) = 14, Ho sicHO, YTO
HayaTh paboTy 3 MOXKHO Ha eIHHHILY BPEMEHH IT103KE, TIOCKOJbKY
3TO He MOBJMSET Ha CPOK BBIMOJHEHHS BCEro MPOeKTa, a BOT 3a-
IepKKa B peaju3alyd 3TOH ke paboThl HA 2 eNUHHLBl NPUBEAET
K YBEJUYEHHIO CPOKA BBIMIOJHEHHUS] BCETO MpoeKTa Ha | emuHHULY
BPEMEHHU.

HenocpezncTBeHHO U3 onpese/ieHUH NosnyyaeM ClpaBenJHBOCTb
paBencts lbeg(n + 1) = Ifin(n + 1) = T. Ilocko/bKy MPOH3BOJb-
Has paboTa v NOJIKHA ObITh 3aBepllieHa 0 Hauaja BceX Haubosee
MO3JHUX AOMYCTHMBIX CPOKOB TeX paboT w, KOTOPBIM Mpejlle-
cTByeT padoTa v, TO MoJydaeM Cjefylolue GOpMYJIbL:

[fin(v) = min{lbeg(w)|v € Pred(w)},
lbeg(v) = lfin(v) — tm(v).
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Boiunenute 3Havyenus [ fin(v) u lbeg(v) MOXKHO, IBUTasCh MO
BepiinHaM ceTH G oT n+1 k 0. Bce neranu Belumc/IeHHs Ha3BaH-
HBIX XapaKTepPUCTHK NpuBeleHbl B anroputme 10.6.

Auaroputm 10.6

(* Pacuer HauGoJslee MO3NHMX CPOKOB Hayasla M OKOHYAHMS pa-
60T *)

Bxon: cereBoil rpaduk G pabot V, 3anaHHbd crickamu Pred[v],
v € V, IaHOBBIH CPOK OKOHYaHHs ImpoekTa — 1.

Boixon: HauGosiee MO3/HHE IOMYCTHMbIE CPOKH BBINIOJHEHHS U Ha-
yasa pabort [ fin[v] u lbeg[v].

1 begin

2 forveV do [finfv]:=T;

3 for £ :=n+ 1 downto 1 do

4. begin

5. lbeg[k] = lfin[k] — tm(k);

6 for i € Pred(v) do

7 Ifin[i] := min(l fin[i], lbeg[k));

8 end

9 end.

HalineHHble 3HaYeHUs BOBMOXKHBIX U JOMYCTHMBIX CPOKOB BbI-
MOJIHEHHsT PaGoT TO3BOJISIIOT OMNPENeUTh PE3epBbl BPEMeHH [Jist
BBINOJIHEHUSI TOH WJM HHOH paboThl. B cereBoM miaHHpoBaHWH
paccMaTpUBalOT HECKOJBKO Pa3JIMYHBIX U [10-CBOEMY BaXKHbBIX BH-
OB pe3epBa paboT. Mbl 31ech OrpaHUYUMCS JIHIb NOAHbIM pe-
3epsom (MHOTHA ero Ha3bIBAIT CYMMAPHbLLM) BPEMEHH BHITIOJHE-
Husl pabot. OH ompenensieTcs Mo Gopmyse

reserve(v) = lbeg(v) — ebeg(v).

3HaueHue reserve(v) paBHO MakCHMaJsibHOH 3afep)KKe B Bbl-
MOJIHEHUH PaboTHl v, He BAUSAIOLIEH Ha NiaHoBeIH cpok 1. [ToHsT-
HO, YTO CIPaBEAJMBO U TaKOE PABEHCTBO

reserve(v) = lfin(v) — efin(v).

PaboTbl, uMewllle HYJeBOH pe3epB BpPeMEHH, HAa3bIBAIOTCS
Kpumuueckumu. Yeped Kaxkaylo TaKylo paboTy MPOXOAUT HEKOTO-
pBIE MakcHUMaJIbHBIH (s,t)-nyTh B ceTd (. [losTomy Takoll MeToxn
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HaxXOXJeHHsl KPUTHYeCKUX paboT M Ha3blBalOT METOAOM KpPHUTH-
yeckoro nyTd. Kputudeckue paboThbl XapakTepU3YyIOTCS TeM, 4YTO
Jobast 3a7iep:KKa B UX BbIOJHEHWH aBTOMAaTHYeCKH BeleT K yBe-
JINUEHHIO BPEMEHH BBIMIOJIHEHHS BCEro mpoekTa. UYHcC/eHHBIE 3Ha-
YeHHUs! BBEJEHHBIX XapaKTEPUCTUK CEeTeBbIX TPadUKOB AJs MPOeK-
ta u3 puc. 81 nmanHsl B Ta6s. 1. PacueTsl BeimosiHeHwl npu 1' = 20.
Kputuueckumu paboTaMu 3TOro MpoekTa sBJSATCA paboThbl ¢ HO-
mepamu 0,1,2,4,6,8, koTopsle U 06pa3yioT B ceTd G KpUTHUe-
CKHH NYyTb.

Pa6otbl | ebeg | efin | lbeg | Ifin | reserve
0 0 0 0 0 0

0[N (O [W || —
[
[\
—_
(=2}
—_
=N
—
[oe}
OO |O|—|O |0

HccnenoBanue ceTeBBIX pa)MKoOB Ha 3TOM Mbl 3aBepminM. OT-
METHM TOJIbKO, YTO, NMOMHMMO DaCCMOTPEHHbIX HaMH XapaKTepH-
CTHK, 4acTO paccCMaTpuBalOT M GOJbIIOE UHCJIO APYTHX, CBS3aH-
HBIX, HAallpUMep, C HEONpEJeeHHOCTbIO BO BPEMEHH BBIITOJHEHHUS
paboT, ¢ yrnpaBjeHHeM pecypcaMu H T. 1. JlocTaTouHO OGIIMPHBIH
M COlepKaTesbHBIH MaTepHas 110 3TOMY MOBOLY MOXKHO HaHTH B

KHure [56].

§ 10.6. 3ALAYA O MAXMIN-NYTHU

[lyete G = (V, E,¢) — cetb. [l NPOU3BOMBHOTO (8, v)-MyTH
P:s=wy,v1,...,V; =V N0OJOKHUM

m(P) = min{c(v;—1,v;)|i = 1,2, ..., k}.

Yucao m(P) HazoBem secom nyTtn P.
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3adaua o maxmin-nymu QopMyJaUpyeTcs CAeNyOLIUM obpa-
30M: cpenu Bcex (s,v)-myTedl B ceTH G HalTH MyTb MaKCHMaJb-
HOTO Beca.

WHorna sty 3amauy HasblBaloOT 3agaded 00 y3Kux mectax. s
UJITIOCTPALMK pa3bepeM Clenyoui TpUMep.

PaccmoTpuMm mopoxHYH0 ceTh, BKJOYAKOILyl0 MOCTH. DBynem
CUUTATh, UTO NPEBbILIEHHE I'PY30NOAbEMHOCTH HEKOTOPOTO MOCTA
IpY NepeBO3Ke TIpy3a MNPUBOLUT K PaspylLIeHHI0 NaHHOTO MOCTA.
JlonycTuUM, 4TO Mbl XOTHM OIpefie/IUTh MaKCHUMaJbHBIH BeC Ipy-
3a, KOTOPbIH MOKeT OBbIThb TPAHCIOPTHPOBAH B paccMaTpHUBaeMoH
JIOPOXKHOH CeTH M3 MYHKTa S B NMYHKT v 6e3 TpeBbILIEHUsS Tpy-
30MOABEMHOCTH HaXOASALIMXCA Ha MYTH ABHXKEHHs TPaHCIOPTa
MOCTOB.

Inst perienusi aToit 3amauu nocrpouM cetb G = (V) E,c¢),
MHOKECTBOM BEPIIHH KOTOPOH OOBSBUM NMYHKTBl S M v, a TaKxe
BCe MEePEeKPEeCTKH TOPOKHON ceTH. Bynem roBoputs, uto popora z,
COEIMHSIONIAs TEPEKPECTKH W U U, HEMOCPEACTBEHHO UX COeIUHS-
€T, eCJIM T He MPOXOAUT Uepes3 Apyrue mnepekpectku. s moporu
X TOJIOXKHUM c(x) paBHBIM MUHHMAaJbHOH M3 I'PYy30M0AbEMHOCTEH
MOCTOB, HaxONSILIMXCS Ha HOpOre x; €CJH J0pora & MOCTOB He
COEPXKHUT, TO CuuTaeM, 4To ¢(x) = co. Dynem cuurarh, uTO ABE
BepLIKHB w U u ceTH G coepuHeHbl ayramMu (w,u) U (u,w), ecqau
eCTb XOTb OfHA J0pora x, HeMoCPeNCTBEHHO COeNMHSoIas nepe-
KPEeCTKH W U U.

[Tonoxxum

c(u, w) = c(w,u) =

= max{c(x)|x HEMOCPEeACTBEHHO COENHHSET W U U}.

AHaJOTHYHO OMpPENessioTCS AYTH, WHUHAEHTHLIE MYHKTaM §
1 v. Bynem cuuTath, 4TO U3 S AYTH TONBKO UCXOISAT (T. €. HUCKJIIO-
4yuM AyTH Buna (w,s), roe w € V), a B v OyTH TOJbKO BXOJST.

Ha puc. 82a nan mnpumep HOpPOXKHOH CeTH, COeNUHSIOLIEH
NYHKTH § ¥ v: UU(paMU 0003HAUEHbl MEPEeKPeCcTKH, OYKBaMH —
MOCTBI, & YHCJ/a B CKOOKaX 03HAYaloT TPy30NOABEMHOCTb COOTBET-
cTBymomero Mocra. CoOTBeTCTBYIOIIAs ceTeBast MOJE/b NPHBENE-
Ha Ha puc. 82b, roe Kaxa0e HEOPUEHTHPOBAaHHOe pebpo BUAA i,
COOTBETCTBYeT OBYM ayram (i,7) u (j,4). O6pallaeM BHHUMaHHe
yuTartess Ha Bec AyTH (3,v), KoTopblil paBeH 80, MO0 MyHKTH 3
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M U COeNMHSIOT ABE HOPOTH X W Yy, AAs KOTOphX c(x) = 80 H
c(y) = 60. [Moaromy ¢(3,v) = 80.

a(100) 2 d(30)
1 3
b) 50
+o0 80
+o0 90
S 1%
100 2 80
Puc. 82

Jlast pelileHMsl 3afaud O mMaxmin-myTH B NIPOMU3BOJILHOH ce-
™ G = (V,E,c) ¢ He 00s13aTe/JIbHO HEOTPULIATEJbHBIMH Beca-
MH MBI JIMIIb HEMHOTO MOAMGHLHUPYEM H3J0KEHHBIH paHee ajro-
put™ [Hefiketpol. [IpuHLMI «KaqHOCTH» B BBIUMCJIEHHH maxmin-
pPacCTOSHHUU BHINVIIAUT 3eCbh CJEAYIOLUIMM 00pa3oM: BblUHCJSEM
ToC/IeI0BaTeIbHO KaXK/blH pa3 maxmin-paccTosiHue 10 Haubosee
JaJIeKOH BepIIMHBEl OT S CPelM BCeX TeX BeplLIHH, A0 KOTOPHIX
maxmin-paccTosiHye ellle He BBIYHCJEHO.

DoJsiee TOuHO HallM paccyxAeHHsi 3hech TakoBbl. O6G03HAYHM
yepe3 dm(v) MakCHUMaslbHBIH BeC Cpeid Bcex (s,v)-myTel, T.e.
maxmin-paccTosiHHe OT § 10 V.

[Tostoxum S = {s} u dm(s) = +oo.

Bynem tenepb 106aBAsTh K MHOXKECTBY S 10 OIHOH BepLIHHE
Tak, 4TO MHOXECTBO S COCTOMT Ha Ka)JIOM Ilare U3 TeX Bep-
LIKH v, AJis1 KOTOPBIX dm(v) BbIYHCIEHO, W 1Jisi BCeX v € S H w €
€ F, rne F =V '\ S, cnpaBennuBo HepaBeHctso dm(v) = dm(w).
Jlas Kaxxaoro w € F' 1mojoXuM

D(w) = max{min{dm(v), c(v,w)}v € S}.
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[ToHsiTHO, UTO B 3TOH (hopMyJsie MOSIBJASIETCS MAKCHMyM BMECTO
MUHHUMyMa B aHasornuHoit ¢opmyse (10.1) us pasn. 10.2, ubo
Hac UHTepecyeT MyTh MAaKCHMaJbHOTO Beca.

Ouepennasi BepmnHa w*, KoTopylo cjaenyeT no6aBUTh K S,
BBIOMPAETCsl B COOTBETCTBUH C YCJOBHEM

D(w*) = max{D(w)|w € F}.

O6ocHoBaHHEe KOPPEKTHOCTH TaKOH MOAM(HUKALKWK aJropuTMa
JleiKCcTphl NPOBOAMTCS aHAJOTHUHO AO0Ka3aTeJbCTBY KOPPEKTHO-
cTu camoro anroputMa [ledkcTpel. PopMasbHO MOXKHO CKasaTb,
YTO BCS MOAM(HUKALHMS 3aK/JIIOYaeTcss B TOM, UTO BCE 3HAKH CYM-
MBI 3aMEHSIIOTCSI Ha MHHMMYMbl, & BCé MHHUMYMbl B aJrOpPUTMe
JefikcTpsl — Ha MakcHMyMBbl. [loaToMy Mbl He OyzneM NPHUBOIUTH
3[ech UCHpaBJIEHHBIH yKa3aHHbIM crioco6oM anroputm 10.2.

S D[1] | D[2] | D[3] | D[4] | D[5]
1 400 | +o0o 100 —00 | —oo
1,2 +o00 50 —00
1,2,3 90 70
1,2,3,4 80
1,2,3,4,5

Puc. 83

Ha puc. 83 kaxnoe HeopHeHTHPOBaHHOe pe6pO vw NpeacTaB-
JisieT co60F 1Be OpHEHTUPOBaHHble AyTH (v, w) U (w,v). Yurarens
He JOJDKEH cMyiiaTh TOT (akTt, yto Beca ayr (1,2) u (2,3) pas-
Hbl +00. DTO 00CTOSITENLCTBO O3HAYaeT, YTO, BO-MEPBLIX, AYTH
(1,2) u (2,3) uMetoTCS B CETH H, BO-BTOPBIX, OHH HUMEIOT OECKO-
HeyHo GoJsiblio# Bec. BeckoHeyHo GoJsblIOH Bec HEKOTOPBIX AYT
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MOZeJIUPyeT CUTYALHMIO, BCTPevyalollylocs B 3ajaue O caMOM Ha-
IeXKHOM IyTH NepeBO3KH Ipy3a M0 HOpoKHOH ceTH. EcTecTBeHHO
CUMTaTh, UTO JOPOTa, MO KOTOPOH MOXKET ObITh TPAHCIOPTHPOBAH
rpy3 J1060r0 Beca, COOTBETCTBYET Ayre O€CKOHEUHO GOJBILIOTO Be-
ca. Ilpu paccMoTpeHMM maxmin-3aauyd Beca HECYIIECTBYHOIIHX
OYT eCTeCTBEHHO CUMTAThb paBHbIMU —oo. CaMHu MyTH JIETKO CTPO-
ATCS C TIOMOLIbI0 MeTOK Previous. OTMETHM TOJbKO, UTO Takas
MOAU(UKALHs aaroputMa JleHKCTpEl He TapaHTHPYeT MOCTPOEHHUs
MHUHHMaJbHOTO MO YHC/IYy IYr HauJAydllero B CMbICJAe maxmin-
pacctosiHusl myTu. Hanpumep, B ceTH U3 puc. 83 10 BepLIUHBI O
Oyznet Ha#ineH myTb 1-2-3-4-5, B To BpeMs Kak myTb 1-3-4-5
uMeeT TOT ke Bec. OTMeTHM, 4TO 3afa4ya 0 MiNmMax-myTH MOXKeT
OBITb COPMYIHUPOBAHA U pellleHa aHAaJOTHYHO 3afade O maxmin-
My TH.

§ 10.7. 3AAAYA O KPATYAMLLMX NYTAX
MEXY BCEMMU MAPAMM BEPLLUMH

B npenpinymux naparpagax 3To# riaBel paccMaTpPUBaUCh 3a-
Ja4¥ HaxoXKIeHHS ONTUMAJbHBIX B TOM HJHM HHOM CMBICJE MY-
Ted OT HEeKOTOpOoH (PUKCHPOBAHHOH BepIUMHBI N0 BCEX OCTaJb-
HBIX BEpUIMH CeTH. 3Jecb MBI PacCMOTPHUM 3afady MOCTPOEHHs
KpaTualux myTed MexAy BceMH mapaMu BepmuH. [lom nmu-
Hoil myTtH, kKaK ¥ B § 10.1-10.4, MBI TOHHUMaeM CyMMy BecOB
Iyr, o6pasyloluX 3TOT MyTb. fCHO, YTO 3Ty 3ajauy MOXKHO pe-
aTh, UCHOMB3Ys m pa3 (moovyepemHO MAJIs KaXKIOH BepIIHMHBI)
ONVH M3 ONHCAHHBIX paHee aJTOPUTMOB HAXOXKAEHHS paccTosi-
HUH OT (PUKCUPOBAHHOH BepLIMHBL. TakUM 006pa3oM, Mbl IOJY-
yaeM anroput™el cioxnoctd O(n?) (mpu ucnosb3oBaHuu anro-
putma ®opna-bennmana) u O(n®) ana cereil ¢ HeoTpuLaTe/b-
HBIMH BecaMH (aaroputM JleHKCTpbl) UM 17151 GeCKOHTYPHBIX Ce-
teit (anroputm 10.4). OnHako nsist o6uiero caydasi ceTedl ¢ mpo-
U3BOJIbHBIMH BecaMu HUMerTcsi 6ojee 3PpeKTUBHBIE AITOPHUTMHI,
YyeM MeTOJ, OCHOBAHHbBIH Ha MHOTOKPATHOM NPUMEHEHHH aJrOpUT-
Ma Poppa-bennmana. OnuH U3 TaKUX aATrOPUTMOB, MpPeNJOXKeH-
HblH B 1962 rony Psoiinom, Mbl 31ech U pazbepeMm.

[lyets cetb G = (V, E,c) 3anaHa MaTpuuell BecoB A, rue
Ali, j] = c(vi,v;), n Ali, j] = oo, ecan ayru (v;,v;) B CeTH HeT.
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O6o3Hauum uepes dj(i,j) AMUHY KpaTyafllero myTd M3 v; B vj,
BCe MPOMEXYTOUHBlE BEPLIMHBI KOTOPOIO COAEpXKaTCs B MHOXKe-
CTBe v1,...,Vk, T.€. COIEpXKaTcs B MepBbIX k BeplunHax. [loJio-
KHM

[yctb dy(i,j) BBIUMCIEHO TPU BCEX 4,7 = 1,...,m ¥ HEKOTOPOM
k > 0. [lokaxkeM paBeHCTBO

A1 (i,5) = min (dy (i, §), di (i, k + 1) + di(k + 1,5)).  (10.3)

JleiicTBUTENIBHO, PAaCCMOTPUM Kpartyaiimuil (v;,v;)-nyTh P ¢
MPOMEXKYTOUHBIMU BEPIIMHAMU M3 MHOMXKECTBA U1, - .., Uk, Ugt1.
B03MOXHBI JIBE CHUTyallMH: JUG0 BEPIIMHA Ugy1 BXONUT B 3TOT
nyTb, JUOO HET.

Ecnu BepuivHa vgy1 He BXOOMUT B NMyTb P, TO, KaK JIETKO BH-
I€eTb, CIPaBEIJNHBO PaBeHCTBO diy1(4,5) = di (4, 7).

Ecsu e BeplIMHA vpi1 BXOMMT B MyTh P, TO paséuBas 3TOT
NyTb Ha OYTH OT ¥; OO0 Vg1 U OT Ugy1 JAO v;, MOJydaeM [Ba
HOBBIX MyTH, BCe MPOMEXKYTOUHbIE BEPIIMHBI KOTOPHIX BXOAAT BO
MHOXECTBO V1, ...,Uk. [I0CKOJbKY BCSKHH MOAMYTh KpaTdaiilie-
ro MyTH CaM SIBJSIETCS KPaTUaHIIdM MyTeM MeXIY COOTBETCTBY-
IOIMMH BepLIMHAMH, TO CIPaBEIJNHBO paBeHCTBO dyi1(i,j) =
=dp(i,k+1)+dig(k+1,7)), uTo 3aBepiIaeT 060CHOBaHHE PaBeH-
ctBa (10.3).

Pagercro (10.3) mosBoJisieT JIErKO HAXOAWTh PACCTOSTHHS
MEXKIY BCEMM MapaMy BEpIIMH: HYXKHO [OCJEI0BATEIbHO Bbl-
YHCJAWUTb [Jis1 BCeX Map BepiuuH 3Hauenus do(t,j),d1(i,5),. ..,
dn(i,7) ¥ ydecTb, 4TO PACCTOSIHHE OT v; 10 ¥; PaBHO dy, (i, ).

Jna HaxoXOeHHs KpaTdaHIIMX MOyTed OyaeM HCIIO0Jb30-
BaTh aHAJIOT HEONHOKPATHO MPUMEHSIBIIErOCS paHee MacCHBa
Previous, a WMeHHO 3aBeleM [ByMepHbIH MaccuB Pred pas-
mepa [1..n,1..n|, cuutas, uto Pred[i, j] paBeH HOMepy BEpLIHHEI,
ABJISIOLLEHCS NPeArnocIefHel B KpaTyaiiieM (v;, v;)-myTH (IOHSAT-
HO, YTO MOCJe[HEeH BEpPIIMHON B TAKOM MyTH SIBJISETCS BepIIHHA
v;). Ecam k = Pred[i,j], To, nocMorpes 3HaueHue Pred[i, k],
MOJIYUM CJIeNYIOULYI0 BepIIHHY B (vj,v;)-yTH. Takum oGpasom,
IBHTasiChb M0 3JeMeHTaM MaccuBa Pred, Jlerko MOCTPOUTb MYyThb
1J151 JII0OOW Mapbl BepILHUH.
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Jletasy U3J10KEeHbl B IPUBOAUMOM HHUXKE a/rOPUTME, e Mpel-
nonaraercsi, uro Afi,i] = 0 u Afi,j| = oo, ecnu myra (v;,v;)
B CeTH OTCYTCTBYeT. Ellle pas moBTOPUM, YTO HEOTPHIATENBHOCTD
BECOB AyT He mpenmnojaraercs. OQHAKO CYUTAETCS, UTO B CETH HET
KOHTYPOB OTPHLATENbHON NJIHHEL.

Auaroputm 10.7 (Paoiix)

(* BoluncsieHHe PAcCTOSTHUE MeXIy BCEMH MapaMy BepIInH *)
Bxon: cetb G = (V, E,c), 3ananHast marpuue#i BecoB A mopsi-
Ka n.

Beixon: paccrosiuus Di, j] nnsa Bcex map v;,v; € V, Marpuua
Pred, B xotopoit Pred[i,j] paBHO HOMepy Mpearnoc/enHei Bep-
LIMHBl B KpaTyaiieM (v;, v;)-IyTH.

1 begin

2 for i:=1ton do

3 for j:=1 ton do

4. begin

5. Dli, j] := Ali, j]; Pred[i, j] :=1;
6 end;

7 for £ :=1ton do

8. for i:=1ton do

9. for j:=1 ton do

10. if D[i,j] > DJi, k] + D[k, j] then
11. begin

12. Dli, j) := D[i, k] + DIk, j;
13. Pred|i, j] :== Pred[k, j]

14. end

15. end.

[TonsTHO, 4TO cioKHOCTE anroputMa Psoiina onpenensercs
CJIOXKHOCTBIO IIMKJA B CTPoKax 7—14, KOTOpPBIA COCTOUT K3 Tpex
BJIOJKEHHBIX LIMKJIOB, BHIIIOJIHAEMBIX 1 pa3 Kaxaeli. Orciopa cie-
ayeT

Teopema 10.5. Axcopumm @aoiida umeem caroxcHOCMb
O(n?).

3nechb HHTEPECHO OTMETHTDL, UTO TOYHO TaKYIO 2Ke CJ02KHOCTb
HMeeT aJIrOPUTM CDOpL[a—BEJI.HMaHa BbIYHCJIEHHSA paCCTOHHI/Iﬁ oT
CpI/IKCI/IpOBaHHOfI BEpPUIMHBI N0 BCE€X OCTaJbHBIX BEPLUIWH CEeTH.
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B Hacrosillee BpeMs He M3BeCTeH HH OfIMH aJTOPUTM BBIYMCJIEHHS
pPacCTOsSHUS MeXAY (PUKCUPOBAHHOH Mapoi BepLIUH, KOTOPbIH OblJ
Obl cyllecTBeHHO 3(h(eKTHBHee (T.e. UMeJs Obl MEHBIIYIO BBIYHC-
JIUTEJBHYIO0 CJIO0KHOCTb), YeM aJTOPHUTM BBIUHCJEHHS] PACCTOSHUH
MeKIy BCeMH MapaMy BepIIMH.

®dopmanpHOe onucaHUe TPOLEAYPHl MOCTPOEHUs CAMHUX Kpart-
yallluX NyTed, UcmoJb3yollee MaTpuly Pred, He cocTaBjsieT
HUKaKUX TPYyLHOCTeH, U Mbl MIPEOCTABJISIEM €r0 YHTaTesNsM B Ka-
4ecTBe HECJIOXKHOIO YIpPaxKHEHUS [JIs1 CAMOCTOSITeNbHONH padoThHI.



Ihasa 11

3A0AYA
O MAKCHUMAIJIbHOM MNMOTOKE

§ 11.1. OCHOBHbIE MOHATUSA U PE3VYJIbTATbI

B sToil rsaBe ™Mbl Oymem paccmarpuBath cetd G = (V) E, ¢),
UMeIollHe €IMHCTBEHHYIO BEpUIMHY S§ C HYJEBOH CTereHblo 3a-
X0lla U eIMHCTBEHHYIO BEPIUIMHY ¢ C HYJEBOH CTENeHbI HCXOMa.
Bepuinny s 6ynem Has3blBaTb UCMOYHUKOM, @ BEPIIUHY t — cMO-
kom cetu (. Bymem mnpenmosarath Takxke, 4To Beca c(e) Bcex
Iyr HeorpuuateabHbl. Uucso c(e) GyneM HasblBaTb APONYCKHOL
CnOCOBHOCMbIO IYTH €.

Jlast yno6etBa BBeleM caenyioline o6o3HadeHus. s mpo-
U3BOJIbHOH BepLIMHBl v 4epe3 v+ (COOTBETCTBEHHO v—) OyaeM
0603HauUaTb MHOXKECTBO BEpIIHH, K KOTOPBIM (M3 KOTOPBHIX) HAYT
IYTH 13 BepLIMHBI (B BEPLIHHY) .

ITomoxom f B cetn G HasbiBaercss pyHkuus f : E — R,
YIOBJIETBOPSIOILAS] YCJIOBUSIM:

1) 0 < f(e) < c(e) nnsi Beex e € E

2) f(v=) = f(v+) nnsi Bcex v € V, v # s,v # t, rne f(v—) =
= 2 fw,e), for) = X fv,w).

wev— wev+
Yucno f(v,w) MOXKHO MHTEPIPETHPOBATh, HATIPUMED, KAK KO-

JIMYECTBO KHUIKOCTH, MOCTymawied u3 v B w no ayre (v,w).
C 310l TOUKHM 3peHHUs 3HaueHHe f(v—) MOXKeT OBITh UHTEPIIPETH-
pOBaHO KaK MOTOK, BTEKAWOWIHU{ B BepuIMHy v, a f(v+) — BbiTe-
KaloLKUH U3 v.

YenoBre 1) HaselBaeTCsl YCJIOBHEM OrPaHHUYEHHS 110 NPOMYCK-
HOH CMOCOOHOCTH, a YCJIOBUE 2) — YCJOBHEM COXPaHEHHUs MOTOKa
B BEepIUMHAX; UHBIMU CJOBAMH, MOTOK, BTEKAIOLUIUH B BEPIIUHY v,
OTJIMUHYIO OT S U t, paBeH BbITEKAIOLIEMYy U3 Hee TOTOKY.
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[Tonoxum || f|| = f(s+). Uncno || f|| HasbiBaeTcss seauuuroll
nomoka f. TloTox f Ha3blBaeTCs MAKCUMANbHbIM, €CIH AJS JIO-
Goro motoka f* crpaBensiuBo HepaseHcTBO || f*|| < || f]|-

3adaua 0 makcumaibHom NOMOKe: B 3aIaHHOH CeTH HAaHTH
MOTOK MaKCHMaJ/bHOH BeJTHYHHEL.

Takasi 3amaua Bo3HHKaeT, Hampumep, Korna Tpebyercs Had-
TH MaKCHMaJbHO BO3MOXHbBIH 0ObEM HEKOTOPOH >KHAKOCTH HJIH
rasa, KOTOPbIH MOXKeT ObITb MepeKkauaH M0 CeTH TPyOONpOBOLOB
OT HCTOYHHKA 10 NyHKTa notpebsenus. [Ipu sToM yenosue 1) B
ONpefesieHNHH I0TOKa MOIEJUPYET TOT (haKT, 4TO MO KaxIod Tpybe
MOXKET MPOTEKATh OrPaHHUEHHOE KOJUYECTBO KUIKOCTH, 0GYCJIOB-
JIEHHOe, HalpUMep, AHaMeTpoM TPyObl, a ycaoBue 2) — TO, 4TO
NoTepb B MPOMEXYTOYHBIX BeplLIHHAX He MPOUCXOAHT. [loHsTHE
MIOTOKA B CETH MOXKET MOJAEJNHMPOBATH TaKKe MOTOKH TPAHCIIOPTa B
CETH aBTOCTpaJ, epPeBO3KY TOBApPOB [0 XKeJe3HbIM I0POraM U T. II.

2 0,5(1) 5
1(1) 0,5(1) 0,5(2)

o—»0—>»0:
0(1) 3 0(1) 4 0,5(1)

Puc. 84

Ha puc. 84 nan npumep cetu G ¥ nmoToka f B Hell. 3HaueHHUe
f(e) Ha myre e ykasaHO BO3Jie COOTBETCTBYIOLLEH AYTH, B CKOO-
KaX yKasaHa IPONYyCcKHas CIIOCOGHOCTb 3TOH ke nyru. OueBUIHO,
BeJIMYMHA 3TOrO MOTOKA paBHa 1.

3agaya 0 MaKCHMaJlbHOM IOTOKE HMMeeT ONHY OCOOEHHOCTB,
OT/IMUYAIOLLYIO ee OT BCEX PACCMOTPEHHBIX paHee 3anad AHUCKpET-
HOH ONTHUMH3aUUU. A MMeHHO BO BCeX MpPeALIECTBYIOLUIUX 3aauax
UCKOMBIH OOBEKT CYILIeCTBOBaJ OYEBUAHBIM 00pa3oM W B TPHH-
une Mor ObiTh HakieH MoJHBIM nepe6GopoM. Hampumep, mMoxkHO
6bls10 Obl MepeOpaTb BCe MyTH MeXAY 3aJaHHBIMH BepILIHHAMU
¥ BbIOpaTb CpelM HUX KpaTyallIM{ WM mepeOpaTb BCE OCTOBBI
M BblOpaTb MUHHMasbHBIH. B 3amaue o MakcHMaJbHOM TMOTOKe
TNOJIHBIH Nepe6op MPUHLUNHAILHO HEBO3MOXKEH U CYLIeCTBOBAHHE
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MaKCHMaJIbHOr0 IO0TOKa, BOOOIe roBopsi, He OYEBHUIHO. Tem He
MeHee CIIpaBeaJiiBa cJjaenyrouias

Teopema 11.1. B xaoxcdoti cemu cyujecmeyem maxcumanv-
HbLLL NOMOK.

IokasateabcrBo. [lycts G = (V, E,¢) — ceTb, s u t — co-
OTBETCTBEHHO UCTOYHHK U CTOK ceTH (G. 3aHyMepyeM NPOU3BOJIb-
HbIM 06pasoM MHoOxecTBO Iyr E cetn G. Torma KaxAabld MOTOK
f B cetn G — 3TO MpOCTO YTOpsii0YeHHBIH HAabop U3 m 4Yucel,
T.€e. TOYKa M-MEPHOTO eBKJHAOBa NpocTpaHcTBa R™, rme m —
yucso Ayr B cetd. MHade roBopsi, nycTb X — MHOXKECTBO BCEX
noTokoB B cetd (G. Torma umeercsi ecTecTBeHHOEe HHBEKTHUBHOE
oTtobpaxkeHue ¢ MHOoxkecTBa X B R™.

[ycts Y = ¢(X). B cuny ycnoBusi 1) ompenesennsi moto-
Ka MHOXKECTBO Y OTrpaHHUYEHO, TaK KaK CONEPXKHUTCS B mM-MEPHOM
napassenenunene [, [0, c(e;)].

JlokaxkeM 3aMKHYTOCTb MHOXKecTBa Y. PaccMoTpuM mpenesb-
HYI0 TOYKY ¥ = (Y1,...,Ym) MHOKECTBA Y U [OKaxKeM, UTO Cy-
uecTByeT moTok f B cetd G Takoi, uto f(e;) = y; mas Jwboro
i=1,...,m. JlocTaTOuHO NMPOBEPUTH, YTO I/ 0TOOpaxKeHHs, 3a-
IaHHOTO paBeHCTBOM f(e;) = y;, BBIMOMHSOTCS 00a ycaoBus 1)
U 2) u3 ompepeseHus motoka. [lyctb fr — mocsenoBaTesbHOCTD
MOTOKOB B ceTd (G Takasi, 4To AJsl Ka)kuoro ¢ = 1,...,m mo-
cenoBatenbHOCTh fi(e;) cxomutesi K y;. [1ocKoIbKY HepaBeHCTBa
0 < fr(e;) < c(e;) BomosHsIIOTCSA TpU J060M k, TO, Hepexo-
Isi K mpenedy, mosydaeMm HepaBeHctBa 0 < y; < c(e;). Urak,
ycaoBue 1) BoinmosiHstercsi. [lycTh Tenepb v MPOU3BOJIbHAST BEPLIU-
Ha ceTd. O6o3HauuM 4epe3 [— U [+ MHOXKeCTBa MHIEKCOB IYT,
BXOASILIUX (COOTBETCTBEHHO BBIXOASIIKMX) B BepIIMHY v (K3 Bep-
wuHbl v). Torma ans Jawo6oro k crpaBemJUiBO paBeHCTBO

> fule) =D fulen).
iel— iel+

[Tepexonst B 3TOM paBeHCTBE K Mpefesy, NONyuyuM
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Tem caMbIM 3aMKHYTOCTb MHOXKECTBa Y, a BMeCTe C Hell U KOM-
MaKTHOCTb 3TOT0 MHOXeCTBa [OKa3aHHI.

Bemectsennan dyukuusa |ly[| = >, qvily € Y), e S —
MHOXKECTBO HHAEKCOB IyT, BBIXOAAIINX U3 HCTOUHHKA S, SBJISAETCS,
KaK HETPYIHO 3aMEeTHTb, JUHEeHHOH (pyHKIHed. OTclona BbITEKAET
ee HempepeiBHOCTh. CJieoBaTesibHO, MO TeopeMe Beliepiurtpacca
JaHHas (yHKUHs uMeeT MakcMMyM. [TockosbKy aTa dyHKUUSA na-
eT BEJUUYHHY M0TOKa, TOUKA, B KOTOPOH OHa HMMeeT MaKCHUMyM,
SIBJISIETCSl MAaKCUMaJ/IbHBIM [IOTOKOM B ceTd G. O

Paspesom Mex1y 3alaHHBIMU BEpPIIHHAMHU U H W B OpPHEH-
THPOBaHHOM rpade 0GbIYHO HA3bIBAKOT MUHUMAaJbHOE MHOXKECTBO
NyT, yAajeHue KOTOPbIX W3 oprpada MPUBOAUT K PaspyLIEHHIO
Bcex (v, w)-myTed. DTOMY MOHATHIO MOXKHO TPUIATh ABOHCTBEH-
HYH (OPMYJIHDPOBKY B TePMHHAaX MHOXKeCTB BepIIWH. B 3Toil rya-
Be HaM ynoOHee OMepHPOBATb MMEHHO TAKOH TPAKTOBKOM MOHSTHS
paspesa.

Bousiee TouHo, (s,t)-paspesom (B manbHeHIeM MPOCTO paspe-
som) (V5,V4) B cetu G HasbiBaercst mapa mHoxectB Vi, Vi, ymo-
BJIETBOPSIIOLMX YCJIOBUSIM:

a) seV,teV,

b) VsuV, =V;

c) VsnV, =0.

Huast paspesa (Vi,V;) uepes E(Vy — V) 0603HauuM MHOXKe-
CTBO BCeX AYT e, Hayaja KOTOPBIX JiexkaT B V;, a KOHLBl — B V.
AHaJjoruyHo,

E(V; = V,)={e=vw e E|lveV,we V}.
Hanpuwmep, mist cetu us puc. 84 u paspesa (Vi,V;), B KoTo-

pom Vi, = {s,4}, a V; = {2,3,5,t}, umeem E(V;, — V;) =
={(5,2),(s,3), (4, 1)}, E(V; = Vi) = {(2,4),(3,4)}. Iycts

fVe=Wi) = > f(e)

e€E(V,—V;)

fVi=Va) = > fle)

e€E(V;—Vy)
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Jlemma 1. [[as aroboeo nomoka f u aroboeo paspesa (Vs, Vy)
CnpaseodiuB8o pageHcmso

1£ll = f(Vs = Vi) = f(Ve — V).

Joxka3sarenbctBo. [l Npou3BOJbHOM BeplinHBl v € Vi, rae
v # S, crpaBeMJMBBl paBeHcTBa f(v+) — f(v—) =0 u f(s+) =

= ||f||. [IpocymMMHpOBaB 5TH paBEeHCTBa MO BCEM BepLIHMHAM ¥ €
€ Vs, nonydum
1A= flo) = D flo-). (11.1)
vEVs vEVs

[lycte ¢ = vw € E u o6e BepmIMHBl v U w TpHHAAAeKAT V.
Torna snauenue f(v,w) durypupyer B cymme f(v+) Kak uyacTb
MOTOKA, BHIXOASILIEro M3 v, U B f(w—) Kak 4acTb BXOASIIEro B
w notoka. CnenoBartenbHo, B npaBoi yacty paBeHcTBa (11.1) Bce
cnaraeMmble Buaa f(v,w), rie v, w € Vi, B3aUMHO YHUYTOXKAIOTCS.
OcraBlrecs cjaraemble 1aloT TpedyeMoe paBeHCTBO. O

[ycte V; = {t} u Vs = V' \ {t}. Torna f(Vs, = V;) = f(t—)
u f(V; = Vs) = 0. CaiepoBaTe/1bHO, PABEHCTBO U3 JieMMbl | MOX-
HO 3aIMucaTh CJIeAyIOLIHUM 06pa3oMm:

IfIl = f{t=).

[TocsienHee paBeHCTBO BbIpaXKaeT MHTYUTHBHO IMOHSTHBIH (akT:
MOTOK, BXOISIIHE B CTOK, B TOYHOCTH PaBEH BBIXONSIIEMY H3 HC-
TOYHMKA MOTOKY, TaK KaK MOTEePb B MPOMEXYTOUHBIX BepIIHHAX
He TIPOUCXOMIHUT.

st paspesa (Vs, V;) nomoxum

(Ve Vi) = Y _{ele)le € E(V; = Vi)}.

Yucno ¢(Vs,V;) HasbiBaeTCsi nponyckHoil cnocobrocmoio paspe-
3a. VI3 ycnoBusi orpaHUYeHHUs MO NPONYCKHOH CIOCOGHOCTH CJle-
LYeT, 4To

0< f(Vs = V) < e(Vi, Vo).

Ortciona v u3 neMMbl 1 nosyuaem
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Caeacteue. s so6oro notoka f u Jwboro paspesa (Vi, V;)
crpaBefinBo HepaBeHCTBO || f| < ¢(Vs, V).

Paspes (V;, Vi) HasblBaeTCH MUHUMAALHOIM, €CIH 1JIS JIOOOTO
paspesa (V;*,V;*) cnpaBenauso ¢(Vs, Vi) < c(V, V,*).

Jlemma 2. Ecau das Hekomopoeo nomoka f* u HeKkomopozo
paspesa (V*, Vi) soinoansemcs pasencmso || f*|| = c(VF, V),
mo nomox f* maxcumarer, a pagpes (V},V*) munumanren.

HoxkasarensctBo. Ilycts f — MaxkcUMasJbHBIE MOTOK, a
(Vs, Vi) — muHuManbHbll paspes. Torna crnpaBelinBa clenyionias
11e[o4Ka HepaBeHCTB:

A1 < A< eV, Vi) < eV, V).

HOCKOJIbe Kpal:lHHe YJIeHbl B 3TOH LENoYKe HEpPaBEHCTB COB-
nagamT, OHa MpeBpallaeTCsa B LENOYKY PaBEHCTB, UTO U 3aBeplia-
€T 10Ka3aTeJbCTBO JIEMMBI. [

Llenvro 13 v B w B ceTd G HasplBaeTCsl 4epenylollascs I0-
CJIe[IOBATE/NbHOCTb MOMAapHO PAa3JUYHBIX BEPIIMH H AYyT vy =
= v,€p,V1,...,€k_1,Vk = W, B KOTOPOH Oyra e, JUOO BBIXOLUT
U3 v, U BXOIHUT B VUpy1, JUO0, HA060POT, BBIXOAUT U3 V41 U BXO-
IUT B v,. B mepBoM cJjyudae, KOria Oyra e, UMeeT BUI UpUri1,
OHa HasblBaeTCs npAMOoLl Lyrod LenH, a BO BTOPOM — 06pamHoi.
OTmeTHM, YTO [0 3TOrO MOMEHTa MOHSITHe LeNH paccMaTpUBa-
JIOCh TOJIBKO [IJI51 HEOPUEHTHPOBAHHEIX IpadoB. 31eCh MBI BBOIUM
3TO MOHSITHE [JI OPUEHTHPOBAHHBIX IpahoB. MoxKHO CKa3aTh, UTO
Lenb B oprpaje — 3TO TO XKe camoe, YTO Lelb B HEOPHEHTHPO-
BaHHOM rpade, ec/d UTHOPUPOBATh OPHEHTALHUIO OYT.

[lyctb P — uenb u3 v B w. Jnas kKaxpod Ayrd e uenu P
MOJIOKUM

he) = c(e) — f(e), ecnu e — mpsimasi nyra,
€= f(e), ecJu e — obparHasi ayra.

[Tycts A(P) = min{h(e)|e € P}.

Uens P u3 s B t HasbiBaeTcss f-donoansiouieti, ecau h(P) >
> 0. Hampumep, (s,t)-uenb, BKJAoYaMIIas BeplIuHbl s, 3, 4, 2,
5, t, saBasieTcss f-nonosHsiomed ajs noroka f B cetu (G, uzobpa-
»eHHoro Ha puc. 84. [lpuuem h(P) = 0,5, nyra (2, 4) sBasercs
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00paTHOH Ayrod 3TOH LeNH, a OCTajbHble IYyTd — MPSAMBIMH LY-
rami.

CJlenyiomnil pe3ysbTaT SIBJSETCS KJIOUEBBIM AJisl TOCTPOEHHUS
aJITOPUTMA PEIIEeHUs 3aJaud O MaKCHMaJbHOM MOTOKE B CETH.

Jlemma 3. [lycmo f — nomok 6 cemu G u P — f-donoa-
narowas (s,t)-yeno. Toeda e cemu G cyuwecmsyem nomok f*
maxkotl, umo || f*|| = ||f|| + h(P).

HokasareabctBo. Onpenennum B cetd G PpyHKuuo f* : E —
— R no ¢opmyJe

f(e) + h(P), ecan e € P,e — npsmas ayra,
ff(e)=< f(e)—h(P), ecnu e € P,e — obpaTHast ayra,
fle), ecaut e & P.

Ilokaxkem, 4To (GyHKUHS f* HEOTPULATEbHA U YIOBIETBOPSIET
ycnousiv 1) u 2) onpenesenns motoka. Ilycte e — mpsimasi ayra
uenu P. Ucnonbaysi onpenenenus f* u h(P), nosydum

0< fle) < f7(e) = fe) + h(P) < f(e) + h(e) =
= fle) + (c(e) — f(e)) = c(e).

Urak, nas npsMeix oyr uenu P umeeM 0 < f*(e) < c(e). Ilyctn
e — obparHas nyra uenu P. Hepasenctso f*(e) < c(e) oueBHaHO.
Tokaxem, uro f*(e) > 0. [deficTBUTEBHO,

Wrak, pyHkuus f* ymnosjeTBopsieT ycjaoBHio 1).

[ToHsiTHO, UTO yCcsOBHe 2) omlpelnesieHHsl MOTOKA CJENyeT Mpo-
BEPUTh JIMIIb JAJs BEPLIMH v, BXOAAWMX B uenb P. [lyctb €7 —
Iyra B Len# P, Mo KOTOPOH NPHILJIK B BEPLUIMHY v, ez — IO KO-
Topo# yuu u3 v. Kaxknas U3 aTux ayr mMoxeT ObITb KakK MPsIMOH,
TaK U oOpatHo# B uenu P. CienoBaresibHO, BO3MOXKHBI UETbIpE
Pas3JIMUHBIX CJyYas.

PaccmoTpum cayuait, korna obe Oyru e; U eo npsimble. Torna
CIIpaBeNJIMBbl PABEHCTBA

fro=) = flo=)+h(P),  [f*(v+) = flo+) +h(P),
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Tak Kak Ha 06edx Ayrax e; W eg MOTOK YBEJUUHUBAETCS HA OQHO
i 10 ke uucgo h(P). IlockonbKy /s moToka f CrIpaBemHBO
paBeHctBo f(v—) = f(v+), moayuaem, uro f*(v—) = f*(v+).

B caydae xorma nmyra e; — mpsmasi, a ayra e; — obOpaTHas
B Uenu P, mosyuaem, uTo 06e 3TH AYTd BXOAST B BEPLIMHY V.
CrenoBaresibHO, BBINOJHSETCs paBeHCTBO f*(v—) = f(v—), ubo
Ha Iyre ej MOTOK yBeJUYUTCs Ha h(P), a Ha IyTe ey YMEHbLIUTCS
Ha h(P). [losToMy BesMuHHA BXOISIIErO B v MOTOKA He H3MEHHT-
csl, Kak He MEHSIeTCs M BeJIMYMHA BBIXOMSILEro U3 v MOTOKA.

OcraBiinecs caydyau (e; ¥ e; — obpaTHble OyTH U e; — 00-
paTHasi, a eo — MpsiMasi yra) pacCMaTPUBAIOTCs aHAJOTUYHO.

Urak, f* sinsercss nmotokoM B cetu (. Jlasnee, MOCKOJbKY
Uenb P HauWHaeTcs B BeplIMHE S M OYyra es OJs BepIIUHBI S
UMeeT BUJA SU M MOXKeT OBIThb TOJbKO MPSIMOH Ayro# B uenu P,
umeem f*(es) = f(e2) + h(P). Ha ocranbHbIX Iyrax, HCXOASLIUX
U3 §, MOTOK He MeHsiics, orciopa ||f*|| = f*(s+) = f(s+) +
+h(P) = | f]| + h(P). O

Ha puc. 85 mokasaH moTok f*, mojyuyeHHBIH #Jis MoToKa f
B cetd (§, U300paxkeHHOH Ha puc. 84, yBejuyeHHeM BIOJb f-
JOToHsomeN nend s —3 —4 — 2 — 5 — t. BeanuuHa noroka f*
paBHa 1,5.

2 1) 5

1(1) 0(1) 1(2)

o——>0—>0:
0,5(1) 3 0,5(1) 4 0,5(1)

Puc. 85

O6'beILI/IHH€T [IOJYy4Y€HHbIE BbIIIE PE3YyJbTaThl

Teopema 11.2 (®Popn, Pankepcon. 1956). [is nomoka f
6 cemu G caedyroujue Ycao8us IK8UBANCHMHDL:

a) nomox f makcumairen;

b) He cywecmsyem f-Oonoansroujell yenu u3 s 8 t;

c) cyuwecmeyem paspes (Vi, Vi), Oas komopoco |f|| =
= ¢(Vs, V2).
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HokasarenbcTBo. VMmiaukauuu a) = b) ¥ ¢) = a) yxe
IOKa3aHbl (eMMbl 3 ¥ 2 cooTBeTCTBeHHO). JlokaxeM, 4to b) =
= ¢).

Onpenenum Vi Kak MHOXECTBO BCEX BepLIMH v € V, /s Kax-
IO M3 KOTOPBIX CyLIecTBYyeT (s,v)-uenb P takas, yro h(P) > 0.
Ho6aBum B V; BepunHy s u nojoxum V; = V' \ V. Ilokaxem,
4TO MAJIsi TIOJYYEHHOTO pa3pe3a BBIMOJHseTCS paBeHCTBO ||f|| =
=c(Vi,V3). llyctb e =vw u e € E(Vy — V4). Torna f(e) = c(e),
Tak KaKk B MPOTHBHOM cJiyuae ycioBue f(e) < c(e) o3Hauasio O,
4to HekoTopas (s,v)-uenb P, BbiGpaHHas ¢ ycaoBHeM h(P) > 0,
MOXKET OBbITb JOTOJIHEHA IYTOi e ¥ BepIInHON w J0 (S, w)-uenu Q,
nast kotopoit h(Q) = min (h(P),c(e) — f(e)) > 0. 3mechb h(e) =
= c(e) — f(e), Tak Kak e — mpsamas ayra B uenu Q. Ilockoib-
Ky w € V4, To mosydaeM MPOTHBOpPEUHe C MOCTPOEHHEM MHOXKe-
crea V;. CrnenoBarenbHo, BhimogHsieTcs: paBenctso f(Vy — V4) =
= ¢(Vs, V2).

Amnanoruudo, aast Bcex ayr e € E(V; — V;) umeem f(e) =
= 0. Cnenoarenbno, f(V; — Vi) = 0. [Tockosbky (aemma 1) nis

Joboro paspesa crnpasegiuBo pasenctso ||f]| = f(Vs — Vi) —
— f(V, = Vs), n1d MoCTpOEHHOro paspesa MNoJyuyaeM PaBeHCTBO
1£Il = e(Ve, Va). O

13 teopembl 11.2 1 nemMbl 2 BbITEKaeT

CaenctBue. BennunHa MakCHMaJsbHOrO TOTOKA B NPOW3BOJIb-
HOU CeTH paBHA MPOMYCKHOH CIMOCOOHOCTH MHHHUMAJBLHOTO pas-
pesa.

§ 11.2. AITOPUTM POPAA-DANIKEPCOHA

DTOT a/JrOpPUTM MOCTPOEHHS MaKCHMasbHOTO MOTOKa OCHOBAH
Ha ujlee, NOACKa3biBaeMoH JeMmMold 3. HedopmanabHO OH MoOxKeT
ObITh U3JI0XKEH CJIeYIOIUM 06pa3oM:

1) monoxute f(e) = 0 mas Bcex Oyr e € E;

2) 1Jif TeKyIlero moToka [ WCKaTb f-IOMOJMHSIONYI0 (s,1)-
LIeMb;

3) ecau Takas Uenb P MOCTpoeHa, TO AJs BCEX MNPSAMBIX
nyr e uend P monoxutb f(e) := f(e) + h(P), a mas Bcex
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obpatabix — f(e) := f(e) — h(P) (B pesyabraTe moToK f yBe-
JIMYNTCS) ¥ BEPHYTBHCS HA war 2;

4) unaue CTOII (ITotok f makcumasieH B cuny Teopembl Pop-
na—dankepcona.).

OnHako 31ech BO3HHKAET CYIIECTBEHHBINH BOMPOC. 3aKOHUKTCS
Jii paboTa 3TOro aJrOpUTMa 3a KOHEeYHOoe uucso waros? OkasbiBa-
eTcs1, oTBeT oTpulaTeseH. COOTBETCTBYIOLUIMI PUMeEp TaKOH CeTH
npusesnn Popn u PasnkepcoH. B 3To# ceTH M0OXKHO TaK «3J10yMbILI-
JIEHHO» NOAOHpaTh f-NOMOJHSIOUINE LeNH, YTO MPOLEeCcC HHKOIIA
He KOHUHTCS; GoJiee TOTO, BEJMUHHA KaXKJOTO TMOTOKA B TeUeHHe
BCero BpeMeHU OyeT MeHblle OfHOH UeTBEPTH BEJHUYHHBI MaKCH-
MaJIbHOT'O TOTOKA.

Puc. 86

Kpowme Toro, npu npousBoJibHOM BbIGOpe f-IOMOJHSIOLIEH Le-
M KOJUUYECTBO HTepaluil yBeJHUYeHUsl [IOTOKA MOXKeT He SIBJSAThb-
csi (yHKLUHeH OT pa3MepHOCTH 3alayd, T.e. OT m U m. B atom
MOXKHO yOemUThCsl Ha CJeyIolleM MPocToM NpuMepe (puc. 86).
3pech Bce ayrH, kpoMe ayrH (1,2), UMeIT MPOMYCKHYHO CrMoco6-
HOCTb, paBHy0 M, rie M — nocTaToO4HO 6O0JbIIOE Lies0e YUCJIO,
ne(l,2) =1.

HeiictButenbHo, nycth fo(e) = 0 s Bcex AYT e. Bribepem
uenb P:s—1—2—¢. Torna h(P) =1 u noToK f7, Mosy4eHHbIH
yBeJUueHHeM fo BIOJb Leny P, BBIMAIUT CAeNYIONUM 00pa3oM:

fi(s,1) = f1(1,2) = f1(2,t) = 1, f1(s,2) = f1(1,¢) = 0.

Ha caenytomem mare Boibepem tenb P:s—2—1—t, B Hell ayra
(1,2) sBasietcsi o6patHoit. CHoBa h(P) = 1, u /st HOBOTO MOTOKA
fo monyuaem f3(1,2) = 0 u f(e) = 1 mjs Bcex NPOYHX AYT e.
Jlanee Ha KaxXI0M He4eTHOM Iuare BblOMpaeM Lenb s — 1 — 2 — ¢,
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a Ha KaXKIOM YeTHOM Liare — Lenb s — 2 — 1 — ¢t. B pesynbrate
TeKYILHH MOTOK yBeJHYHMBAeTCsl KaXKIblH pa3 POBHO Ha eIMHHUILY.
MakcumManbHBIE MOTOK B 3TOH CeTH paBeH 2M, cienoBaTesibHO,
noHagoburcst 2M urepauril YBeJUYEHHS MTOTOKA, T. €. UHCJIO UTe-
pauuié, a BMeCTe C HHM H CJIOXKHOCTb aJrOPUTMA, HE SIBJISETCS
(hyHKLMEH pasMepa 3aauu.

[TprBeneHHbIH NpUMep MOKA3biBAET, YTO HEOOGXOOMMO BBIOH-
paTb f-IOMONHSIONIME LENH crelHanbHbIM o6pasoM. OkasbBaert-
Csl, YTO €CJIM MPOM3BOAHMThL YBEJHYEHHe MOTOKa BIOJb KpaTdyai-
KX [0 YKCIY AYT f-HOMOMHSIOUMX (S,t)-1emel, TO He TOJbKO
MOXKHO FapaHTHPOBATh MOCTPOEHHE MaKCHMAJbHOIO MOTOKA, HO H
OLIEHUTb CBEPXY UHCJIO HUTepalui.

Pacripoctpanum mnoHsiTHe f-ponosHsioumled (s,t)-uend U Ha
NpousBosibHbEle (v, w)-lUend. DyneM TroBOpPUTb, YTO HeKOTOpas
(v,w)-uenb P sBasercs f-nenacviuennol, ecad h(P) > 0, rae
h(P) = min{h(e)|e € P} u BeanuuHa h(e) a5 KaxKI0H AyrH e €
€ P BbluncasieTcs Kak Npexje, a HMeHHo, h(e) = c(e) — f(e) pas
npsiMbix oyr u h(e) = f(e) nas obpatHeix. JlyrH, jsi KOTOPBIX
BbINONIHSAIOTCST paBeHcTBa h(P) = h(e), Oynem HasbBaTh y3KUMU
mecmamy uenu P.

[Tpennosnoxum, uro anroputm dopra-PankepcoHa cTPoOUT Mo-
CJIe[IOBAaTENbHOCTh TOTOKOB fo, f1,. .-, fk,.... OO03HaUUM Yepes
d(v,w) nnuHy (T. e. KOJMYECTBO AYT) Kpartuaiiieil fi-HeHaCHI-
eHHo# (v, w)-uenu. Ecau Takoil uenu He cyliecTByet, TO mMoJa-
raem dg (v, w) = oo.

Jlemma 1. /[laa scex sepwun v u 0aa scex k € N U {0}
BLINOAHSIIOMCS HEPABEHCMBA

di(s,v) < dgg1(s,v), di(v,t) < dg1(v,t).

Hoka3arenbcTBo. JloKaxkeM repBoe HEPABEHCTBO, BTOPOE JIO-
Ka3blBaeTCsl aHAJOTHUHO. Pasymeercsi, MMeeT CMBIC] paccMaTpH-
BaTb TOJIBKO CJy4aH, KOrJa CYyIIeCTBYeT fj1-HEHACHIIeHHas
(s,v)-uenb. Ilycte P : s = wvg,e1,v1,...,6r,0, = U — KpaT-
yaillasi ¥3 TakKuX Liemned.

Hokaxem, uto pasi ab6oil Ayru e; = v;_1v; Uenu P BbimoJ-
HsIeTCSl HEPaBeHCTBO

dk(S,’Ui) < dk(savifl + 1) (112)
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[lycte myra e; ucrnoJb3yercss B uend P kak mpsiMasi. Toraa
fre1(ei) < c(e;).

Eciu fr(e;) < c(e;), To nmobasi f-HeHachileHHas (S, v;—1-
leMb MOXeT ObITh MPONOJIXKEHA IYTrOd e; N0 fr-HEHACHIIEHHOM
(s,v;)-uenu. Tem cambiM TpeGyemoe HepaBeHCTBO (D) BBIMOJHS-
ercsl.

Ecau fir(e;) = c(e;), To myra e; ucrnoib3oBaHa Kak oOpaTHas
B KpaTuaiiell fi-nononHsiouel (s,t)-uenu. [TockonbKy NoaLermnb
KpaTuallled Lenyd cama fBJseTCs KpaTdyaullel, NoJy4yaeM paBeH-
CTBO

di(s,vi-1) = dp(s,v;) + 1.

Orcrona di(s,v;) < di(s,v;—1), u HepaBerctBo (11.2) Tem Gosee
BBITIOJIHSIETCS.

CnipaBef/inBOCTb HepaBeHCTBA (D) [/ 06paTHBIX AyT uernd P
MpOBepsieTCsl aHANOTHYHO.

Cymmupyst HepaBeHcTBa (D) M yunTbiBasi, 4to di(s,v9) = 0,
noayudaeM d(s,v,) < r. Tak Kak dg41(s,v.) =7, T0 d(s,v,) <
< dpg1(s,vp). O

Jlemma 2. Ecau sce usmeneHus nomoka 8 aazopumme
Dopoa-Darkepcona npoussodamcs 80046 Kpamuauiiux no
yucay Oye f-Oonoanstowux (s,t)-yenei, npuuem k < I u 0y-
ea e ucnoavsyemcs Kak npamas (coomsemcmesenno obpamnas)
8 yenu, mexsowell Nomox fr Ha fri1, U Kak obpamnas (nps-
mas) 8 yenu, mensiowjeli nomox fi Ha fii1, mo

dk(s,t) +2< dl(S,t).

Joxka3sarensctBo. [IycTh nyra e umeer Bun e = vw. Torna
dk(svw) = dk(S,’U) + ]-7

MOCKOJIbKY € HCTOJIb3yeTCsl Kak MpsiMasi yra MpH yBeJHYeHHH fp.
SIcHO, YTO BepLIHHA w CJEAyeT 3a v B KparTyaHiueH fi-IOMOJHS-
ouel (s,t)-uenu. Hasnee,

di(s,t) =di(s,w) + 1+ dy(v,t),
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TaK Kak e HCIO/b3yeTcsl Kak 0OpaTHast Ayra NMpH YBeJHUeHHH fi;
MOHSTHO, YTO BepIIMHA v CJefyeT 3a w B KpaTdaliieil fi-gornosn-
Hsiouelt (s,t)-uenu. B cuny nemmel 1 umeem

di(s,w) = di(s,w),d;(v,t) = di(v,t).
[TIpocThle BEIYMCIEHHUS TIOKA3BIBAIOT, YTO
di(s,t) =di(s,w) + di(v,t) + 1 > dp(s,w) + dg(v,t) +1 >
> dp(s,v) + di(v,t) +2 = di(s,t) +2. O

Teopema 11.3 (9nmonnc u Kapn, 1972). Ecau Ha kasxcdoil
umepayuu arcopumma Popoa-Parkepcona svibupamov Kpam-
yatiwyro no uucay Oye f-donoaunsiowyro (s,t)-yens, mo no-
cmpoenue MAKCUMAAbHOZO nomoka mpebyem He 6oiee uem
m(n + 2)/2 umepayuii.

JlokasareabCTBO. 3aMeTHM, UTO KaxKjas f-IOMOJIHSIONIAs
(s,t)-Lemb CONEPKUT XOTs1 Obl OAHY AYTY, SIBJASIOLLYIOCS €€ Y3KHUM
MecToM. OLEHUM, CKOJIBKO pa3 Kaxjaas Oyra MOXeT OKa3aTbCs
Y3KHM MECTOM.

[lycts e = vw — npousBoJbHAsA Ayra ceTd U fi,, fr,,. .-
(k1 < ko < ...) — mocJieoBaTeIbHOCTh MOTOKOB TaKasi, 4To AyTa
€ UCTOJIb3yeTCs KaK TpsiMasi 1yra Mpy yBeJUYeHUH fi U sIBJseTCS
Y3KMM MECTOM B 3TOT MOMEHT. $ICHO, UTO Torja CyllecTByeT Mo-

CJIe[IOBATEJbHOCTb UHAEKCOB I1, [, ... Takas, uto k1 < [ < ko <
< ly..., n nyra e UcroJb3yeTcs Kak oOpaTHasi NpU yBeJHUEHHU
noToka fi,.

ITo semMe 2 umeeM
d, (s,t) +2 < dli(s, t), di, (s,t) +2 < dk¢+1 (s,1).

Orciona dy, (s,t) + 4(i — 1) < dg,(s,t) nas Becex i. Kpome Toro,
di;(s,t) <nm—1udg(s,t) > 1. Tloatomy 1 +4(i —1) <n-—1,
T.e. i< (n+2)/4.

Takum 006pa3om, NPOH3BOJBHAS OAYra € MOXeT ObITb Y3KHM
MECTOM B TpsSIMOM HampaBJeHHH He Gojee 4yeM (n + 2)/4 pas.
AnasoruyHo, oHa MOXKeT ObITb Y3KHM MeCTOM B 00paTHOM Ha-
npaBJeHHH He Gosee yeM (n + 2)/4 pas. [losToMy Kaxnas ayra
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CeTH MOXKeT SIBJISIThCS Y3KUM MecTOM He Gosiee ueM (n+2)/2 pas.
CuieloBaTe/IbHO, 001lee YHCIO YBEJIUUEHUE OTOKA, PABHOE UKCITY
urepalui, He mpeBocxogut m(n + 2)/2. O

[Tepefinem x ¢QopmanpHOMy omucanuio anroputma Poppa-
PasikepcoHa, B KOTOPOM HILYTCS KpaTyallliie MO YHCIy AYT
f-nononusiomue (s,t)-uend. Meron, HeoOXOIUMBIH 1JIs IOCTPOE-
HHsI HMEHHO KpaTyaiiied f-monoJHsiouiel (s,t)-1enn, HaMu yxke
paspaboTaH: 3TO NOWUCK B LIMPHUHY. Pasymeercs, B cTaHIapTHYIO
CXeMy MOHCKAa B IIMPHHY HEeOOXOAMMO BHECTH HM3MeHeHHs, o0y-
CJIOBJIEHHBIE CIEeU(UKON NaHHOU 3aauu.

[Mockosbky HieTCsi HEKOTOpasi (s,t)-1erb, TO AePeBO MOMCKa
IOJI’KHO MMETb B KauecTBe KOPHEBOH BepLIMHbBI HCTOUHHK s. EcTe-
CTBEHHO CUMTaTb, YTO JIEPEBO IMOHCKA COZEPXKHUT TOJIBKO Te Bep-
WHHbl ceTH (, Yepe3 KOTOPblE MOXKET NPOXOAHMTb Ta HMJHM HHas
f-nonosiHsiOImas nenb. TakHe BeplIMHBI OyeM CUHTATh MOMeYeH-
ueiMu. Ocrasock copMysaHpoBaTh NpaBHJa MOMEUHBAaHHS. Bae-
neM MmaccuB h[v]. Bynem cuntath, 4to h[v] = 0o, ecau BepliHHA
v He nomeuyeHa. Kak TosbKO BeplIHHA v CTAHOBHUTCS NMOMEUYEHHOH,
10 hf[v] < co. Bosee Toro, 3To Gymer 03HA4yaTh, UYTO CYLLECTBYET
f-HeHachblleHHas (s,v)-uenb P, pas kortopo#t 0 < h(P) = h[v].
Bepiuuza, 13 KoTopoii nomeyeHa BepliHHa v, OyfeT 0603HaYaThCA
uepe3 Previous|v].

[Tpy KaKHUX YCJIOBHSIX U3 YiKe TOMEUeHHO! BEpPIIMHBl w MOXKHO
TIOMETHTD BepIINHY v? DTO 3aBHUCUT OT THIA AYTH, COETMHSIOMEH
w W v (B CeTH MOTyT OfHOBPEMEHHO MPHCYTCTBOBATb Kak Ayra
wv, Tak U ayra vw). [lycte ayra wv € E. [lomeTuTh v U3 w
MOXKHO, €CJIM BbiMosiHsieTcst yeqaoBue c(w,v) — f(w,v) > 0. B Ta-
KOM CJly4ae Tepexof OT w K v COBepILIaeTcsl Mo NPSIMOH Iyre U
MeTKa BEpIIMHBI v OIpeessieTcs o Gopmyne

h[v] = min(h[w], ¢(w,v) = f(w,v)).
Ecau B ceTn umeercs ayra Buaa vw, T.e. obpaTHas Ayra, TO
NOMeuHBaHHe BO3MOXKHO, eci f(v, w) > 0. B aToM ciyuae metka

BEPLIMHBL v OINpelesisieTCsl paBeHCTBOM

hlv] = min(hw], f (v, w)).



§ 11.2. Areopumm Popda-Darkepcora 281

Ecan B ceTd umerorcs 0o6e AYrd vw, wv U BO3MOXKHO IMO-
MeUHBaHHe C UCIONb30BAaHHEM KakK TOH, TaK W OPYrod OYTH, TO
ucrnosib3yeM Jo6yi0 U3 Hux. Jisi Toro 4toGwl pasnuyath, ¢ Mo-
MOILLbI0 KaKOH HMMEHHO IyTH, NPSMOH WM OOpaTHOH, MoMeuyeHa
BeplIHHA v, BBelleM MaccuB choice[v], cuntas choice[v] = 1, ecsn
BeplIKHa v IOMeUeHa ¢ MOMOLIbIO IPSIMON AYTH, U choice[v] = —1,
ecJii v TIOMeYeHa C MOMOLIbI0 06paTHOH AYTH.

Ecin B mpouecce noucka AOCTHTHYT CTOK ¢, TO IMOHCK 3a-
KaHUMBaeTCs U N0 MeTKaM Previous Jierko CTpoutcs f-momos-
Hsowas (s,t)-uenb. Eclu XKe MOMCK 3aKOHYMJICS, & CTOK ¢ He
IOCTHUTHYT, TO f-momonHsiouell (s, t)-1eny He CyILIecTBYeT.

[Ipu opmanbHOM OMUCAHUH AATOPUTMa OyIeM MpeamnoJararth,
yto cetb G = (V, E, ¢) 3anaHa MaTpuleil NPONyCKHbIX CIIOCOGHO-
cred, roe Alv,w] = ¢(v,w) n Afv,w] = 0, ecan Ayra vw B CeTH
G orcyTcTByeT, a moTok f — Marpuued Flv,w], roe Flv,w] =
= f(v,w). IlpocMoTpeTh Bce BEpPIIHHBI, CMEXHbBIE C BEPIIMHOH w
MOXHO TaK: MPOCMOTP CTPOKH C HOMEPOM w B MaTpuile A 03Ha-
YaeT NPOCMOTP BCeX AYT, HCXOASILIMX U3 w, a MPOCMOTP cToJbLa
C HOMEpPOM w — BCeX IYT, BXOISIIUX B W.

Onuiem BHauaJje NpoLELypy MOMEUHBAHUS BepLInH B ceTH G.
DTa mpolueaypa sBJseTCS MOAU(PULUPOBAHHON BepcHell mpoleny-
pBHl TIOMCKa B IIMpHHY. B Hell uepes () oGo3HauyeHa oyepenb, B
KOTOPYIO 3aHOCSITCS IOMEUeHHbIe BEPLIHHBIL.

1. procedure Labeling(f);

2. begin

3. forv eV do do hlv] := o0;

4. Q :=nil; Q < s; Previous[s] := nil,

5. while (h[t] = c0) and (Q # nil) do

6. begin

7. w <= Q

8. forveV do

9. if (h[v] ;= 00) and (A[w,v] — Flw, v] > 0)
10. then begin

11 hlv] := min(hw], Alw,v] — Flw,v]);

12. Previous[v] := w; Q < v; choice[v] := 1,
13. end;

14. for v e V\ {s} do

15. it (h[v] := o0) and (Flw,v] > 0)
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16. then begin

17. h[v] := min(h[w], Flw,v]); Q < v;
18. father[v] := w; choicelv] :== —1,
19. end;

20. end

21. end.

B 3To#i mpouenype B OoCHOBHOM LHKJe 5-20 ocyliecTB/seT-
¢ TMOMCK B IIMPHHY IO ONMCAHHLIM BHILIE NpaBHJaM. B uukxJe
8-13 ocyuiecTB/sIeTCA NMOMEYHBAHUE 110 MPSIMBIM JIyram, B LHK-
Jge 14-19 — no ob6patHbIM. [IOHATHO, YTO CJIOKHOCTb NPOLEAYPHI
Labeling(f) onpenessieTcsi CJ0XKHOCTBIO MOWCKA B LIMPHHY, T.e.
pana O(n?). [lycTb mo 3aBepiuenuio 3Toi mpouepypsl hlt] < oo.
B cooTBeTcTBMM ¢ MpaBHJAMM NOMEUMBAHHS 3TO O3HAUYaeT, UTO
cylecTByeT f-momogHsiiowas (s, t)-uensb P, nas koropo# h(P) =
= h[t], u, cle10BaTeNbHO, TEKYLIHI TOTOK MOXET ObITh yBeJHUeH
Ha BesnuuHy h[t]. Camy f-IOMOMHSIOULYIO LEMb JETKO MOCTPOHUTh
C MOMOLIbI0 MeTOK Previous. OQHOBpEMEHHO ¢ NMOCTPOEHHEM Lie-
MH MOXHO YBEJHYHTb TeKylHH norox f. JleTanau mpuBeleHb B
anroputme 11.1. ObpaiiaeM BHUMaHWe UWTaTeNs HAa TO, YTO TPH
KaX/IOM HOBOM BEI30Be mpouenypsl Labeling Bce cTapble MeTKH,
paccTaB/eHHblE [PU MPEABIAYIIEM BbI30BE 3TOH K€ MPOLEAYPH,
HCUe3aIoT.

Auaroputm 11.1 ®Popa, PankepcoH
Bxon: cetb G = (V, E,¢), 3agaHHasi MaTpuLed IPONyCKHbIX CIIO-
cobHocredl A[l..n, 1..n], HCTOYHHK S, CTOK t.
Brixon: makcuManbHBEIN MOTOK f, 3anaHHbIE MaTpulel I’ nmopsiaka
n, 05 kotopoit Flv,w] = f(v,w), ||f|| — BeanunHa maxkcumasb-
HOTO MOTOKA.
begin
forveV do
forweV do
Flv,w] := 0;
1] = 0;
repeat
Labeling(f);
if h[t] < co then

00 N Uk W~
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9. begin

10. LA == LA+ Alt)s v =t

11. while v # s do

12. begin

13. w := Previous[v];

14. if choice[v] =1

15. then Flw,v] := Flw,v] + hlt]
16. else Flv,w] := Flv,w] — hlt];
17. vi=w

18. end

19. end

20. until Alt] = oo;

21. end.

Teopema 11.4. Azeopumm 11.1 umeem caoncrocms O(n®).

JoxkasarenbcTBo. [leficTBUTEIbHO, OCHOBHOW LHUKJ B CTPO-
Kax 6—20 no teopeme 11.3 mpopaGotaetr He Gosee m(n + 2)/2 =
=n2(n+2)/2 = O(n3) pas. Kaxnawiii mpoxon nukna 6-20 comep-
JKUAT BBI30B mpouenypel Labeling, CI0KHOCTb KOTOPOU Takas Xe,
KaK W NIOHMCKAa B LIMPHUHY B rpade, 3aJaHHOM MaTPHIEH CMeXHO-
crei, T.e. O(n?). Otciona moaydaem, 4to airoputm 11.1 umeer
caoxuoctb O(n®). O

3ametum, uto ecau cetb G = (V,FE,c) 3ajaHa cnucKamu

cMexkHocTel list[v] u li—s;f[v], TO, BHOCS OY€BHAHbIE H3MEHEHHS
B npouenypy Labeling(f), 1€rko MOMYyUUTb aJrOPUTM CJIOKHOCTH
O(m?®n), uro unorna ayuue, yem O(nd).

Jas unmoctpauuu padotsl anroputma 11.1 BHOBB paccMort-
pUM ceTb, U300paxKeHHYI0 paHee Ha puc. 84. Byngem cuurarb, 4TO
BepLIMHBI IPOCMATPHUBAIOTCS B MOPSIAKE BO3PACTAHHS HOMEPOB.

[Tocne mepBoro BeizoBa mpouenypsl Labeling(f) Oyner Had-
IeHa f-nmonoJgHsomas uenb s — 2 — 4 — ¢, n6o BepuuHa 2 Gblia
TNoMedeHa paHbllle, YeM BepIIMHA 3, a NMOTOMY BeplinHa 4 GyzmeT
nomeyeHa W3 BepuinHbl 2. flcHo, uro h[t] = 1. CrenoBaresbHo,
HOBBI MOTOK f Gymer takuMm: f(s,2) = f(2,4) = f(4,t) =1 u
f(e) =0 pas Bcex mpouux Ayr e cetd G.
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Bropoe ofpauenue K mnpouenype Labeling(f) onpeneaut
f-nmononusowyio uenb s —3 —4 —2 —5 — ¢t hft] = 1. Has
9Tod uenu ayra (2,4) siBasiercs obpatHod. HoBwiii moTok cra-
HoButcsi Takum: f(2,4) = 0 u f(e) = 1 Ha BCeX OCTaNbHBIX
nyrax. [ToHsiTHO, 4TO cienyiouri Bei3oB npouenypsl Labeling(f)
He Haxo#uT f-momnoJHsioulel (s,t)-uenu. [ToTok, noayueHHbIH Ha
BTOPOH HUTepalUH, SIBISAETCS MaKCHMAaJbHbBIM.

B 3aksoueHHe OTMETHM OYEBHIHOE, HO BayKHOE CBOHCTBO aJl-
roputMa Popra-Pasnkepcona.

Teopema 11.5. Ecau nponyckuoie cnocobrocmu scex Oye
ABAAIOMCS UeAbIMU YUCAAMU, MO KAK MAKCUMAAbHbLL NOMOK,
max u 8ce npomedxcymourvie nomoku 8 aszopumme Dopda—
Daskepcona, s8AIOMCA YEAOUUCLCHHOIMU.

3aMeTHM TaKxKe, UTO B HACTOsilllee BPeMsI M3BECTHBI aJrOPUT-
Mbl IOCTPOEHHsI MaKCHMaJ/lbHOTO NOTOKA, UMeloll[1ie MEeHbLIYO BbI-
YHCJIUTEJIBHYI0 CJI0KHOCTb, ueM ajiroputM Popra-PankepcoHa.
OnmuH u3 Hux — ajnroputM ManxoTpsl, Kymapa u Maxeusapu
cnoxunoctd O(n?) monpo6Ho paszobpan B [37].



Inasa 12

NMAPOCOYETAHMA
B ABYAOIJIbHbLIX FPAMAX

§ 12.1. OCHOBHbBIE MOHATHA

Ilapocouemanuem B rpade Ha3blBaeTCsl IPOU3BOJIbHOE MHOXKe-
CTBO ero peGep Takoe, UTO Kaxpaas BepliuHa rpada HHIUAEHTHA
He GoJsiee ueM OLHOMY pebpy M3 3TOro MHO)KecTBa. PaccmaTpuBas
pas/iMuHBle 3a[ja4H O NMapocOoYeTaHHUsAX, Mbl OFPAaHUUYHUMCS C/lyuaeM
IBYIOJbHBIX rpadoB. /s pelleHUs aHAJOTMYHBIX 3aad B MPO-
U3BOJIbHBIX I'padax UCHOJb3YIOTCS Te Ke HAeH, YTO U B ciydae
JBYOJIbHBIX, TONBKO CYLI€CTBEHHO YCJOXKHSETCS HX peaju3alus.

Hanomuum, uto rpadp G = (V, E) HasbiBaetcst 08y0orbHbIM,
€CJIMd MHOXKECTBO €ro BepLIMH V' MOXKHO pa3OHUTb Ha Hemepeceka-
fouecss MHoxkecTBa X W Y Takue, UTO Kaxioe pebpo e € E
uMeeT BUl e = xy, e * € X u y € Y. JIBynonbHbl#l rpad
Gynem o6o3HadaTh aubo (X, E,Y), ecnu rpad He siB/sieTcs B3Be-
wenHbiM, 160 (X, E,¢,Y), eciu pebpam e € E npunucatsl Be-
ca c(e). Beiony B nanbHefiiieM, roBopsi 0 ABYAOJBHOM Tpade, Mbl
npenrosaraeM, 4to pas3brHeHHe MHOXeCTBa V' Ha MOIMHOXKECTBa
X n'Y 3ahuKCUPOBAHO.

CaMble pasHble IPaKTHUECKHE 3372491 CBSI3aHbl C TOCTPOEHHEM
TeX WM WHBIX MapocovyeTaHWH B ABYHOJbHBIX rpadax. Pasbepem
HeCKOJIbKO TIPHMEpOB.

1. Tlyctb uMeeTcss n pabOUMX, KaxKAblH M3 KOTOPbIX MOXKET
BBLINIOJIHUTD OJMH WJIM HECKOJbKO M3 m BHUAOB padoT. Ilpu stom
KaXKJbll U3 BUAOB pabOT AOJKEH ObITb BHIIONHEH OAHUM pado-
yuM. Tpebyercsi Tak pacrnpeneuTb paboTbl cpend pabounx, 4ToObI
HauboJblliee KOMUYeCTBO paboT ObLJIO BBINOJHEHO.
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2. Ilyctp B npenpinylled 3agade 4ucao paboyux n paBHO YHC-
Jay pa6oT m. CrpaluBaercsi, MOXKHO JIM TaK pacnpenenuTb pabo-
Thl MeX1y pabo4yuMH, UTOOB! GBI BHIIIOJHEHB BCE BUIBI PaboT?

3. Tlyctb cBepx ycJOBHH BTOPOH 3afaud O/ KaxKooH Mapel
pabouri—paboTa M3BeCTHAa CTOMMOCTb ¢(Z,%y) BHIMOJHEHHS pado-
yuM x pabotel y. TpebyeTcs Tak momobpaTbh Kaxkaomy pabodemy
omnpese/ieHHbIH BUL paboTEl, 4TOOB CyMMapHasi CTOMMOCTb BHITIOJ-
HeHUs Bcex paboT Obla MUHHUMAJIbHA.

Maremarrdeckasi MOZeJNb BCeX IPUBEAEHHBIX BBIILIE 3a1ady
CTPOUTCS OUeBHIHBIM oOpazoM. OrmpenesuM ABYNOJbHBIE Tpad
G = (X,E,)Y), B kKoTOopoM B KauecTBe X BbiGepeM MHOXKECTBO
pabouux, a B KayecTBe Y — MHOKecTBO paboT. MHoxecTBO pebep
E storo rpaga onpenesnM Kak MHOXKECTBO BceX nap (z,y) TakHx,
4yTO pabouuil T MOXKeT BHIMOJMHUTH pabory y. [lyete M C F —
napocodyeTaHve B mnoctpoeHHoM rpade (. Torma kaxpoe pe6po
e = xy € M MOXHO UHTepIpeTHPOBaTb KaK Ha3HaueHHe pabdouye-
My x paboThl y. JlelcTBUTENbHO, IO ONpPeNeNeHHI0 NapoCcoYeTaHuUs
HUKakHue 1Ba pebpa U3 M He MOT'YT HMeTb OOLIUX BEpLIUH, CJe-
J0BaTe/bHO, Ha KaxKIyl paboTy HasHauyaeTcss He 6oJjiee OLHOrO
pabodero u KaxkAbeli pabouuil mosydaer He GoJsiee OOHOH pabOTHI.

B sToli Momenu mnepBasi U3 pacCMOTPEHHBIX 3afay O3Havaer,
4yTO B rpage tpebyeTcs HalTH mapocodyeTaHHe ¢ HAUOOJBLIUM KO-
JquyecTBOM pebep. Bropass — BEISICHUTB, CyIIECTBYET WJIM HET Ma-
pocoueTaHue, cocrosiiee U3 n pebep. M HakoHel, B TpeTbel 3ana-
ye TpebyeTcs HallTH MapocoyeTaHue U3 n pedep ¢ MHHUMaJbHBEIM
CYMMapHBIM BECOM ero peoep.

B 310t riaBe 6ynyT paccMOTpeHbl BCe TPY THMNA NPHUBEIEHHBIX
31ech 3ajau. Beenem Heo6xoguMmyto TepMmuHodoruto. Ilycte M —
napocoderanue B rpape G = (X, E,Y). Tosopsit, uto M coue-
maem x Cy Uy C x, ecau vy € M. Bepiiunsl, He npuHaiiexa-
lMe HU OJHOMY peOpy IapocoyeTaHUs!, Ha3bIBAIOTCS C80600HbIMU
omuocumenoro M WM NMPOCTO c80000HbIMU, A BCE NPOUHE —
HacolweHroimu B M uau npocto Hacoiujerroimu. Takum obpa-
30M, IJ151 Ka)KIOH HacChIleHHOH B M BepILIMHBl & CYIIECTBYET Y
Takoe, 4to M coderaer x C y. YnoOHO Takke pebpa, BXOASIIHE
B mapocodetaHue M, Ha3eiBaTb M-memHoimy UIA TPOCTO mMeM-
Howmu pebpamu, a Bce npoure — M-ceemavimu WU c8eMAbIMU
pe6paMH.
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[Tapocoueranue, comepxkallee HauboJbliee YUcJao pebep, Ha-
3biBaeTcs Hauboavwium. Ilapocouetanue, He comepxkalleecss HH
B KakKOM JPYyTOM MapoCOYeTaHHH, HAa3bIBAETCS MAKCUMAAbHOIM.
MHave roBopsi, MAaKCHMaJIbHBIM Ha3bIBA€TCS MapOCOYeTaHHe, MaK-
cUMaJjibHOe Mo BKJOYeHHI0. Heo6xonumo pasinuarth 3TH IBa MO-
HaTus. [loHsITHO, UTO Kaxaoe HauboJblliee NapocoyeTaHue siBJIs-
eTcss MaKCHMaJslbHBIM, HO 06paTHoe HeBepHo. [Ipensaraem uutare-
JII0O CaMOMY TOCTPOUTb COOTBETCTBYIOLIUH TIPUMep.

§ 12.2. 3AAAYA O HAUBOJIbLLUEM NAPOCOYETAHHMN.
AJITOPUTM XOMKPOMDTA-KAPMA

3anada o HauboJIbILIEM TAPOCOYETAHHH COCTOUT B CJIEAYIOLIEM:
B 3aJ@aHHOM [ABYIOJbHOM rpacde HalTH HauboJbliee HMapocoye-
TaHHUe.

OxasblBaeTcsi, UTO 3Ty 3ajayy MOXKHO CBeCTH K 3anade IO-
CTPOEHHS MaKCHMAJIbHOTO MOTOKA B HEKOTOPOH CETH.

[lyets G = (X, E,Y) — npousBo/ibHBINA ABYAOJbHBIHA rpad u
s,t € XUY. Ioctpoum cetb G* = (V*, E*, ¢) ¢ HCTOUHHKOM S H
CTOKOM t. B KauecTBe MHOXecTBa BeplIMH ceTH G* BO3bMEM MHO-
x)eetBo V* = XUY U{s}U{t}. A mHOoX)ecTBO nyr E* onpenenum
caenyroouum o6paszom. Kaxnoe pebpo e =zy u3 E, rnex € X u
y € Y, npeBpaiiaeM B AYTY Ty, UCXONALLYIO U3 X WU BXOASLILYIO
B y. Jlo6aBUM K NOJyYeHHOMY MHOXKECTBY BCe AYTH BUIA ST, Yt,
rie z € X ny €Y. [lonydeHHOe B pe3ysnbTaTe MHOXKECTBO U €CTh
MHOKecTBO AyT E* cetu G*. [IponmyckHYI0 COCOOHOCTh KaxKaoH
IyTH TI0JIOKUM paBHOU ennHuue. Ha puc. 87 nokasansl rpap G u
COOTBETCTBYIOLLAs eMy ceTb G*.

3amMeTHM, YTO ecd f — LeJOUHCAeHHBIH IOTOK B ceTh G*, TO
f(e) =0 nau f(e) =1 nas nwboit ayru e € E. Kpome Toro, mo
Teopeme 11.5 cpenn Takux 0-1-mOTOKOB CylIeCTBYeT MakCHMasb-
HbIH oTOK. OKa3blBaeTcsi, UTO KaXKIOMY MapocoueTaHHIO B rpade
GG OHO3HaUHO COOTBETCTBYeT HeKoTopeli 0—1-moTok B cetn G*.
[Tycts P — MHOXKeCTBO Bcex mapocouetaHuil B rpade G, a F —
MHOXecTBO Bcex O—1-moTokoB B cetn G*.

Teopema 12.1. Cywecmsyem 83aumHO-00HO3HAUHOE OMO-
bpascernue ¢ mHoxcecmea P Ha mHoxecmso F, npuvem |M| =
= ||¢p(M)]|| 925 awboco napocowemarnus M.
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(Hanomuum, uto uepes ||¢(M)|| o6o3HayaeTcst BesuyuHa I10-
ToKa ¢(M).)

Hoxa3satenbcTBo. /51 npousBosbHOrO mapocoyetanuss M B
rpade G onpeneaum notok fir = ¢(M) B cetn G* no popmynam
fu(s,z) = fu(z,y) = faur(y,t) =1 nns qwoboro pebpa xy € M
u fy(e) = 0 mas ocrambHbIX Ayr e € E* (COOTBETCTByIOLIKH
npumep mnpuBefeH Ha puc. 87). IokaxeMm, 4To fjp; — IMOTOK B
cetn G*.

[Tockoabky 0 < far(e) < 1, yc/ioBHe OrpaHHYeHHs [0 MPO-
MYCKHOH CHOCOGHOCTH AYT BhIMOJHseTcs. OcTaeTcsi MPOBEPUTDH
yCJIOBHE COXpaHEeHHs! MOTOKA B BeplLIMHAX.

[Tycts & — HacbllleHHas BeplidHa U3 X B mapocodetaHuu M.
Torna far(s,x) =1 u, caepoBarensro, far(x—) = 1, T.e. NOTOK,
BTEKalIIUH B BepiinHy x, paBed l. [TockosibKy BepuivHa x Ha-
ceilleHa B M, TO CyLIeCTBYeT POBHO OfHO pebpo xy € M, WHIH-
nentHoe x. s atoro pebpa fus(x,y) = 1 Ha COOTBETCTBYIOLIEH
nyre zy. Bee ocranbHble pebpa rpada, MHUNWAEHTHbLIE BEPLIHHE ,
SIBJISTIOTCSI CBETJIBIMH, T. €. He BXOAAT B napocodetanue M. [Toato-
My far(e) =0 st Bcex coorBercTBymowuX Ayr. CienoBaresnbHo,
fau(z+) = 1. Tem cambim paBenctBo fas(z—) = fa(x+) BbI-
TIOJIHSIETCST U151 HACHILIEHHBIX BeplIvH. EC/u e x He HacbllleHa,
T.e. x — cBoOogHAas BeplIMHA, TO KaK BXOOSIKHA B x, Tak W
BBIXOISIKH U3 & MOTOKU paBHbl Hynw. CjlefoBaTe/IbHO, YCJIOBHE
COXpaHEeHHs NMOTOKA B BeplLIMHAX, JieKaluX B X, BHIIOJHSIETCS.
s BepiuviH y € Y 3TO yC/I0BHe MPOBEPSIETCS aHANOTMYHO.

Jlanee, MOCKOJIbKY KOJHYECTBO HACHIIEHHBIX B M BepIIHH
x € X B TouHocTH paBHo |M|, To far(s+) = |M|, T.e. ||p(M)]| =
= |M|. Jlerko BUAETb, YTO PA3HBIM MAPOCOUETAHUSIM COOTBETCTBY-
10T pasHble noToku. CJienoBatesibHO, oTOGpaxenue ¢ : P — F,
onpezesieHHoe paBeHCTBOM ¢(M) = frs, HHBEKTHUBHO.

O6parno, nyctb f — O-1-notok B cetu G*. [lonoxum My =
= {zy|f(z,y) = 1, x € X, y € Y}. IlockosbKy B Kaxayio
BepUIMHY = € X BXOIMUT POBHO OfHA Ayra (3To nyra BHIA sz), TO
MMeeTcsl He GoJiee OHOH OyTH BHAa xy, Aas Kotopoh f(x,y) = 1.
CrenoBaresibHO, Kaxcasi BepliMHa © € X HHLMIEHTHA He GoJee
ueM OJHOMY pebpy u3 M. AHaJlOrH4HO, KaXKaas BeplIMHA y € ¥
MHLHUIEHTHa He Goslee yeM ofHOMY pepy u3 M. Otciona caeny-
et, uto My siBasieTcs napocodetaHueM B rpade G. Jlerko BUAeTS,
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4To A5 napocouetaHus My crpaBenJusbl paBeHcTBa |My| = || f]]
v ¢(My) = f, 4TO 3aBeplIaeT JOKA3aTeJbCTBO TEOPEMBbI. O
Ha puc. 87 nsobpakennl ABynosbHbIH rpad G, cetb G*, ma-
pocouetanue M = {x1ys,Zoys} ¥ COOTBETCTBYIOLIUH eMy IIO-
TOK far.
Xy Y
Ys
Xo
Ys
¥ Yu
a)
Puc. 87
[Iycte f — mnpousBosbHbii O-1-otok B cetn G* u P —

f-nonoqusitotast (s,t)-uens. Torga uenb P COmEpPKUT HeyeTHOe
KOJIMYeCTBO AYT. YIAJUM M3 3TOH LEMH NepBYI0 Oyry, a oHa 00s-
3aTe/IbHO UMeeT BUA sz, rie x € X, U NOCJAeIHIO OyTy BUIA yt,
rie y € Y. OcraBuuecs B Uend P Ayrd YepeayloTcs CaefyoMUM
o6pa3oM: MepBOH HIeT Ayra Buia xy, AJs KoTopod f(x,y) =
= 0, TOCKOJIbKY 3Ta Ayra NpsiMasl B LeNH, BTOPOH — Ayra BHIa
x1y, TIpAYeM 3Ta [Ayra siBjaseTcs obpaTHOH B Lenud P U motomy
f(z1,y) = 1, 3areM cHOBa mpsiMasi Ayra, MOTOM OOpaTHast U T. 1.
YBesMueHHe MOTOKA BHOJb 3TOH LeNH [0 NMpaBU/aM, yKa3aHHBIM
B JeMMe 3 U3 § 11.1, IpUBOAUT K TOMY, YTO HOBBIH MOTOK CTaHO-
BUTCSl PaBHBIM eIMHHIE HA BCEX HEUETHBIX (T.e. MPSIMBIX) AyTrax
nend P U paBHBIM HYJI0 Ha BceX YeTHBIX (T.e. 0OpaTHBIX) AyTrax
uenu P. BennuuHa motoka npu 3ToM Bo3pacTtaeT Ha eguHULy. [o-
HATHE f-IOMOJHALLIEH Leny I noToka f B ceTd G* ecTeCcTBeH-
HbIM 00pa3oM COOTBETCTBYeT MOHATHIO M -uepenyiollefics Lenu
17151 napocouetanusi M B rpade G.

[Iycte M — mapocouertanue B rpade G. M-uepedyrouielica
LeNbl0 HA3BIBAETCS TaKas MOCJENOBATENbHOCTb BEPLIMH U pebep
BHIA T0,ToY1,Y1,Y1T2,%2,. ., Tk, TkYk+1, Ye+1, A€ k > 0, uToO
BCEe BEpIUMHbl 3TOH LENH pasjUyHbl, o U Yr4+1 — CBOOOAHbIE,
a BCe OCTasbHble BepLIMHBl HACHIIlEHHBIE B MapocoyeTaHuu M,
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npuueM KaxkIoe BTOpoe peOpo mpuHammexxut M (T.e. pebpa Bu-
na y;riy1,4 = 1,...,k — 1 Bxomat B M), a ocTrajbHble pebpa
B M He BxomsaT. MHaue roBopsi, B M -uepenyiolielics Lenu LBeTa
pebep yepenyloTcs MO MPABUJIY CBETJI0E—TEMHOE U Ha000pOT, MPH-
4yeM IepBOe U MocjeqHee pebpa SBJSAIOTCS CBETJIBIMH. FCHO, 4TO
Yyepelylollascs LeNb OJHO3HAUHO OIpefessieTcsl Kak IocjeloBa-
TeJbHOCTbIO €e BepllUHH, TaK U MOCJ/eN0BaTeNbHOCTbIO ee pedep.
Hanpumep, nast napocodyeranuss M, nzobpaxkeHHoro Ha puc. 87a,
M -4epenyroulyiocsi Lelb MOXKHO 3a4aTb I0C/EI0BATENbHOCTBIO
BEpIIUH T3,Y3,T2,Y2,T1,Y1. DTa LeNb CONEPKUT [BA TEMHBIX
pebpa u Tpu cBeT/biXx. COOTBETCTBYyOIASA f-IONOMHSAIOLIAS Lelb
B cetd G*, rne f = far, 3amaeTcs Noc/ae10BaTeNbHOCTBIO BEPILHH
S,X3, y371‘2,y2,$€17y1,t. B srtoit Henu AyTu Toys U X1Y2 SABAAIOTCA
06paTHBIMH, a OCTaJbHble AYT'H — MPSMBIMH.

YBeJUUEHHIO TIOTOKA BHOJb f-IOMOJHSIOUIEH LeNHd COOTBET-
CTBYeT yBeJHUeHHe KoJuyecTBa pebep B napocouetaHuu M BHosb
M-yepenytomeiics uenu. asg storo B M-uepenymolielics Lemu
HeyeTHble peOpa, He BXoauBIIHE B M, 0OBABJSIOTCA 3JeMEeHTaMU
M, a Bce 4eTHble, BxopuBIIKe B M, u3 M ynansworcs. MHaue ro-
BOps, BCe TeMHble pebpa CTAaHOBSITCS CBET/BIMHU, a BCE CBETJIbIE —
TEMHBIMH. Takasi onepamusi IPUBOAUT K yBeJUYEHHIO KOJIMYECTBA
pebep B mapocoueTaHUM Ha equHMLY. Hampumep, napocouetaHue
M u3 puc. 87a 3ameHnTCs Ha mapocodyetaHue {x3ys, Toya, 1Y |-

HanomuuM, 4To cUMMeTpuuecKasi pasHOCTb JABYX MHOXKeCTB
M wu P onpepensiercst cjedyoluM o6pasoM:

Ma®P=(M\P)U(P\M).

[Ipouecc mosydyeHuss HoBoro mapocoueTaHus M; U3 mapocodera-
Hust M c nomouibto M-yepenyiomiefics Lenyd P MOXHO BbIpa3uTh
paBeHCTBOM

Mi=MoP

(3mech u panee mon M-uepenyoleficsl LeNblo NOHUMAETCs IO-
cJleioBaTeIbHOCTD pebep). [ mapocoderanust My crpaBefuBO
paBenctBo |Mi| = |M|+ 1, nockosbky B Lenu P cBeT/bX pebep
Ha OfHO GOJIbllle, YeM TEMHbIX.

M3 npuBemeHHbIX paccyxieHH# u Teopembl 11.2 BbiTeKkaer
CJIEIYIOLIME K/IACCHUEeCKHUH pe3yJIbTaT.
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Teopema 12.2 (Bepxk, 1957). [lapocouwemarue M & 08y-
doavrnom epage G ssasemcs HaubOAbULUM mMoe0a U MOALKO
moeda, kozda 8 G He cyuiecmsyem M -uepedyroweiics yenu.

Pany nonHOTH M3/10XKEHHs NpUBENEeM 3[ech MpsSMOe JH0Kasa-
TeJbCTBO 3TOH TeOpeMbl, He omuparwleecs Ha TeopeMy Popna-
daskepcoHa.

HoxkasareabctBo. OueBuHO, ecin M — Haubosbliee Napo-
coueranue, T0 B rpade G = (X, E,Y) He cyuwectByer M -uepe-
AYyIOLIEHCS LelH.

HoxaxeMm obpaTHoe yTBepxkaeHue. [Ipenmnosoxxum, uto mAJs
napocoyetanusi M He cyuiectByeT M -yepenytoiefica uend. Pac-
CMOTPHM MPOK3BOJIbHOE Mapocodetanue N u ybeanmcs, uto |N| <
< |M|. 3amerum, uto B rpade G; = (X, N U M,Y) creneHb
Ka)K[0H BepLIMHBI He TPeBOCXONUT NBYX. CJjieNoBaTesbHO, Kax-
Jasi KOMIIOHEHTa CBSI3HOCTH Tpada (G MoxKeT ObITb ONHOTO U3
CJIelyIOIUX THIIOB!

1) u3onupoBaHHasT BEpLINHA;

2) Lenb YeTHOH AJIMHBI;

3) uenb HeYETHOH AJIUHBI;

4) UMK,

B cayuasx 1, 2 u 4 KoMoHeHTa CBI3HOCTH COAEPIKUT OLMHA-
KoBoe yucsio pebep U3 M u N. Ecau KoMIIOHEHTa CBSI3HOCTH —
Lenb HeyeTHOH I/uHHL (caydall 3), TO oHa siBasieTcs: aubGo M -ue-
penytolleiics, au6o N-uepenytollelics ueneto. [lo mpexnnosoxe-
HHIO, M-depenyloliuxcs Leneld B rpade HeT, Clel0BaTeJNbHO, MO-
ryT ObITh TOMBbKO N-dyepenytomuecs uenu. Ho B KaKmod U3 3THX
ueneit pebep u3 M Ha onHo Oosblie, yeM pebep us N. Orcrona
|N| < |M], T.e. M — Haubosbliee NapocoyeTaHHe. O

Teopema Depxa mnopckasbiBaeT CJeAyIOMIHMH aJrOPUTM IIO-
CTPOEHUsI HAaHOOJbIIETO MAPOCOUETAHHUS:

1) mycroe mapocouetanue M 0OBSIBUTb TEKYIIHM MapocoyeTa-
HUEM;

2) uckaTb M-4yepenyoLLyOCs Lelb;

3) ecsu Takas uenb P HaigeHa, To noJoXuth M = M & P u
BEpHYTbCS Ha Liar 2;

4) unaue CTOII (rexyuiee mapocoyeranue M siBJseTCs Hau-
GOJIBIIHM).
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BHuMate/bHBIH UHTaTe b, KOHEUHO, 3aMETHJI, UTO NPeaJokKeH-
HBI aJrOpUTM, MO CYTH [eJia, BJSeTcs Jerkod MoauduUKauuel
anroputma Popna-Pankepcona. OTMETUM TaKXKe, UTO MOCKOJBKY
KaXJbl pa3 Tekyllee MapocouyeTaHHe YBeJUYMBAETCS] POBHO Ha
eNUHHULY, TO aJTOPUTM 3aBePLIUT paboTy mocje He GoJiee YeM n
urepauunii, roe n = min(|X|, |Y|) (3nech ucnonb3oBaH TOT (axr,
4TO HauboJblliee NapocoyeTaHHe CONEPXKUT He Gojiee ueM n pe-
oep).

Pasbepem noppobHee mpouecc noucka M -yepenyroieiics ue-
nu. 31eCb MOXKHO UCIIO/Ib30BaTh JIIOOYI0 CXeMy MOMCKA B LUMPHUHY
UM B rayouHy. UyTb ynoGHee mouck B mupuHy. Chopmynupyem
MpaBuJia MOUCKA B LIUPUHY B BHJE «BOJHOBOTO» AJTrOPUTMA.

B HyneBo#i (poHT pacrmpocTpaHeHHS BOJHBI BKJIOYaeM BCe
M -cBo6GonHBEIE BEpIIMHBEL T € X.

[Iycts ¢poHT ¢ HOMepoMm k moctpoeH. Ecau k ueTHo, TO BO
¢poHT k + 1 BK/IIOYaeM Bce BEpLIMHBI y € Y, He copepxkaliuecs
HU B KaKOM M3 MpeblIyLHX (PPOHTOB, KOTOPbIE MOXKHO NTOMETHUTD
U3 BepLIMH MpeAblayliero (poHTa C MOMOLIbIO CBETJBIX pebep.
Ecnn k HeueTHO, TO BO ¢poHT k + 1 BK/IOYaeM BepLIMHBl = €
€ X, He comep:xalllMecss HH B KaKOM W3 MpPelbIAYIIHX (PPOHTOB,
KOTOpble MOXKHO MOMETHUTB C MOMOLIBIO TeMHBIX pebep U3 BEpILHH
npeabAyLero (hpoHTa.

[Touck 3aBepiaercsi, Kak TOJbKO OYyIeT MoMeueHa cBOOOMHAS
BepIUMHA y € Y HUJM ouepefHOH (POHT OKaxkeTcs MycThiM. B mep-
BOM CJ/lyuae OKOHYaHHS Noucka M-yepenyioliascs Lenb cylie-
CTBYeT, OHA JIETKO MOXKET ObITb IIOCTPOEHa C MOMOLILbIO CTaHAApT-
HBIX MeTOK Previous. Bo Bropom ciyuae M-depenyiommencs nenu
B rpad)e He CYILECTBYeT W, CJIeLOBATENbHO, TEKYIee MapocoueTa-
Hue M sBJsieTCs HAaUOOJbIINM.

Teopema 12.3. Moduguyuposanneiii areopumm Dopda-
Dasxepcona nocmpoenus Haubosbuieco napocouemanus 8 08y-
doavrom epage G = (X, E,Y) umeem caoxcrocmo O(pgn), ede
p=1|X|, ¢ =1Y], n =min(p,q) u epagp G npedcmasren mam-
puyeti A[l..p,1..q].

(3ameruM, yTo MaTpuua A SBAsSETCS MOAMATPULEH MaTpPHLbI
CMEXKHOCTH JIBYZOJIbHOTO rpada G.)
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Jloka3arenbcTBO. Bhillle yKe 0TMeYasnoch, 4To MpoLece 3a-
BepLIKUTCS He Goslee yeM mocte n urepauni. CJI0XKHOCTb Kax a0k
urepaurn ectb O(pq). IloaToMmy MOAH(HLHPOBAHHBIE aJIrOPUTM
Dopna-PdasnkepcoHa A/ NOCTPOEHHUsT HAHOOJMbIIETO NTapoOCOYeTa-
HHUs1 nMeeT c10xkHOCTB O(pgn). O

OtmeTnM, 4TO B YaCTHOM cJayudae, kKorga n = | X | = |Y|, monu-
¢dunnpoBanHblil anroputm Popna—Pankepcona UMeeT CI0KHOCTb
O(n?).

B 1973 rony Xonkpodt u Kapn mpemnoxunu Gosee sdpex-
TUBHBIH AJIFOPUTM MOCTPOEHHs HAMOOJbLIEro NMapocoyeTaHHs B
IBYIOJBbHOM Tpade.

[Tycts M — napocouetanue B rpade G = (X, E,Y). Llenp P
HasoBeM M -yenvro, eciv OHAa HauyMHaeTcs B CBOOONHOH BeplIHHe
x € X, uMeeT HeuyeTHYIO IJMUHY U LBeTa pebep uepenyloTcs MO
NPaBUJTy CBeTJIOE—TeMHOe U Hao6opoT. MHaue rosopsi, M-uenp —
3TO MOYTH M -yepenyouascs Uemb; OTJIHUYHE COCTOUT JIUIIb B TOM,
yTto M-1enb MOXeT 3aKaHYMBATbCsl B M -HACBHILLIEHHOH BepLIMHE
y € Y. IloHsATHO, uTO Kaxknas M -uepenyrouiascs Lenb sBJAsSETCS
M -uenbio, HO 06paTHOe yTBep:KIeHHe HEeBEpHO.

[lycts r — pauHa kpaTyadied M-uepenyioulefics uenu. Ye-
pe3 G(M) obosnauum rpad Kpardaimmx M-uemed; mo omnpene-
JIEHUIO 3TOT rpag) COCTOMT U3 BCeX BepLIMH U pefep TaKHUX, 4TO
Kaxknoe pebpo U Kaxkaasi BepLIHHA BXOAST B HEKOTOPy M -1emnb
IJIAHBL T

O6uyto cxemy asnroputma Xomnkpodra u Kapna mocrpoenus
HauOOMBIIEr0 MAPOCOYETAHHUS MOXKHO ONUCATh CJAELYIOIUM 00-
pasoMm:

1) HauaThb ¢ MpoU3BOJBbHOTO Mapocouetanuss M B rpade G;

2) moctpoutsb rpad G(M) xparyaiimnx M-uened;

3) TNOCTPOUTb MaKCHMaJbHOEe MO BKJIOUEHHIO MHOMXECTBO
{P1,..., Py} BeplIHHHO-HeMepecekauuxes M-yepenyomnxcs
ueneit B G(M). YBeanuutb napocoderaHue M BIOJb BeeX Liened
U3 TI0OCTPOEHHOI'0 MHOXKeCTBa 10 (hopMysaam

My=M@®P,My=M ®Ps,..., M, = Mj_1 @ P.

O6bsiBUTH mapocouetanue M Tekyiuum, T.e. M := Mj. (3ame-
™M, 4T0 My =M @ Pi & --- ® Py u |My| = |M|+E.)
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4) moBTOPATH IWIATH 2 U 3 10 TexX Mop, MoKa B ceTd G cylle-
CTBYeT X0Ts Obl ofHa M -uepenyromiasics uenb. Ecau Takoil nenu
He CYIIECTBYeT, TO TeKyllee MapocodetaHhe M sBJjsieTcss Hau-
SosbinM (Teopema 12.2).

[lepeiinem K (popmMajbHOMY OMHCAHUIO AJrOPUTMa XOMKPOp-
ta—-Kapma.

IBynoabubiil rpap G = (X, E,Y) Gynem 3amaBath Matpuiei
A pasmepa pq, rie p = |X|, ¢ =|Y|, B kotopo#i Alz,y] =1, ecan
pebpo xy umeercs B rpade, u Alzr,y] = 0, ecau Takoro pebpa B
rpade Het.

[Tapocoueranue M B rpadge G MOXKHO OMHUCaThb C TMOMOLLBIO
nByx maccuBoB Xdouble nnunbl p U Ydouble nauHBI q, cyuTas,
uro Xdouble[z] =y, ecin x codyeraercs ¢ y, u X double[z] = nil,
ecJM BeplIMHA x CBOGOAHA. AHAJOTHYHO ONpeNessieTcss MacCHB
Ydouble. Takum o00pa3om, MyCcTOe MapocoyeTaHWE 3afaeTcs pa-
BenctBamu X double|x] = Ydouble[y] = nil past Becex © € X u
yey.

Bemomoratenbubiit rpad G(M) Kpatuadimnx M-uenelt He-
CJI0XKHO MOCTPOUTD, UCIHOJb3YS MOUCK B IIMPUHY. HanoMHHM, 4TO
Kaxnas M-uenb HauWHaeTcsl B CBOOOAHOH BepliMHe z € X, MO-
5TOMY BO BcrmomorarejbHbid rpad G(M) cieayeT OTHECTH BCe
cBOOOHBIE BeplIMHbl © € X M HayaTb MOMCK ¢ HUX. [0CKOJBKY
Hac MHTepecyloT yepejylollyvecs LM, HYKHO pas/uyaTb LIaru
ot XKkY uorY k X.

B nepBom csyuyae nepexof OCYLILeCTBJsIETCS MO CBETJBIM peb-
pam, (T.e. no pe6pam, He BXOISIUM B M), a BO BTOPOM caydae 10
TeMHBIM pebpaM (T.e. mo pebpam u3 M). [Ipuuem eciu B nepBoM
ciydae, HaXoisichb B BepluuHe x € X, caenyer oTHectd B G(M)
BCe BepLIMHBI, CMeXHble ¢ &, U Bce pedpa, MHUUIEHTHblE Z, TO
BO BTOPOM — BBIOOD BepIIMHBEI U pedpa ONHO3HAYeH: U3 BEPLIUHBI
y € Y MOXHO WIarHyTb TOJbKO B BeplMHY = = Y double[y], uc-
nosb3yst pedbpo xy, Kotopoe Bxogut B M. Ilpu 3TOM BepuinHy x
1 pebpo xy caenyer nodasutb K G(M). Ipouecc moucka 3aBep-
maeTcsl JIMO0 MOJNHBIM MOCTPOEHHeM TOro (poHTa, B KOTOPOM B
NepBbIH pa3 BCTPeTHUTCA CBOOOAHAs BepllMHA y € Y, nubo TOraa,
koraa B rpadp G(M) Hesb3si OTHECTH HH OTHON HOBOH BepLIMHbI
Y HHM OJHOTO HOBOTO pebpa, HO CBOOOAHBIX BEPLIUH y € Y NOCTHYb
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He ynaJjock. [locienHul cayyad o3Havyaet, uto M-4yepenyrOLIUXCs
uerneil B rpade GG He CyllecTBYeT.

Uepes DXUDY,rne DX C X u DY C Y, 6ynem 0603Ha4aTh
MHO2KECTBO BeplIHH rpacda G(M). MHoxecTBO pebep 3TOro rpa-
¢a onuceiBaercst matpuued DA pasmepa pg, rie p = |X|,q = |Y].
[Tpu 3ToM JMLIHHE CTPOKH M CTOJIOLB MaTpulibl DA, coOTBeT-
CTByWOlLIMe 3MeMeHTaM z € X U y € Y, He nonaBwiuM B DX u
DY, 6yfiyT UrHOpUPOBATbCS.

[Toctpoenue BcrmomoratesbHoro rpaga G(M) mnpeacraBieHO
npouenypoid Graph(M). B Heil wucmosb3yioTcsi 1Be OYEPENH.
B ouepenmu (1 XxpaHWUTCS MOCJHENIHHH TOCTPOEHHBIH (DPOHT, a
B ouepenu ()2 HAKam/JMBalOTCS BEPIUHMHBI HOBOIO, CTPOSILLIETOCS
¢poHTa. Ilpy 3TOM B OUEpenHOH (PPOHT pacHpoOCTpaHEHUS BOJIHBI
OTHOCATCS JIMLIb BepIIMHbl M3 MHOXxecTBa X, nO0 mepexon OT
Y k X onHO3HaueH, T.e. 3a OQWH LIar CTPOUM Cpasy ABa (PPOH-
Ta. Bece pocturHyTtble cBoOOIHbIE BepLIMHBl Y € Y 3aHOCATCA B
Y free. Uepes X free o603HayaeTcsi MHOXKECTBO BCeX CBOOOMHBIX
BepuinH x € X. Uepes front[v], v € X UY, o6o3HayaeTcss HOMep
¢poHTa, B KOTOPbIH MonajgaeT BeplIMHA v, NMPU ITOM MJIS BCEX
HETOMeIleHHEIX ellle B KaKOH-MM60 (DPOHT BepLIMH (B TPajHLH-
OHHOHM TEPMHHOJIOTHH HeNOMeUeHHbIX) BBIIOJHSETCS] PaBEHCTBO
front[v] = co.

1. procedure Graph(M)

2. begin

3 DX := DY := 0

4. forz € X do

5. foryeY do DA[z,y] :=0;

6 forve XUY do front[v] := oco;

7 Q1 := Q2 := Xfree:=Y free := nil;
8. forz € X do

9. it Xdouble[z] = nil then

10. begin

11. Q2 < x; X free < x;

12. DX := DX U{a}; front[z] :=0;
13. end;

14. repeat

15. Q1 = Q2; Q2 := nil;
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16. while Q1 # nil do

17. begin

18. <= Qn;

19. forycY do

20. it (Alz,y] =1) and (frontx] < front[y])
21. then

22. begin

23. DA[z,y] =1,

24. if frontly] = co then

25. begin

26. DY:=DY U{y}; z := Ydoublely];
27. frontly] := front[z] + 1;

28. it z # nil then

29. begin

30. DA[z,y] :=1;DX :== DX Uz
31 front[z] := front[y] + 1; Q2 < z;
32. end

33. else Y free < y;

34. end

39. end

36. end

37. until (Y free # nil) or (Q2 = nil);

38. end.

[TpokommeHTHpyeM paboTy npouenypel Graph(M). B cTpokax
3-5 unuumanusupyercs nycroét rpap G(M). Luka 8-12 osHa-
YaeT, uTO BCe CBOOOAHBIE BepIIMHBI x € X BKJIOUAIOTCA B rpad
G(M) u nouck B WKPHUHY HauWHAETCs ¢ HUX. B cTpoke 15 uHULK-
aJIM3UpyeTCs MocJaeHUH nocTpoeHHbIH (hpoHT. B cTpoke 16 Hauu-
HaeTCsi OCHOBHOM LMKJ MoucKa B wHpuHy. [Ipu atom mocnenHud
MOCTPOEHHBIE (DPOHT HCMOMB3yeTCsl MOMHOCThIO. B 1ukiae 19-35
aHaNU3UPYIOTCS BCe iy € Y, CMeXHble ¢ ouepeIHOH BEpILINHOH = €
€ X u ynosJerBopsiiouie ycnoBuwo frontlx] < frontly]. 3nech
BO3MOXHBI JIMIIb [BA CJAyYasi.

B nepsom cayuae front[y] = co. DTo 03HauaeT, YTO BEPIIH-
Ha y paHee He mocelasnach, BTOpod — frontly] = front[z] + 1,
T.€e. BeplIMHA Yy YyXKe [OMeyeHa, HO M3 BepIIHHBI TOTO XKe IIO-
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c/leHero moctpoeHHoro ¢poHta. B atom cayuae B rpap G(M)
HY2KHO JIMLIb 100aBUTb OOHO pebpo xy (cTpoka 23). BrimosHeHue
YCJIOBHS B CTpPOKe 28 03HAYaeT, YTO BepllUHMHA Y HacblllleHa B apo-
coyeranud M. B atom cayuae Bepuinta z = Ydouble[y] u pedpo
zy BKJouatoTesi B rpad G(M), mpudyem z BKJIOUYAETCS U B HOBBIH
¢dpouT (cTpoka 31). B mpoTHBHOM cjyyae BepiiMHA Y SIBJSETCS
cBOOGONHON W 3aHocUTcs B Y free. B crpoke 37 maHbl ycioBHs
npekpaienus moucka. Ciaydail Y free # () cBUieTeNbCTBYET, UTO
HaliieHa XoTs Obl ofHA CBOOOAHAs BEpLIMHA Y U, CJeL0BaTe/bHO,
B UCXOAHOM rpade cyuectByeT M -uepeaytomascs Lenb. [Touck
Ha 3TOM mpekpaiiaercs, U B rpad G(M) Gnaromapsi cBOHCTBam
MOKCKa B LIMPHUHY MONAaAyT Bce KpaTualiuue M -1end.

Pazbepem Temepb MeTOHL IOCTPOEHHS MaKCHMAJbHOTO IO
BKJIIOYEHHI0 MHOXKeCTBa BepLIMHHO-Hellepecekawuxcs M-yepe-
OYIOIMXCS LeNed W yBeJHYeHHs TeKyllero napocodetanus M c
MIOMOLLIBIO TTOCTPOEHHOr0 MHOXKeCTBa. ClesaTb 3TO MOXKHO CJIeLy-
oM o6pasoM. BeiGepem mpousBosibHYyI0 BepliMHy x € X free.
[TpoBemeM mouck B riyOGHHY ¢ KOpHEM B x, NoMedasi BepIUHHBI
0 TeM »Ke NpaBuJaM, KOTOpble UCIOJb30BAINCh NPH NMOCTPOEHUH
rpada G(M), ¥ npoaBHrasicb W3 BeplIHHBl © € X M0 CBETJbIM
pe6paM, a U3 BeplIMH y € Y — no TeMHbIM. [loMeueHHBIE B XOf€
MoMCKa BeplIMHBI noMmewtatoress B cTek S. Ilouck B riyOuHy H3
BEpIUMHBl x 3aBepluaercs JUOO MO NOCTHXKEHHH CBOOONHOH Bep-
wWHHE y € Y free (B 3TOM clydae CyLIeCTBYeT HCKOMas Lelb,
HauWHaloWasicsl B © U 3aKaH4YKMBalolascs B y), JHO0 TOrAa, Korna
S = nil. Ilycrora creka S o3Hauaert, uto B G(M) He cylecTBy-
eT M-uepenymolieics LeNH, HauMHAMLIeHcs B BepluuHe z. Eciu
UCKOMasl Lielb CYLIEeCTBYeT, TO [OCJe 3aBeplIeHHUs MOUCKa B S
nepBasi M TOCJENHSS BepPIIMHBl CBOOONHBI OTHOCHTenbHO M, a
BCE TMPOMEXYTOUYHBIE BepIUWHBI HachilleHbl B M. OTmernm, uTo
BepLUMHBl YepefyloTCsl — CHadasa BepluMHa u3 DX, 3ateM U3
DY u T. 1.

YBequuuTh napocouetaHve M C NOMOLIbIO HAaHAEHHOH LeNH
OY€Hb MPOCTO: CUUTHIBAEM TOMAPHO BEPIIUHHI U3 cTeKa S (mepBoi
cumrtaercs y € Y) U KOppeKTHPyeM 3HaueHHs MaccHBOB X double
u Ydouble. Ilpy 3TOM y nepBo# W mocnefHeld W3 CYMTAHHBIX Bep-
WHH y U x 3HadeHus Ydouble[y] u Xdouble|x], paBHble nil, mo-
JydyaT 3HaueHUsl COOTBETCTBYIOLIMX COCEIHUX BEpIIMH U3 S, a Y
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BCeX MPOYUX MPOU30HAET cMeHa 3HaueHWH MmaccuBoB Y double u
Xdouble ¢ opHux BepiinH Ha npyrue. CUHUTBIBAsE BEPLIMHBI U3 S,
MBI OHOBpPEMEHHO ynasjsieM nx u3 rpadpa G(M). B pesymbrare
NIpU TIOCTPOEHUHU caefyloled M -uepenyloleics LieN BHOBb HaM-
JeHHas LleMb He MepeceKaeTcsl ¢ MPeXxJe MOCTPOEHHBIMU LENsMH
no BepwnHaM. [Ipolecc mocTpoeHus Uenel BemeTcs A0 MOJHOTO
UcueprnaHus ofHOro U3 crnuckoB X free uau Y free, uem obecre-
YHMBaeTCs MAaKCHMAaJlbHOCTDb [10 BKJIOYEHHIO TOCTPOEHHOI'0 MHOXKe-
cTBa M-uepenymooumuxcs Leney.

JeTanu onucaHHOrO Mpolecca INpelCcTaB/eHbl B IMPOLEAype
Increase(M). B Heil 6e3 (opMasbHOTO OMHCAHUS HUCMOJb3YeTCs
¢yuxuus Choice(x), KoTopasi BO3BpalllaeT HE[OMeYeHHYO B X0[e
TNIOHCKa BepIIMHY y € DY, CMeXHYI0 ¢ &, eCJli Takasl CyLLecTBY-
et, # Choice(x) = nil, ecnu Bce BeplinHel U3 DY, cMexHbIE ¢ x,
yxe momedeHbl. [lepemenHas indication CHTHaJHU3HMpyeT O TOM,
JOCTUTHYTa /i cBobonHas BepiinHa y € DY, 1. e. indication = 0,
ecJii CBOOOAHAS BepLIMHA ellle He AOCTUTHYTA, U indication = 1,
€CJId IOCTUTHYTA.

1. procedure Increase(M);

2. begin

3 while (X free # 0) and (Y free # 0) do

4. begin

5. z < X free; X free := X free\ {z};

6 S :=nil; S < x; indication := 0;

7 while (S # nil) and (indication = 0) do
8. begin

9. x < S; y := Choice(x);

10. if y # nil then

11. begin

12. S < y; z:= Ydoublelyl;

13. if z # nil then S < z;

14. else

15. begin

16. indication := 1;Y free :=Y free\ {y};
17. end

18. end

19. else
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20. begin

21. z < S;DX :=DX\ {z};

22. it S # () then

23. begin

24. y < S; DY := DY \ {y};
25. end

26. end

27. end;

28. if indication = 1 then

29. while S # nil do

30. begin

31. y < S; DY .= DY \ {y};
32. z<S; DX := DX\ {z};
33. Xdouble[z] := y; Ydouble[y] := z;
34. end

35. end

36. end.

CrpykTypa 3To# mpouenypsl cienytomass. OCHOBHOH LUK 3-
35 BeleTcs 10 MOJHOTO OMYCTOIIEHHs OMHOrO U3 CIIHCKOB CBOOOM-
HeIX B X uau Y BepuuuH. Kaxkabl# mpoxon 3TOTO LIMKJA HAauKWHA-
eTcsl ¢ BblOopa MPOU3BOJIBHOTrO 3jeMeHTa x* U3 X free u mocjaeny-
IOIIEro MoMcKa B MIyOHWHY ¢ KopHeM B x (cTpoku 6-27). BaxkHo
OTMETHUTb, UTO eCJIM TeKyllas BepLIMHA & UMeeT HellOMeYeHHYIO
HACBHILIEHHYIO CMEXHYI0 C HeH BepLIMHY ¥, TO B CTeK S MoMe-
LAIOTCS Cpasy [Be BePLIMHbI: CHavana y, 3aTeM z = Y double[y]
(ctpokn 9-13). MoxHO cKas3aTh, UTO MPOMEKYTOUYHbIE BEPLIHHBI
B XOJle MOMCKA MOMeIlaTes B S MapamH.

HNMeHHO 3THM 0OCTOSITENBLCTBOM OODBSCHSIOTCS [IEHCTBUS B
cTpokax 20-25. Ec/iy BepIIMHbI MOMEILAJMH B CTeK S MapaMy, TO U
yHaJsaTh UX OTTYAA HaAo mapaMu (KpoMme camoil mepBoii). B crpo-
kax 20-25 cHayana ypansercs U3 S W U3 rpaca BeplldHa x, BCe
cocell KOTOPOH yiKe TOCEIaJUCh, a 3aTeM, €CJH = He MepBOH
nonaja B S, ynansercs Ta BeplIHHA ¥, /s KOTOPOH BBIMOJNHSETCS
paBenctBo Ydouble[y] = = (BmpoueM, Takxke CIPABENJIUBO U CO-
otHotuenue y = Xdouble[z]). B cTpoke 28 aHannsupyercsi, KaKum
UMEHHO HCXOIOM 3aBEepLUHJCS MOUCK B LIyOHHY.
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Ecnu nouck ynausbiil, T. e. indication = 1, To B uukgae 29-34
yBeJIHUKBaeTcs napocoderanue M u ypassiores u3 rpada G(M)
BCe BeplUMHBl HalaeHHOH M -yepenyouleiics Lemy.

CobepeM onucaHHblE NMPOLEAYPB B OAHWH aJrOPUTM IOCTPOE-
HUSI HauOOJIbIlIero MapocoyeTaHusi B ABYHNOJIbHOM rpade.

Aaroputm 12.1 (XonkpodTt, Kapm)

Bxon: nBymosmenblfl rpap G = (X, E,|Y), 3agaHHblil MaTpulel
All.p,1.q], roe p=|X|,q = |Y|.

Brixon: Haubosbliiee napocouetanue B rpage GG, 3ajaBaemoe Mac-
cuamu Xdouble[l..p] u Ydouble[l..q].

it Y free # 0 then Increase(M);
until Y free = 0;
end.

1. begin

2. for z € X do Xdouble[z] := nil;
3. for y € X do Ydouble[y] := nil;
4. repeat

d. Graph(M),

6.

7.

8.

Jlanum HeGobILIOH KOMMEHTApUH K 3TOMY anaroputmy. B ctpo-
Kax 2-3 cTpoutcs nycroe napocoyetanue M. Ilocse noctpoenus
BcrioMoraresibHoro rpada npoueaypoit Graph(M) ananusupyer-
cst (ycsoBue B cTpoke 6), comepxkuT qu rpad G(M) cBoGonHbie
B M BepumHbl y € Y. Eciu TakoBble HMelOTCS, TO MNPOLENy-
pa Increase(M) yBeqnunBaeT TeKyllee mapocodyeraHue (ycjoBue
B CTPOKe 7) U (hasa moBTopsieTcss. Ecn e CIUCOK NOCTUTHY-
ThIX mpouenypod Graph(M) cBoGonHbeix BeplinH y € Y mycr,
TO aJrOpPUTM 3aBepluaeT paboTy U Mo TeopeMe Bepxa Tekyluee
napoco4yeTaHue SIBJISETCS HaUOOJbLINM.

Pasz6epem pabory asroputma 12.1 Ha npoctrom mnpumepe. Ha
puc. 88a wmsobpaxkeH ucxonuwblil rpad G, a Ha puc. 88b,c¢,d —
napocoyeTaHusi, MOJyueHHble IMocje Kaxaod H3 Tpex ¢as. Ha-
MOMHUM, 4TO (Pa3od Mbl Ha3blBaeM IMPOLECC MOCTPOEHHUsT BCIOMO-
rateJibHOrO rpada M mocjefyiollee yBeJWYeHHe TEKYILero napo-
COUeTaHHs; MUHaue roBopsi, asa — 3TO OAMH MPOXOL OCHOBHOTO
uukaa 4-7 B anroputme 12.1.
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fcHo, uto BcmomoratesbHblit rpad G(M), MOCTPOeHHBIH B
nepBoil (ase, coBIanaeT C HUCXOAHBIM, MO0 BCe BEPLIMHB Yy €
€ Y sABasioTCA CBOGOAHBIMHM M HeH3onuUpoBaHHBIMH B G. Ciemno-
BaTeJbHO, BBHIMOJHAIOTCA paBeHCTBA X free = X u Y free =Y.
[penmosioxuM, 4ToO MOUCK B rybuHy B mpouenype Increase(M)
HayHeTCs C BepLIMHBl x7. Termepb BCEe 3aBUCUT OT 3HAueHHs
dyukunn Choice(xy). Tlyers yo = Choice(zy) (cnydail y; =
= Choice(x1) He Tak uHTepeceH). Torma uenb 1, x1Ys,y2 SB-
asiercsi M-uepenytoutedics u B M Gyner no6aBjaeHo pebpo x1ys.
[Iyctb crenylouiedl BepiinHOH, B3siTOH M3 crucka X free, Oblia
BepuinHa x4 U Choice(xy) = ys (UuTaTesb 3aMeTHJ, YTO Mbl
IeicTBYeM MakCHUMasbHO 3JoyMeliieHHo). Torna B M nobaBurcs
pebpo x4ys. Bosblie HU omHOU M -uepenylolleiics Lenu B Tpa-
¢de G(M) nocsie ynaneHus BepLIHH 1, T4, Y2,Yy3 HE CYLIECTBYET.
[lepBas ¢asa Ha 3TOM 3aKOHYHTCS.

Xy Xy X3 Xy X1 Xy X3 Xy
a) b)
Y1 Y Ys Yy Y1 Y Ys Yy
X X X X X X X X,
0 4 2 3 g 0 2 3 4
Y1 Y Ys Y Y1 Y Ys Yy
Puc. 88

MHrepecHO OTMETUTb, UTO BernomorarenbHbuidl rpad G(M), no-
CTPOEHHBIH BO BTOpPOH (Pa3e, B TOYHOCTH COBMALaeT C HCXOI-
HbIM. JlefCTBUTENbHO, MOUCK B LIMPUHY HAYHETCSl ¢ BEPLIMH X
¥ 3. [losHBIA pocMOTP mepBoro (hpoHTa MPUBEAET K TOMY, YTO
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B G(M) momamyT BepLIMHBI Yo U Y3, & Uepe3 HUX — BepLIHHbI
21 W T4. 3aTe€M U3 BepIUMH X1 U 4 OYLyT AOCTUTHYTHl BepLIU-
HBl Y1 ¥ y4. KoHe4HO, BO Bcromorarte ibHbIH rpad) monaayT U Bce
pebpa ncxomHoro rpada. IIpennosokumM, 4To TOWUCK B TJIyOHHY
HauHeTcsl ¢ BeplHHB T3 U Choice(xz) = y3. Torna Gyner Had-
neHa M-yepenyroliasicss Lelb C MOCJAENOBATENbHOCTBIO BEpLIHH
Z2,Ys, T4,Ys. [lapocoueTanne M yBeJUUUTCA BIOJb HaHAEHHOH
Leny cjaenymouum obpazoM. Byner ynaneno pe6po x4ys u nob6as-
JieHbl pebpa xays U x4y4. [locse ynaneHus BepIIUH X, Y3, T4, Y4
HU ogHOU M -uepenyiowuetics uenu B rpade G(M) yxe He cylue-
ctByeT. Pesynbrat BTOpO#i (ha3bl n3obpaxeH Ha puc. 88c.

Hakonel, B TpeTbell (pase MOUCK B IIMPUHY HAYHETCSH C eIUH-
CTBEHHOH cBOGOJHON BepIllUUHBI 3. BecromoraTenbHbld rpag npen-
cTaBJsieT co00H M -uepenyoLLytOCs LeMb, BKJIOYAKILYIO Bepllin-
HBl Z3,Y3,T2,Y2,T1,Yy1. YBeaudeHne M BIOJb 3TOH LENU MPH-
BOAMT K TapocoyeTaHHio, H3obpakeHHOMY Ha puc. 88d, Koropoe
SIBJISIETCS HAUOOJIBIIUM MapocoyeTaHUeM B 3aJaHHOM Tpade.

[TonyuuM Tenepb OLEHKY CJIOXKHOCTH aJroputMa Xonkpogpra—
Kapna.

Jlemma 1. [lycmve M u N — Jdsa napocouemarnus 6 08y-
doavrom epagge G = (X, E,Y) u |M| =r < s = |N|. Toeoa
cummempudeckas passocmo M @& N codepxwcum ne menee s — 1
Henepecekarowuxca no sepuuram M-uepedyrowuxca yenet.

JokasareabcTBo. Pacemorpum rpad G = (X, M & N,Y) u
0603HauuM 4epe3 G, ..., G} KOMIOHEHTH CBI3HOCTH 3TOrO Ipa-
¢a. Tlockoabky M u N SBJAAIOTCS NAPOCOYETAHHUSMH, Kaxkaas
BeplIMHa rpacga G MHLHIeHTHA He Gojee yeM OLHOMY pebpy U3
M\ N u ue 6osee uem opHomy pebpy us N \ M. Orciona cie-
IyeT, 4TO KaxJAas KOMIIOHEHTa CBS3HOCTH MMEeT OIMH H3 Tpex
CJIelyIOIUX BUJIOB:

1) u3onupoBaHHast BepLINHA;

2) UMKJ 4eTHOH AJHMHBI ¢ peGpamu nonepemenHo u3 M \ N u
N\ M;

3) uenb ¢ peGpamu nonepemerto u3 M\ N u N\ M.

O6o3Haunm uepe3 FE; MHOXecTBO pebep KOMIOHEHTH (.
[IycTth

d; = ‘EiﬂN‘ — |EiﬂM|.
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B Tex cayuasx, korga KommnoHeHTa G; uMeeT Tun 1) nau 2),
nonydyaem d; = 0. B cayuae 3) — qubo d; = —1, qubo d; = 1,
aubo d; = 0. Ilpuuem cayuait d; = 1 BO3MOXKEH TOJIbKO TOT[a,
Korjga Lenb HayuHaeTcsl pebpom 3 N M 3aKaHYMBaeTcss pebpom
u3 N, T.e. aBasercs M-uepenytoeiica. OcTaeTcs MokasaTb, 4To
d; = 1 nnig He MeHee UeM S —7 UHOEKCOB. [locTaTouHo y6enuThes,
YTO CyMMa BCeX 3HaueHWH d; He MeHblle s — 7. B mpuBoguMBIX
HV2Ke BBIYMCJEHHSX BCe CyMMbI 6epyTesi mo ¢ = 1,..., k:

> di=> (I[E;nN|—|E;nM|) =
=|N\M| - [M\N|=|N|[—[M|=s—r

W3 storo paBeHcTBa C/eflyeT, YTO B rpade UMeeTcsl He MeHee §—7
pasnuuHbIX M -depenyroLuUXcs Lenel. O

Jlemma 2. [lycmo M — napocouemarue 8 dsydoarvHom epa-
pe G u |M| =r < s, ede s — mowHocmo Haubosvuleeo na-
pocouemanus 6 G. Toeda cyuwecmeyem M -uepedyrowaaca yeno

2
"o

OauHbl, He npesocxoldsauyeli P

HoxkasareabctBo. Ilyctb N — HauGosbllee napocoveTaHHe
B G. Torma |N| = s u no semme 1 mMHOXecTBO M @& N comepKuT
He MeHee s — 7 HelepeceKaloLUXcs MO BepIiMHAM (a cJenoBa-
TesbHO, ¥ 10 pebpam) M -uepenyromunxcs ueneil. [lycts kpaTuaii-
masi U3 HUX UMeeT AMUHY 2k + 1 (HamoMHHM, 4TO AJHHA KaXKIo#
M -yepenyiomieiics Leny HedeTHa). Torna poBHO k pebep 3ToH Le-
nu npuHapiexar M. CienoBatenbHo, (s —r)k < r, Tak Kak Kax-
nasi M-yepenytoliasicsi Lelb COLEPKUT He MeHee k pebep u3s M.
W3 aToro cooTHolleHUs BbITEKAeT TpedyeMoe HEPaBEHCTBO. O

C/lenyIoWni pesy/bTaT SBJASETCS KJIOUEBBIM.

Jlemma 3. [lycmo P u P — uepedyroujuecs yenu, nocmpo-
eHHble 8 pasHulx ¢aszax areopumma Xonkpogma-Kapna, npu-
uem yenv P nocmpoena panviuie, uem yenov P. Toeda

[Pl <|P|.
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HJokasareabcTBo. J[0CTaTOYHO pPacCMOTpPeTb Cayyad, Korza
3TH (asbl HEMOCPEACTBEHHO CJEAYIOT APYT 3a npyrom. [lycte M u
N — mnapocoueTaHusi, KOTOpble OblIKM MOCTPOEHbI Tepe] HauajaoM
cooTrBeTcTByOLUX (ha3. [lycte Pi,..., P, — MakcHMaJjbHOe IO
BKJ/IIOUEHUI0 MHOXECTBO BEpPLIMHHO-HeNepeceKalIuXcs KpaTyai-
wux M -depenyomuxcs Uened, NOCTPOEHHOe aTOPUTMOM, T —
IJMHA KaXXIoH u3 3Tux ueneid. Torma P = P; [0Js HEKOTOPOTO ¢
UN=MoOP, - - F;.

Monoxum L = N @ P. TlockonbKy Lenn P; He nepecekanTces
N0 BepLIMHAM (a MOTOMYy He UMeIT 0o6LUX pebep), HMeeM

MoL=MoMaeP, &P, &P, P =

=P@®(PLUP,U---UP).

Orciona } }
|IM @ L|=|P|+kr—2|PNQ)|,

rne Q =PLUP,U---U Py.

C nmpyro#i cropoHsl, Tak kak |L| = |[M| + k + 1, MHOkecTBO
M & L comepxut He MeHee k + 1 pebepHO-HemepeceKamlIUXCs
M -uepenytontuxcs uemned (nemma 1). CiienoBatesbHo,

M & L| > (k+ 1)r,
T. €. UMeeT MeCTO HEpPaBEHCTBO
|P| 4+ kr—2|PNQ| > (k+1)r

Orciona ~ R
|P| >r+2[PNQ|

Taxk kak B anroputme Xomnkpodra—-Kapna Bribupanoch Mak-
CUMaJjibHOe MO0 BKJIOYEHHI0O MHOXKECTBO BEpLIMHHO-HelepeceKa-
JOLMXCS Lenell, Lernb P HMeer 00L1YyI0 BepLIMHY v XOTs Obl C
ofHOU u3 uened Pj,..., P;. [lockosbKy mocje Ka)KIoro YBeJH-
YeHHUs OTHOCHTEJbHO KaKOH-1nbo uepenylollelics Lenu Bce Bep-
[IWHBl [IeNHd CTAHOBSITCS HACHIIIEHHBIMH, 3Ta O0LIasi BepIIWHA v
SIBJISIETCSl HACBILIEHHOH, T.€. He MepBOM M He MOocJdefHed B Lenu
P. Toria TeMHOe OTHOCHTeJbHO N pebpo, UHLUIEHTHOE BepLItHe
v, BXOLUT B 00e Lleny, T.e. IBHQ # (). Orcrona |]3| > 7. O
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Teopema 12.4. Yucao ¢as arcopumma Xonkpogpma—-Kapna
He npesviuiaem 2|\/s] + 1, ede s — mowyHocms Haubosbuleco
napocovemanus 8 0anHoM epage.

HokasarenbcrBo. [lycte My = 0, My,..., M, — Bce mapo-
coveTanus, Fy,..., Ps_1 — Bce yepeayolllecs LeNH, 0CAe10Ba-
TeJbHO NMOCTPOEHHbIE AJTOPUTMOM, U

Mi:Mifl@Pifl,’L':].,Q,...,S.

Kaxnas uenb P; siBasieTcsl 4epenylolledcs AJs HEKOTOPOro ma-
pocouetanuss M; (j < i), KOTopoe ObLIO MOCTPOEHO Nepex Ha-
qajoM ouepenHod (a3el. [IocKOMBKY BHYTPH KaxKao# ¢asbl Lemu
He MepeceKalTcs M0 BepLIMHAaM, Lienb P; sBJAsSeTCS He TOJbKO
M;-yepenyromeiics, Ho Takxe U Mp-dyepenyroueiica 11 Bcex k
Takux, 4yT0 j < k < ¢. Eule pas oTMeTHM, YTO LeNnH, NOCTPOEHHBIE
B OfHOHM U TOH ke (pa3e, MMEIOT OAUHAKOBYIO [JIMHY, a B pas-
HBIX — pas3Hylo. Takum o6pasom, yucao (a3 B aArOPUTMe PaBHO
KOJIMUECTBY Pa3JIMUHBIX YHCEJ B T10CJIEN0BATENbHOCTH

|PO|7 RS |P871|'
[ycte 7 = |s — v/s]. Torna |M,| = r < s. HUcnonbayst sem-

My 2 ¥ HecJIOKHble apu(MeTHUeCKHe NMPeoOpa3oBaHus, MOIyuaeM
LIeNoYKy HepaBeHCTB

2 2 2
|7 < o
s—r s—r s—|s—/s]
2s
< —1=2/s—-1<2[Vs]+1.
B

7

[TockobKYy HJMHA KaxIOH LeNd HeuyeTHa, MOC/IeN0BaTe/b-
HocTh |Pyl,...,|P;| comepxkuT He Gosee |4/s| + 1 pasmuuHbIX
gnced. [TocnenoBarenbHocTs |Pryql, ..., |Ps—1| MOXeT comepxkath
He Gosee (s — 1) — r gpyrux uucesa. Kpome roro,

(s—1) —r=(s—1)—|s— 5| <
-1 —((s— V3 —1) = a.
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OKOHYATe/IbHO MOJIy4aeM, YTO B IOCJEN0BATEJNBLHOCTH UYHCE
|Poly ..., |Ps—1| umeercs He Gosee 2|+/s| + 1 pasauuHbIX HeyeT-
HBIX UKCEJI, YTO 3aBepllaeT 10Ka3aTe/bCTBO TEOPEMBI. O

Terepb Mbl MOXXEM OLEHHTb BBIYHUCJUTENBHYIO CJOKHOCTb aJl-
roputma Xonkpodra—Kapna. [as maHHOro ABYLOJBHOTO rpada
G = (X,E,Y) nongoxuMm n = max (|X|,|Y]). fcHo, uto mou-
HOCTb HauOOJbIIEro MapocoyeTaHusl He NPEBOCXOAUT Nn.

Teopema 12.5. Axeopumm Xonxpogpma-Kapna umeem
crosmerocme O(n®/?).

HoxkasareabctBo. [lo Teopeme 12.4 uncno ¢as umeer mops-
10K /m. OcTaeTcsi OUEHUTH CJ0KHOCTD BHIMOJHEHHsT KAaXI0H (ha-
3bl. B npouenype Graph(M) npocmatpuBaeTcs: Kaxjaoe pe6po He
Gosee ogHoro pasa. IIpocmoTp pebpa 03HauaeT MPOCMOTP COOT-
BETCTBYIOILET0 3J1eMEHTa MaTPHUILbl CMEXKHOCTH A, T. €. CI0KHOCTb
1ol mpouenypsl ectb O(n?). [louck B rmyOUHY, BHINONHSEMbIA B
npouenype Increase(M), umeet cnoxkuoctb O(p+ q), MOCKONBKY
UCI0Jb30BaHHBIE pebpa W BepLIMHB yaagsioTcs u3 rpada. Cie-
JOBaTe/IbHO, CJOXKHOCTb 3Toi mpouenyphl pasHa O(n?). Otciona
BBITEKAeT, UTO CJOXKHOCTh ajiroputrma Xomnkpodra—Kapna pasHa
(v/n) x O(n?), 1. e. pana O(n°/?). O

§ 12.3. 3AAAYA O NOJIHOM NAPOCOYETAHHM.
AJITOPUTM KYHA

B stom pasnene mbl GyneM paccMaTpuBaTh IBYNOJbHbIE Ipadbl
G=(X,E, Y), B KOTOPBIX MHOXKecTBa X U Y HMMeEIOT OAMHAKOBOE
yncso BepiwrH. [lyets m = |E| u n = |X| = |Y|. [1apocouera-
HHe, HACHIL[AOIlee BCe BEPLIMHBI JAHHOTO ABYHIOJbHOTO rpada,
Ha3bIBAETCSl NOAHbIM WM coBepulerHbim. 3anada, B KOTOPOH Tpe-
6yeTcsl MOCTPOUTD IOJHOE MapocoyeTaHHe, eCau OHO CYLIEeCTBYET,
HasblBaeTcsl 3adaueli O NOAHOM NAPOCOYeMmAaHUL.

Kputepuii cyliecTBoBaHHS TOJHOTO MapoCOYeTaHHUsl NaeT HaM
cnencteue 3 us § 4.11.

Teopema 12.6 (Xoam, 1935). B dsydosvrom epagpe G =
= (X,E)Y) noanoe napocouemarnue -cyuiecmsyem mozoa
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u moavko moeda, xKoeda 0aa arwbozo S C X cnpasediuso
HepaseHcmeso
IS| < |E(S)],

ede E(S) obosnauaem muoxnecmso ecex sepuiun us Y, cmeinr-
HbLX C HeKOmopbulMU eepuiunamu us S.

C TOUKM 3peHHs TIOCTPOEHHS aJTOPUTMOB LIEHHOCTb 3TOH Teo-
peMbl HeBeJMKa. B caMoM fiesie, /st TPOBEPKU BBITIOJIHEHHS YCJIO-
BHSI CYLLECTBOBAHUS MOJHOIO MAPOCOUETAHUS TPeOyeTCs IPOCMOT-
peTb 2" MOAMHOXKeCTB MHoxecTBa X. Dosee Toro, maxe ecau
YCJIOBHSl BBINOJIHSAIOTCS, TeOpeMa He JaeT HUKaKOro MeTona Io-
CTPOeHHsI TIONIHOTO MapocoyeTaHus. TeM He MeHee 3Ta Teopema
6biBaeT 3a4acTyio MOJIE3HOH B PA3JWYHBIX BONPOCAX TEOPHH Tpa-
(OB H, KPOMe TOTro, NIPeACTaBASgeT CaMOCTOATe/bHBIA HHTepec.

OnHUM U3 BO3MOXKHBIX METOIOB pELUeHHs 3afaud O IOJHOM
napocoyeTaHUU Oblo Obl MpHMeHeHHe ajropuTMa XomkpodTa-—
Kapna u BbliesneHue HauGosplero napocouetanus. Ecau ato na-
pocoueTaHue COCTOUT U3 . pebep, TO OHO SIBJSETCS MOJHBIM, a ec-
JIM HauboJiblllee apoCOYeTaHNe UMEET MeHbllle yeM n pebep, TO B
JIaHHOM rpade MOJHOTO MapocoUeTaHHUs! He cyllecTByeT. [JIaBHBIM
HeJOCTAaTKOM TaKOro MeToia SIBJSIETCS TO, UTO B CJIydae OTCYT-
CTBHS TOJIHOT'O NTapOCOYeTaHUs Mbl y3HaeM 00 3TOM TOJIbKO IoCJje
3aBeplLUeHUs] padOThl aJropuUTMa.

PaccMmoTpuM Temepb a/lrOpUTM, KOTOpPBHIM 3aBepluaeT padoTy
JUOO0 MOCTPOEHUEM MOJHOTO MapoCoYeTaHus, MO0 B TOT MOMEHT
(a2 OH MOXKeT HACTYMHThb AOCTAaTOYHO PaHO), KOTAA CTaHET SICHO,
YTO MOJIHOTO NapOoCOYeTaHHUs He CYLIeCTBYeT. DTOT aJrOpPUTM CO-
CTaBJISIET CYLLECTBEHHYIO YacTb MeTona, padpaboraHHoro KyHoM B
1955 rony nsis pelieHusi 6oJee obulel 3agayu — 3a4a4y O Ha3Ha-
yeHussX. KyH Ha3Bas CBOH MeTON BEHTEPCKHUM alropuTMoM. Aji-
TOPUTM IMOCTPOEHHUS TOJHOTO NapocovyeTaHHsi, KOTOPEIH Mbl 31€Ch
pasbepeM, OyneM HasblBaTh aaroputMom KyHa.

Hedopmanbao anroputm KyHa MOXHO H3J0XKHTb CJIELYIOLINM
00pasoMm:

1) mycToe mapocoyetaHue O0OBSBUTb TEKYIIUM MapOCOYETaHHU-
em M;

2) ecnu Bce BepiuuHbl U3 X Hackiensl B M, to CTOIT (M —
MOJIHOE MapOCOUETaHHUE);
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3) uHaue BBHIOPATH MPOU3BOJbHYIO CBOGOAHYIO BepIIHHY = € X
U HcKaTb M -uepefyIollylocs LleNb, HAYMHAIOLLYIOCS B &;

4) ecsiu Takasi uenb P HaiifeHa, TO MoJoxuTb M = M & P u
BEPHYThCS Ha Lar 2;

5) unaye CTOII (mosiHoro mapocoyeTaHusi B 3aaHHOM rpade
He CYIECTBYET).

Pas6epem usnokeHHBI anroputm mnoapobHee. [lasi moncka
M -uepenyoleiicss eI MOXKHO UCMOJNb30BaTb KakK MOUCK B TJIy-
O6UHY, TaK U MMOUCK B MUPHUHY. B nanHOM ciyuae ynobHee UCIIOJMb-
30BaTh NOUCK B IyOuHY. [IpaBusa moucka Te ke camble, UTO U
B aJIrOPUTMax IOCTPOeHUsl HauboJbliero napocoyeranus Popua—
®Panxkepcona uau Xonkpopra-Kapna. Onsite nepexon U3 BepLIMH
x € X K BeplIMHAM y € Y OCYILECTBJISETCS 110 CBETJBIM OTHOCH-
TeJbHO TEKYILEero napocoueTanus peépam, aorycY kz € X —
0 TEMHBIM.

Kax Bcerna, BO3MOXHBI [Ba UCXO0fla TOUCKA: JUOO OymeT Hal-
JleHa cBobonHas BeplIMHa y € Y, T.e. HalneHa M -uepenyrolascs
Lemnb, 160 yepenyolelics Lenu, ¢ Ha4aJaoM B KODHEBOH BepLIHHe
TIOHCKa He CYILLeCTBYeT.

B nepBom ciyuae meHCTBUS CTaHAAPTHBI. YBeJUYUBaeM Te-
Kyllee MapocoyeTaHue C MOMOLILbIO HaHAEHHOH LeNH U HauhHaeM
BHOBb UCKaTb M -4yepefyIOIyOCs LeNb U3 APYroid CBOOOAHON Bep-
IIHHBI, €CJIH TAKOBasi CYLIECTBYET.

BTopoit Bo3aMOXKHEIH HcXof moucka HHTepecHee. CoGCTBEHHO,
UMEHHO 3TOT cJy4yall U sB/seTCs MU3IOMHUHKOH MpeaaraeMoro aj-
roputMa. [lycTe mouck B TyOMHY HauWHAJCA C BEPLIMHBl T U
M -yepenyouiasics Uenb He Oblya HalneHa. Torna fepeBo MOMCKa
BBITJIIAUT CjefyoomuM obpa3oM. BepuinHa x HaxoauTcs B KOpHe
IepeBa noucka. Bce BepIinHEl, ypoBeHb KOTOPBIX B IepeBe TOKUCKA
€CTb UMCJIO HeYeTHOe, IPUHAMJIEXKAT Y, a BCe BEPLUMHbI C YETHBIM
ypoBHeM — X, MpHueM Bce BEpIUHHb IepeBa 32 MCKJIIYEHHEM &
HacelleHsl B M. Kpome Toro, peGpa, HCXOAslIMe M3 BEPLIHH C
He4yeTHbIM YPOBHEM, COOTBETCTBYIOT pedpaM napocoyetanus M, a
Bce mpouyne — pebpam, He BxomsimwuM B M. Takoe nmepeBo uacto
Ha3bIBAIOT 8EHEePCKUM WU 4epedyroujumcs 1epeBoM.

Ha puc. 89 nan npumep rpacda u mapocodyetaHusi B HeM, a Tak-
JKe JepeBO TOHCKAa B TyOWHY W3 BEpIUHHBl z4. Ha 3TOM pHUCYH-
Ke pebpa rmapocoueTaHHss U COOTBETCTBYIOLIHE AYTH H300paKeHbl
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YTOJIIEHHBIMH JIHHUAMH. Yucna B ckobKax, NpoCTaBJIEHHbIE DS~
OOM C BeplIMHaMH, COOTBETCTBYIOT TOMY MOPAAKY, B KOTOPOM OHH
npocMaTpuBaJNMUCh B XONe IOHUCKaA.

a)
Xy Y1
Xy Ys
X3 Ys
Xy Ya
X5 Ys
e Ys

Puc. 89

O603Ha4unM yepe3 S MHOKECTBO BCeX BEPLIMH JepeBa MOUCKA,
ypoBeHb k KOTOPBEIX siBJsieTCs 4YeTHBIM yucaoM. Torma S C X.
[Tycts E(S) — MHOXeCTBO BceX y € Y, CMeXHBIX C BepIIHHA-
mu u3 S. [Tokaxkem, uto Bce BepiunHbl F(S) monagaioT B IepeBo
noucka. [lycte § € E(S). Ecan BepuinHa § cMeXxHa C KOpHe-
BOI BepLIMHOH NOMCKa x, TO COeAMHsIOLIee UX peOpo fBJsSeTCs
CBeTJIbIM, TaK KaK  — CBOOOIHAs BepliMHA. Torga mno mpaBuJIam
MOHCKa BepIlUMHA § HelmpeMeHHO OyHeT MoMeyeHa H, CJeN0BaTe/b-
HO, § BXOOMUT B JepeBO Noucka. Ecju § cMexHa ¢ HacblLleHHOH
BepIIMHON Z € S, To T nomnajaeT B JepeBO MOMCKA TOJbKO IMO-
cJle TOro, Kak Tyla MoNnafieT CMeXKHas ¢ Hell Mo TeMHOMY pebpy
BepuinHa y*. Ilockonbky M — mapocouyeTaHue, uMeeM § = y*.
Orcrofa BbiTEeKaeT, 4To § Oblja MOMedyeHa paHblie ueM x. Tem
caMBIM TIpoBepeHo, uTo E(S) comep:KuTes B epeBe MOHUCKA.

[Tycts k HeuerHo. Torma W3 KaKIOH BeplIMHBl y YPOBHS k
B JlepeBe MOMCKa MCXOAHUT POBHO ofiHa ayra. CjlenoBartesibHO, ec-
JU 4UC/I0 Kk HEeueTHO, TO KOJMYeCTBO BepILIMH, UMEILIUX Yypo-
BeHb k, PaBHO KOJMYeCTBY BepLIMH ypoBHS k + 1. VI3 mpuBenen-
HBIX paccyXieHui# caenyert, 4ro |S| = |E(S)| + 1, Tak Kak Kop-
HeBas BepLIMHA [OHCKA sBJSeTCS «IuIIHel». OTciona mojydaem
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|S| > |E(S)|, cnenoBaresbHo, rpad G He MMeET MOJHOTO Mapoco-
YyeTaHUs B CUJY TeopeMbl XoJlia.

[TpoBeneHHBIH aHa/NH3 TOKA3bIBAET, UTO, OCYLLECTBJSS MOUCK
B TyOWHY, Mbl HaXOAWMCsSl B OeCrpoUTrphIIHON cuTyauuu. JIubo
TOMCK 3aBEPLIMTCS HAaXOXKJAEHHeM uepeaylollelics Lenu, U TOraa
TeKylllee MapocoYeTaHHe MOXKHO yBEJIWYHTb, JHUOO Takas Lerb He
Oy#eT HaliieHa, U TOTAA MOXKHO OCTAaHOBHUTb PaboTy ajroputMa,
160 TIOJHOrO MapocoyeTaHUs HE CYLIECTBYET.

[Ipu opmMasbHON 3amMUCH 3TOTO AJrOPUTMA MPEeAroJaraercs,
yro nBymoabHbH rpap G = (X, E,Y) 3agan marpuueil cMex-
Hoctu A[l..n, 1..n]. Tekyiuee napocouyeTaHue OMUCHIBAETCS ABYMsI
MmaccuBamMu Xdouble u Y double nnuHbl n Kaxablid. HanmomauM,
uro Xdouble[z] =y, ecain x codyeraercs ¢ y, u X double[z] = nil,
ecau x — CcBOOOIHAS BepLIMHA OTHOCHTEJbHO MapocodyeTaHus M.
Maccus Y double onpenensieTcsi aHaJOTUYHO.

Crpykrypa anroputma Kyna cienyiomasi. Uepes T o603Ha-
YaeTcsi MHOXKECTBO CBOOONHBIX BEPLIMH OTHOCHTEJBbHO TEKYILEro
napocouetanus. Yepes Start(T) o6o3HauaeTcsi (QyHKUHS, KOTO-
past BO3BpalllaeT AJIs1 HEMYCTOr0 MHOXkKecTBa I’ IPOU3BOJIBHBIN 3Jle-
MeHT. B cTpokax 3-4 uHMUMAMU3HpPyeTCs MYCTOEe MapocovyeTaHHe.
B crtpokax 6-21 ocyuiectBasieTcss mMouck B ray6uHY U3 cBO6GOX-
HOH BepUIMHBl . DTH CTPOKU SIBJSIOTCS IMOUTH TOUHOH KOMHEH
aHAaJIOTMYHBIX CTPOK B mpouenype Increase(M) u3 npenblayLiero
pasnena. BHoBb ucmosb3yercs mepemeHHas indication, KoTopas
paBHa HyJI0, ecld CBOOOAHAs BeplIMHA y € Y elle He BCTpeTH-
Jlacb, U CTAaHOBUTCS paBHOH eNUHHIE, KAaK TOJbKO HOCTHUTAETCS
Kakas-HuOynb cBoGOIHAs BepIIHHA Yy € Y.

Oyuxkuus Choice(r) BO3BpallaeT IPOU3BOJIbHYIO CMEXHYIO C
2 BEpIIMHY y € Y, He TOCeIlaBLIyIoCs B X0le MOMCKA W3 BepLId-
Hol . Ecu tako#i BepuinHbl HetT, To Choice(x) = nil. OT™MeTHM,
YTO NMPH NPOrpaMMHOH peasu3alMU 3TOH (PYHKUUU He O0OOHUTHUCH
6e3 nepeMeHHOH, yKasblBawllel Ha TO, [ocellanach UM HeT JaH-
Hasl BEpUIMHA.

Crpoku 6-21 nokasblBaioT, 4YTO B CTeK S BepLIMHBI NOMella-
foTcs napaMy. Mcrnonb3oBaHHbBIE B XO[e TMOMCKA BEPIIWHBI yaaJs-
torest u3 S Toxe napamu (ctpoku 18-19). Crpoka 14 nokassiBaert,
YTO Cpasy IO NOCTHUXKEHHH CBOOONHON BEpILHHBE, T.e. TAKOH Bep-
WHHBL Yy, A5 KoTopod Ydouble[y] = nil, nepemenHas indication
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cTaHOBUTCs paBHOU enuuuue. [Tocse atoro (ycioBue B cTpoke 7)
TpoLlecC MOUCKA U3 BEPLIMHBI & CPa3y OCTAHOBUTCS.

[Tocsie 3aBepilieHUsT MOMCKA B CTPOKe 22 aHaNU3UPYeTCs, UeM
UMEHHO 3aKOHUHJICS TMOUCK M3 JAHHOH BepliuHbl. B ToM ciyuae,
KOTZla MOMCK 3aBepIlUMJICs AOCTHXKEHHeM CBOOONHON BepIUHHBI, B
CTpokax 23-27 TPOUCXOAWUT yBeJHYeHHe TeKYIIEero rnapocouera-
Hus. B cTpoke 28 mpuBelneHbl IBa BO3MOXKHBIX HCXOda paGOThI
ajroputma 12.2.

[TonsitHo, 4to ycnoBue T = () o3Ha4aer, YTO BCe BEPUIMHBI
MHOXecTBa X HacCbIleHBI, T. €. TeKYIlllee MapocoUeTaHue sBJSeTCs
NoJHBIM. ECJi 2Ke TIOHCK M3 KaKoi-1HG0 BepLIMHBI He 3aBepPLINJICS
HaxXOxJeHHeM CBOOOAHOH BEPIIWHBI Y, T.€. 0 OKOHYAHHUH MOHUCKA
UMeeM paBeHCTBO indication = (), TO epBoOe YCJIOBHE B CTpPOKe 28
obecreunBaeT OCTAHOBKY aJrOpUTMa. JTOT BapUaHT OKOHUYAHHUs
paboThl aAroOpuTMa TOBOPHT O TOM, YTO IOJHOTO NapoCoueTaHHs
He CyLIeCTBYeT.

Aaroputrm 12.2 Kyn

Bxon: mBynmosbHbi# rpad G = (X, E,Y), 3agaHHbliél MaTpuiel
All.n,1..n], tne n = | X| =Y.

Beixon: mosHoe mapocodeTaHue, 3agaBaemoe mMaccuBamu X double
u Ydouble, nubo cooblieHre 0 TOM, YTO TaKOr'0 MapocoyeTaHUsi
He CYLIEeCTBYeT.

1 begin

2 T:=X,;

3 for z € X do Xdouble[z] := nil;

4. for y €Y do Ydouble[y] := nil;

S. repeat

6 S :=nil; x := Start(T); S < z; indication := 0,
7 while (S # nil) and (indication = 0) do

8

. begin
9. z < S; y := Choice(x);
10. if y # nil then
11. begin
12. S < y; z := Ydoublely];
13. if z # nil then S < z;
14. else indication = 1;

15. end
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16. else

17. begin

18. <= S

19. if S$#( then <« S,

20. end

21. end;

22. if indication = 1 then

23. while S # nil do

24. begin

25. r<=Sy< S, T:=T\{z}
26. Xdouble[z] := y; Ydoublely] := ;
27. end

28. until (indication = 0) or (T = 0);
29. end.

Tak Kak Mouck B IIyOMHY M3 3aaHHON BEPLIMHbBI KMEET CJI0XK-
HocTh O(n?) W ocHOBHOH LuKA 5-28 anroputMa 12.2 BeIONHSET-
cs1 He Goslee n pas, ClpaBenJInBa

Teopema 12.7. Ancopumm Kyna umeem caoxcrocmo O(n?).

Bepuemcs k rpady, nzobpaxkenHomy Ha puc. 89a. Ilapocoue-
TaHHe, H300paxKeHHOe Ha HeM, MOTJIO ObITb MOJYYEeHO B IMPOLECCE
paboTbl anroputma 12.2 cienyromwum obpasom. [lycts nepBoiii pas
¢yHkuus Start Boi6pasa BepIIMHY x5. Torga MOMCK B INIyOHHY ¢
KOPHEM X5 Cpa3y Ke HaXOOUT CBOOOIHYIO BEpPLIMHY Y4 U AJS Te-
Kyiiero napocoyeranus M umeeM M = {z5y4}. [IycTb Ha BTOpOM
mare MOWCK BeJICSl U3 BEPLIMHBI To. Torga AJjs HOBOTO Mapocoye-
tanuss M umeeM M = {x5ys,x2y2}. IlycTh Ha TpeTbeMm Liare
TIOMCK BeJICS M3 BepIIMHBl x3 WU OblIa HaligeHa cBOOOAHAS Bep-
IIKMHA Y. Toroa K TeKylleMy NapocoyeTaHHI0 N06aBUJIOCH pedpo
x3y1. [lpennonoxumM, 4To B 4eTBEPTOH HTepaLUMH MOHUCK HayHeT-
csl ¢ BepUIMHBI x1. Torna OyzneT HadneHa cBoOOIHAS BepIWHA Y3,
NPH 3TOM CTeK S Tocje 3aBepIlleHNs MOHWCKA BKJI0YaeT BEPLIMHBI
x1,Y1,%3,y3. B pesynbraTe n3 napocodyetaHuss M OymeT ynaseHo
pebpo x3y; ¥ OynyT nobaBJjeHbl ABa pebpa T1y1 U T3ys.

JlanbHeHWH MOMCK W3 BepIUMHBl X4, KOTOPbIH HE HAXOAHUT
cBOOOMHON BepILMHB y € Y, HAMM yXKe paccMmatpuBajcs. B pe-
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3yJbTaTe padoTa anroputma OyleT 3aBeplleHa, TaK Kak IMOJHOTOo
napocoyeTaHusi B JaHHOM rpacge He cyliectByeT. OTMeTHUM, 4TO
BepIUMHA X NPU paboTe aJropuTMa Aaxke He paccMaTpHBasach.

3aBepiuasi 06Ccyx)aeHre aaroputma KyHa, oTMeTHM, UTO OH MO-
JKeT ObITb peasii30BaH U Ha OCHOBe MOMCKAa B LIMpHHY. Bce npuH-
[UNHaJbHble MOMEHTBl TIOCTPOEHHS aJropuTMa MpH TaKOH 3aMeHe
COXPaHSIOTCS.

§ 12.4. 3AJAYA O HA3HAYEHMSX.
BEHFEPCKMM AJITOPUTM

[lycts G = (X, F,c¢,Y) — B3BelleHHbIH ABYNOJbHBIH rpad,
|X| = |Y| = n. Hanomuuwm, 4yto secom napocouemarnus M Hazbl-
BaeTCsl CyMMa BecoB ero pebep.

3adaua 0 HA3HAUEHUAX COCTOUT B CJeNYIOLIeM: B 3aJaHHOM
IBYIOJbHOM B3BelIEHHOM rpage HaWTH MOJHOe MapocouyeTaHHe
MHHHUMaJIbHOTO Beca.

PaccmarpuBas 3ty 3amady, Mbl 6ynem MpenmnoJaraTb, 4To 3a-
IaHHBIU rpag fBJASETCS MOJHBIM, T. €. JIoOble IBe BepHHb © € X
Uy €Y coenuHeHbl pe6poM. DTO NpeIooKeHHe He OTpaHHYHBa-
eT OOIIHOCTH, UOO0 JI0OYI0 Napy HeCMEeXHbIX BepPIIUH T U Y MOXHO
CUUTATb COeJIMHEHHOH pe6poM Beca, GOJblIEro CyMMbl BECOB BCeX
UCXOAIHBIX pebep rpaga.

[TonHoe mnapocoyeTaHue MHUHHMAaJbHOIO Beca Ha30BeM [
KPAaTKOCTH ONMUMAAbHbIM NAPOCOUEMAHUEM.

Jlemma 1. Ecau seca scex pebep epaga, uHUUOeHMHbLX
KaKkot-Aubo sepuiure, yseiuuums (Ymenbuiums) Ha 0OHO U MO
KHee HUCA0, MO 8CAKOE ONMUMALbHOE Napocouemanue 8 epage c
HOBbIMIL BeCAMU BASEMCS ONMUMANLHOIM U 8 epaghe ¢ Ucxo0-
HblMU 8ecamu.

CripaBe[IMBOCTb JIeMMEl | HEMENJIEHHO CJIefyeT U3 TOrO, 4TO
I/ KaXKAOH BepILWHBI MOJHOE MapoCOueTaHHe COLEPKUT POBHO
oflHO pebpo, HHLUAEHTHOE 3TOH BepLIHHE.

B wacTHocTH, 3Ta JeMMa I03BOJISIET pacCMaTpuBaTh TOJBKO
Takve rpadsl, Beca pebep KOTOPBIX HeOTpHULIATesNbHBI. [lefcTBH-
TeJIbHO, MyCThb ¢ — MHHUMYM BecoB pebep maHHoro rpacda. Ecau
a < 0, To yBeqIM4MM Bec Kaxkjaoro pe6pa Ha —a. Torma Beca Bcex
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pebep CTaHyT HEOTPULATEJbHBIMH, a2 MHOMKECTBO OINTHMAaJbHBIX
NapocoyeTaHUH He U3MEHUTCH.

Bosiee Toro, MoxXHO paccMaTpHBaTh TOJbKO Te rpadbl, Y KOTO-
PBIX KaXX10H BeplIMHe HHIMAEHTHO X0Ts Obl OfHO PeOpo Hy/neBOro
Beca. JleficTBUTE/BHO, HOCTATOYHO AJIA KaKIOH BEPIIMHBI U3 Be-
COB BCeX MHUMIEHTHBHIX el pefep BbUECTh MUHUMAJbHBEIH U3 HHUX.

[Tycrb X' € X, Y C Y u d — Hekotopoe uucjo. Bymem
TOBOPHUTb, uTo K rpady G = (X, E, ¢, Y) npuMeHeHa onepauus
(X',d,Y"), ecin cHavasa M3 Beca KaXkaoro pebpa, HHLUAEHTHOTO
BepiirHe U3 X', BbIUTEHO d, a 3aTeM K BeCy KaxKaoro pe6pa, HH-
[UIeHTHOro BepinnHe U3 Y/, npubasieno d. Ciaenaywomui npocTo
pe3yJbTaT UrpaeT BaxKHYIO POJb.

Jlemma 2. [Tycmo G = (X, E,¢,Y) — dsydoavholii 836euier-
Holli epag ¢ neompuyamenvroimu secamu, X' C XY CY u
d = min{c(z,y)|lz € X',y € Y\Y'}. Ecau k epagpy G npume-
Hums onepayuio (X', d,Y"), mo:

1) seca scex pebep G ocmanymcs HEOMPULAMENLHbIMU;

2) geca pebep suda xy, ede x € X', ye Y uauw x € X \ X/,
y € Y\Y', ne usmensmes.

HoxkasareabctBo. Bynem cuuratsh, uto rpad G 3amaH KBai-
paTHOH MaTpuuei BecoB A mopsinka n, B KoTopo#d Alx,y] =
= ¢(x,y). He orpanuuuBasi 0GLIHOCTH, MOXKHO CYMTATh, 4yTO X'
COCTOMT M3 MEPBBIX ¢ 3/1€MEHTOB MHOXKecTBa X, a Y/ — u3 mep-
BbIX h 37eMeHTOB MHOXecTBa Y. Torna, oueBUIHO, YUCJIO d paBHO
MHUHHUMaJbHOMY 3JIEMEHTY M3 4YHMCJa TeX 3JeMEHTOB MaTpHLbl A,
KOTOpBIe CTOSAT B MEPBBIX ¢ CTPOKAX U B MOCJeNHHX 1 — h cTON6-
ax. YMeHbllIeHHe Ha 4UcI0 d BecoB BcexX pebep, WHLUHMAEHTHBIX
IaHHO# BepuinHe x € X', 03HayaeT BblUMTAaHHE uHcaa d U3 BCeX
3JIEMEHTOB COOTBETCTBYIOLIEH CTPOKH MAaTpUlbl A, a yBeJHYeHHe
Ha d BecoB Bcex pefep, MHLMAEHTHBIX NaHHOW BeplinHe y € Y,
03HayaeT NpHubaB/eHHe Ynca d KO BCeM 3/1eMeHTaM COOTBETCTBY-
1oliero crojbua MaTpuubl A.

CxemaruuHo onepauuio (X' d,Y’) u3o00pasum ¢ MOMOLLbIO
tabJ. 1. DneMeHTH MaTpulbl A, HaxoAsllecs B ob6aacTy I, BHaua-
Jie YMeHbIIaloTCsl Ha d, a 3aTeM yBeJHYMBAIOTCS Ha TO XKe camoe
yucao d. B pesynbraTe 3TH 3/€MeHTH He MEHSIOTCS, T.e. He Me-
HsifoTcs Beca pebep Bupa xy, rae ¢ € X' nuy € Y'. Bee anemeHTHI
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u3 obaactu Il ocTaHyTcss HeoTpulaTeJNbHBIMH, MO0 d He MpeBoC-
XOOUT KaxKJ0ro U3 HUX. deMeHThl obnacTu Il Boobiie HUKAK He
MEHSIIOTCS, T. €. He MeHsI0TCs Beca pebep Buna xy, rae «© € X \ X’
uy €Y \Y' B oGnactu IV anemeHTH yBesnnuarcs Ha 4uco d.

B pesynbraTe OHM OCTaHYTCSl HEOTpPHLATEbHBIMH. O
14 Y\Y’
X' I II —d

X\X' | IV4d | 1I

Crenyrowuii BCOMOraTesbHBIE Pe3ysbTaT COBEPIIEHHO Ode-
BHJIEH.

Jlemma 3. Ecau seca scex pebep epagha neompuyamenvHol
U HEeKomopoe noAHOe napocoyemarue cocmoum u3 pebep Hyie-
8020 8eca, MO OHO ABAAEMCS ONMUMALLHLIM.

Tpu copmysnupoBaHHBIE JieMMBbl T03BOJISIIOT pa3padoTath aJj-
TOPUTM TOCTPOEHHUS MOJHOIO NapoCoUeTaHUs] MUHUMAbHOIO Beca
B ITIOJIHOM [IBYHOJIbHOM B3BEILEHHOM rpade. ITOT aropuTM Obli1
npenJsoxeH KyHOM U HasBaH UM B8eHeepCKUM ANSOPUMMOM.

CrauaJsia npuBenieM He(opMasbHOE OINHCAHHE BEHTEPCKOro al-
ropuTMa:

1) nmpeo6pasoBaTh Beca peGep maHHOTO rpada TakuM 06pasom,
4yTOOBI Beca Bcex pefep cTalM HEOTPULATEJNbHBIMU U Kax 10N Bep-
IIMHEe CTaJ0 MHLUIEHTHO XOTS Obl OfHO pedpo HYJIEBOro Beca;

2) mycToe mapocoyetaHue O0OBSBUTb TEKYIIHM MapoCOYeTaHU-
em M;

3) ecau B rpade BCe BEpIIMHBI HACHILIEHBI OTHOCHTENBHO Te-
kyutero napocoyeranust, To CTOII (tekyiee mapocoyeraHue ori-
THMAaJIbHO);

4) unaue BHIOpaTb MPOU3BOJBHYIO CBOOONHYIO BEpIIMHY & €
€ X u uckarp M-depenymouyiocs Lenb, KOTopas HadyHHAaeTCs B
BepIUMHEe & U COCTOUT TOJbKO U3 pebep HyJNeBOro Beca;

5) ecsiu Takas 1enb P moctpoeHa, To monoxute M = M & P
¥ BEPHYThCS Ha LIar 3;
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6) uHaue asisi MHOxKecTBa BepmiH X' C X u Y/ C Y, no-
MeUeHHBIX B XOe MOHCKa (3TO BepLIMHBI BEHTePCKOro HepeBa),
nonoxuth d = min{c(z,y)|lr € X',y € Y\ Y'} u npumeHnts K
rpady omepaunio (X', d,Y");

7) u3 Tex BepwwMH © € X', KOTOPBIM CTaN0 MHLUHKIEHTHO XOTS
Obl OfHO pebpo HYJ/eBOro Beca, BO30OHOBUTb NOMUCK M -uepeny-
IOLIeHCs LENH, UCTIOMb3Ys TOJMbKO peGpa HY/IEeBOTO Beca; ecJiH Ta-
Kasi uenbp P OyneTr mocTtpoeHa, To mojoXxutb M = M @& P u
BEpPHYThbCS Ha IIAr 3, HHaue — BepPHYTbCs Ha war 6 (MHOXKeCTBa
X' nY' npu 3TOM yBesnuuarcs).

O6ocHyeM Tenepb KOPPEKTHOCTb aJrOPUTMA.

JlokazkeM, 4TO KaxKIbli MOUCK U3 ouepefHOH CBOGONHON Bep-
IWKHBl ¢ € X 3aBepLIUTCS B KOHIle KOHLOB MOCTpoeHHeM M -ue-
penylollelics enu, KoTopasi HauMHAeTCsl B BHIOPAHHOH BeplIHHE
Z W COCTOMUT TOJBKO M3 pebGep HYJIEBOrO Beca.

[IycTtb BHIMOSHEHHWe 1ara 4 He NpHBEJO K 3TOH Lesau. Pasbe-
peM nonpoGHee BhINOJHeHHe waroB 5, 6 u 7. TlockosbKy MOMCK
BelleTcsl 10 pebpam HYJEBOTO Beca, Kaxpaoe pe6po BUIA xy, TIe
x €X' nyeY\Y’, umeer Bec Gosblie HyJIs, TaK KaK BCE 3TH
pebpa SBJASIOTCS CBETJBIMH OTHOCUTEJbHO TEKYIIero napocoyera-
Husi. [losromy d > 0. Torma, o4eBnmgHO, TpUMEHEHHe OMepaluu
(X’,d,Y’) npuBOZMT K TOMY, 4TO XOTsl Obl y ONHOH BEpPLIHHBI
x* € X' nosiBUTCSA MHUHUIEHTHOE eil peOpo HY/NeBOro Beca , cie-
JI0BaTeJIbHO, NPH BHIMIOJHEHHH 1ara 7 MHOXKeCTBO Y/ yBesruuTCs
X0Tsl Obl Ha OfHY BepliMHYy. Bosiee Toro, npumeHeHue omnepauuu
(X',d,Y’) B cuny JieMMbl 2 He MeHsieT BeCOB pebep [IepeBa Mouc-
Ka, TaK KakK OHW HMMelT BUI zy, rme © € X' uy € Y/, u He
MeHsieT BecOB pebep TEKYIIEro MapoCOueTaHHs, He MONABIIUX B
IIEPEBO TOKMCKA, MOCKOJMbKY OHHM MMeIOT BUI xy, rie x € X \ X' u
yeY\Y"

Takum 06pa3oM, BEITIOJIHEHHeE 11ara 6 He MeHsieT HyJeBble 3Ha-
YyeHUs BecOB pebep TeKyILEro mapocoueTaHus U B rpage nossis-
10TCs HOBBle pebpa HysneBoro Beca. [10CKO/MbKY TIpH BBIMOJHEHHU
mara 6 MHOXKeCTBO Y’ yBeJMUMBAETCS, HTOT IIAT HE MOXKET BbI-
MOJHSIThCS 0OJiee n pa3 M, CJAeNOBaTeJbHO, Ha HEKOTOPOM BBI-
NoJHeHUU 1iara 7 OyIeT NOCTUTHYTa CcBOOONHAs BepIIMHA Yy €
€ Y, 1.e. He OoJiee yeM 4Yepe3 n HUTepauud OyneT MOCTpOeHa
M -yepenyiolascs Lelb.
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[TockosnbKy MOWCK Bcerna BeleTcsl Mo peOpaM HYJIEBOTO Beca,
KaXKJ0e TeKylllee MapocoueTaHhe HMeeT HyJeBoH Bec. [losTomy
aJrOpPUTM 3aBepLIMT paboTy MOCTPOEHHEeM IOJIHOTO Mapocovera-
HUSI HYJIEBOTO Beca, KOTOPOe B CHJy JieMMbl 3 OYAeT ONTHMAaJb-
HbIM. OTMeTI/IM, 4YTO B aJITOPUTME HCIIOJb3YIOTCA Te€ 2Ke IpaBU-
Jla TIOMCKa, UTO U B ajroputme KyHa U3 mpenblayliero pasjesa:
nepexol OT BEpPLIMH MHOXecTBa X K BeplIMHAM MHOXeCTBa Y
OCYILI1eCTBJISETCS 110 CBETJbIM pebpaM, a oT Y K X — 10 TeMHbIM
pebpam.

[lepeitnem Temepb K (OpMaH30BaHHOMY H3J0KEHHIO BEHIrep-
CKOro aJroputMa. byaem cuuTaTh, YTO MOJHBIHA 1BYLOJbHbIN B3Be-
weHHb# rpap G = (X, E,¢,Y), tne |X| = |Y| = n, 3anaercs
MaTpuuell BecoB A, B KoTopoil Az, y] = c(z,y) nis mobex x €
eXunyeY.

Kaxk u paHblie, Tekyllee napocoyeranve M OyneM ONUCHIBATb
nByMst MaccuBamu X double u Y double. TlockonbKy MaTpuna Be-
COB TIOCTOSIHHO MOAM(UIHUPYETCS C LENb0 MOJYyYeHHs OO0JbLIEr0
qucsa HyJiel, y1o6HO UMeTh ellle OIHY MaTpuly BecoB B, B KOTO-
po# u OynyT oTpaxaTbcs Bce U3MeHeHHUs BecoB pebep. Tak kKak B
Xole MOoMCKa Hac OyLyT MHTepecoBaThb JHIIb peOpa HYJAeBOro Be-
ca, 3aBefieM Ui Ka)KIo# BepuinHbl & € X mo crnucky Bzerolx],
KOTOpPBIEl BKJ/IIOUaeT BCe TakHe BeplliuHbl y € Y, uto Blx,y] =
= 0. Kpowme Toro, nsist opranrsaniu camoro rnovucka yao6HO UMeThb
IVHAMUYECKH MEHSIOILYIOCS KOIHIO 3TOTO CIIUCKA B BHIE CTeKa,
KOTOpbIH Oynem 0603Hauath yepes S[z].

Onuiem BHauase mpouenypy noucka Search(x). ITo cytu ne-
Jla OHa MOBTOpsieT CTpPoKU H—15 anropurma KyHa u3 npensiny-
ILlero pasjena, HO 3[eCb HaM YyHOOHee 3alHcaTb ee PeKypPCHBHO.
B Hel Hcrosb3yoTest 0OBIUHBIM 00pa3oM nepemenHast mark (s
TOrO0, YTOOBI pa3/nyaThb MOMeUYeHHble U HelOMeUYeHHble BEpIIHHBI)
1 MaccuB Previous. Yepes X' u Y’ 0603HayaTCst COOTBETCTBEH-
HO MHOXecCTBa BepwlMH U3 X ¥ Y, TOMEUYEeHHBIX B XOfle TIOHCKA.
[lepemenHas indication CIyKUT JIS IPeKpalleHHs TIOUCKa Cpasy
rocJie TOro, KaK focTuraercst csobonHas BepmnHa y € Y. Tlonck
BeJIeTCS JIMUIb MPH BbINOJHEHUH ycaoBusl indication = 0. Ile-
pel MepBBIM BbI30BOM 3TOH MPOLEAYPB! BBINOJNHSIOTCS PaBeHCTBA
S[xz] = Bzero[z] nas Bcex z € X.
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1. procedure Search(x);

2. begin

3. while (S[z] # nil) and (indication = 0) do
4. begin

d. y < S[z];

6. if mark[y] = 0 then

7. begin

8. markly] :== 1, Previously] :=x; Y :=Y' U {y};
9. z := Ydouble[y];

10. if z # nil then

11. begin

12. mark[z] := 1; Previous[z] := y;
13. X' := X'U{z}; Search(z);

14. end

15. else indication := 1;

16. end

17. end

18. end.

Tenepp Mbl MOXeM AaTb (HOpMAIU30BAHHOE H3JIOKEHHE BeH-
repckoro ajnroputma. B Hem 6e3 dopmasibHOro omucaHus Gynem
ucnosb3oBath GyHkunu Transform(A), Start(T) u npouenypy
Operation(X',d,Y").

[TepBast pyHKUHSA U3 UCXOAHOH MaTpulbl A cHauasa nosyyaer
MaTpHLy C HEOTPHIATEJbHBIMH 3HAYEHHSIMH 3JIEMEHTOB, N00aB-
JISisT KO BCEM €€ 3JIEMEHTaM JOCTAaTOUHO OOJIbIIOE MOJOKUTENbHOE
YKCJI0. 3aTeM, BbIUMTAs U3 KaXKJ0H CTPOKH MUHUMaJbHBIE B 3TOU
CTPOKE 3JIeMEHT W [eHCTBYs aHAJOrMYHO CO CTOJOLAMH, MOJY-
YyaeT MaTpULy C HEOTPULATEJNbHbIMH 3HAUEHHSMH 3JE€MEHTOB, B
KOTOPOH B KaXKJOH CTPOKe M KaXKAOM CToJ0Le HMeeTcs XOTs Obl
OIMH HYJeBOH ajeMmeHT. [locse mpuMeHeHUsS 3TOH (PYHKLUHH Kax-
JoH BepliMHe rpacda UHLUAEHTHO XOTs Obl OLHO peb6po HyJ/eBO-
ro Beca. flcHo, uto QyHkuus Transform(A) HMeeT CI0KHOCTb
O(n?). Tlpeo6pazoBanHyio TaKHM 00pa3oM MaTpHILly BeCOB GyneM
0003HauaTh yepe3 B, U Bce fajbHellliMe U3MeHeHHUs BecoB pebep
6yneM OTpaKaTb HMEHHO B Hel.

[Tpouenypa Operation(X',d,Y"') cHauana BeUMCIsiET 3Haye-
uue d = min{e(z,y)|z € X',y € Y \ Y'}, a 3arem npumenser
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K rpady onepauuio (X', d,Y’) takum o0pa3oM, Kak 3TO Omuca-
HO Bbllle. JlaHHas omepauusi BLINOJHSETCS B TeKylleH Marpule
BecoB — Marpulle B. OTMeTHM, UTO HOBble HyJIeBble 3HaYeHHUS B
MaTpulie B MOryT MOsiBUTbCst TO/IbKO ansimap ¢ € X' uy € Y\Y'.
[TonsiTHO, UTO 3Ta mpoueaypa UMeeT caokHOCTb O(n?).

Uepes T Gynem 0603HayaTh MHOXKECTBO BepuivH x € X', mis
KOTOpBIX CyllecTByeT BepuivHa y € Y \ Y/ Takas, uto Blz,y] =
= 0. Kak yke oTMeuaJoch BblIllle, OC/E MPUMEHEHHSs MPOLENYPbI
Operation(X',d,Y') B mHOxecTBe T MOSIBUTCS XOTsI Obl OIMH
HeHysneBod ajement. Pyukuust Start(T) BbIGHpPaeT MPOU3BOJb-
HBIH d7eMeHT x € T

Auaroputm 12.3

Bxon: mosHbIEl OByno/bHBIN B3BelueHHblH rpad G = (X, E,¢,Y),
3agaHHbId MaTpuuell BecoB A[l..n,1..n].

Beixon: mojsiHOe mapocoyeTaHHe MHHHMaJbHOrO Beca B rpade G,
sananHoe MaccuBamu X double[l..n] u Ydouble[l..n].

1. begin

2. B :=Transform(A);

3. for z € X do Bzero[x] := nil;

4. for x € X do

S. foryeY do

6. if Blz,y] =0 then Bzero[z] < y;
7. for 1o € X do

8. begin

9. for y €Y do mark[y] :=0;

10. for x € X do

11. begin

12. mark[z] := 0; S[z] := Bzero|x];
13. end;

14. marklzg] =1, X' :={xo}; Y :=0;
15. indication := 0; Search(zy);

16. if indication =0 then

17. repeat

18. Operation(X', Y’ d); T := 0;
19. for 2 € X' do

20. foryeY\Y’ do

21. it B[z,y] =0 then
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22. begin

23. Bzerolx] < y; S[z] < y;

24. T:=TU{z};

25. end;

26. while (T # () and (indication = 0) do
27. begin x := Start(T); Search(z) end
28. until indication = 1;

29. x := Previous|y]; Xdouble[z] :=y; Ydouble[y] :=x;
30. while x # 2y do

31. begin

32. y := Previous[z]; x := Previous[y|;

33. Xdouble[z] := y; Ydouble[y] := x;

34. end

35. end

36. end.

JlanuM KOMMeHTapuil K BEeHTepCKOMY aJropuTMy. B ocHOBHOM
1MKJe 7-35 0CylLIecTBAsSeTC S MOUCK U3 OUepeIHON BepLIUHbL T €
€ X, KoTopmlll BelmeTcsl MO TeX NOp, MOKa He OyaeT HalaeHa
cBoOO/HAs BeplUIMHA ¥ € Y W TeM CaMblM dYepenyloliasics Lernb
OTHOCHUTEJIHO TEKYIEro napocodeTaHus. DTOT MOUCK OCYLIECTB-
JsieTcst B iBa 3Tana. BHauase, mocsie MHHLHANHU3aLHH MUCXOLHBIX
naHHbIX (cTpoku 9-15), BbI3bIBaeTCs MpoOLEAypa MOUCKA B IIy-
OWUHY M3 KOPHEBOH BepLIMHBI . 3aTeM (ycJoBHe B CTpoke 16),
ecJId B XOfle 9TOro MOMCKa He YAaJoch AOCTHYb CBOOOLHOH Bep-
wuHbl y € Y, npouenypa Operation(X’,d,Y’), BoinosHsiemast B
cTpoke 18, mo3BoJsisieT paclIMpPUTh MOJe MOUCKa, MO0 MOSIBATCS
HOBble pefpa HYJeBOro Beca.

HoBeiil nonck, kak ato ciaenyeT u3 cTpok 20-27, MOXKeT BbI-
TIOJIHAIThCH U3 JIFOOOH BEpIIMHBI BEHTEPCKOTO 1epeBa. YCJIOBHE B
CTPOKe 28 MOKa3bIBaeT, YTO TAKOH HOBBIH IOHCK BeleTcs N0 10-
CTH2KeHHs1 cBOOOAHOW BeplinHbl y € Y. Kak yxe oTMeudasoch
BBIlIle, CBOOOHAS BEPIIHHA OyIeT NOCTHTHYTa He 0oJiee UeM 3a n
uTepauuil unkaa 17-28. B ctpokax 29-34 yBesqnuuBaeTcs TeKy-
llee MapocoyeTaHHe. B HOBOM mapocoyeTaHUM BepLIMHA Xo CTAHO-
BUTCSl HACBILLIEHHOH M OCTaeTCsl TaKOH Ha NPOTSKEHHWH AaJjbHeH-
el paboThl aJiropuUTMa.
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Teopema 12.8. Aszopumm 12.3 umeem caoscrnocmo O(n?).

HoxasatenbctBo. Pyukuus Transform(A) umeer cj0XK-
HocTh O(n?). Takylo e CJA0KHOCTb MMEET LMKJ, BbITONHAEMbIH
B cTpokax 4—6. OCHOBHO# LMKJ 7—35 BBIMOJHSETCS POBHO 7. pas.
Ocraercsi OMpenesnTb CHOXKHOCTb BBIMOJHEHHS] BCEX Orepaluit
BHYTPY OCHOBHOTO LHKJa. [lonck B riyOuHy, BbI3BIBAEMBIE B CTPO-
ke 15, umeer caokuocts O(n?). Lluka 17-28 umeer c/10XKHOCTh
O(n?), mockosbKy comepxut mpouenypy Operation(X',d,Y").
DToT UMK paboraer, BooOuie rosops, n pas. CienoBaresbHO,
CJI0XKHOCTD LHKAA 17-28 ectb O(n?). TloHsITHO, 4TO yBesHUeHHe
TEKYLIEero napocodyeTaHusi, BBINOJNHSIEMOe B CTpoKax 29-34, Tpe-
GyeT He GoJiee cn omepauui, rae ¢ — KoHctaHTa. OKOHUATEbHO,
noJlydaeM OLEHKY CJI0XKHOCTH anroputma O(n).

3ameuanue. B Benrepckom anroputme ouenka O(n*) Bos-
HUKaeT [0 CyTH [esa H3-3a TOro, 4TO MNPUXOAUTCS MOPsiAKa
n? pas BeIMOMHATL onepauuio (X', d,Y'), KoTopass uMeeT CJI0X-
HocTh O(n?). Mexay TeM M3BeCTEH CNOCOG peanusalyd 3TOH
omepauuu co CaokHOCTbIO O(n). [lJsi 3TOr0 HOCTATOYHO MpPHU-
MEHHUTb NPHEM, HCIOJb30BAHHBIA HaMH B ajroputme SpHUKa—
[Tpuma—elikcTpbl. A IMEHHO MPU KaXKAOM BXOI€ B OCHOBOH LIHKJI
7-35 HeoOXxonuMO 3aBecTH ABa MaccuBa D v Near LJUHBL N, KO-
TOpble TMHAMMYECKH MEHSIOTCS B XO[€ MOUCKA TaKUM 06pasoM,
uto st Bcex y € Y\ Y/ BrimosiHsieTCs paBEeHCTBO

Dly] = min{c(z, y)|z € X'}

1 ykasatesb Near[y] maer Ty BepwuHy z € X', 1jsi KOTOpoH
3TOT MUHHUMYM NOCTUTAETCH, T. €.

Dly] = e(Nearlyl, y).

Torna BhlYMC/IeHHEe BeJUMYHHE! d TpebyeT NOpsiiKa n Onepalui,
u60

d=min{D[y]ly e Y \Y'}.

MonudunupoBaTb MOXKHO Beca He Bcex pebep, a TOJbKO pe-
Gep Buma Near[yly, uTo Takxke TpeGyeT MOpsiaKa m OMepaiui.
Tem cambiM pesysbrar onepauuu (X', d,Y') MOXHO MOJIydHTh 32
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Bpems O(n?). Takas pea/usauus BEHrepPCKOTO ajJropuTMa HMe-
et caoxkHocTh O(n?). Bee meTany H3JM0XKEHHOTO MeTOfa MOXKHO
Ha#iTh B [46].

Pasbepem mnpumep, HIMIOCTPUPYIOIKE paboTy ajnroputma
12.3. Huxe (a) u3obparkeHa MaTpulia BECOB HCXOMHOrO rpada, a
b) — pesyJbTatr npuMeHeHus K Hedl (yHkunu Transform(A).

1 4 4 3 0 0 3 2 00 2 1

2 7 6 8 0 2 4 6 0 2 3 5

4 7 5 6 0 0 1 2 0 0 0 1

2 5 1 1 1 1 0 0 2 2 00
a) b) c)

Marpuua b) noayuena caenywoouM obpasom. CHavana U3
KaXKIOH CTPOKH BBIUJIM ee MUHHMAJbHBIH 3/€MEHT, 8 UMEHHO U3
MepBOH CTPOKH BbIUJAM |, U3 BTOpo# — 2, U3 TpeTbeil — 4, u3
yeTBepTOl — 1. 3aTeM U3 BTOpOro cTosbia (MOCKOMBKY 3TO eIHH-
CTBEHHBIH M3 CTOJIOLOB, KOTODBIH He COMEP:KUT HYJIEH) BBIUIM 3.
B pesysbraTe B MarpuLe b) B KaXI0H CTPOKe M KaxKAOM CTOJOIE
UMeeTcst XOTst Obl ONHUH HYJIb.

B nanbHefimem Oynem npennosaraTb, YTO BEPLIMHBI TPOCMAT-
pUBAIOTCS LMKJIAMH B MOPSIAKE BO3pacTaHHsi UX HoMepos. [ToaTo-
MYy OCHOBHOH LIHKJ B CTPOKax 7—35 BEHI'epCKOTO ajropuTMa Hau-
HeTcst ¢ BepluuHbl xp. Cpasy ke OyfeT Ha#neHa cBOGOAHAs Bep-
IIMHA Y] H, CJefoBaTe]bHO, TeKyllee napocouetanue M npuobpe-
ter Bug M = {z1y1}. Cienyiomeii BepiinHoit OyneT BeplIHHA To.
JlepeBo moucKa W3 BepIIMHBI o H300paxeHo Ha puc. 90a, rme
IUQPB B CKOOKAaX 03HAYAIOT MOPSIIOK, B KOTOPOM BEpPLIMHBI BCTpe-
qaoTcs B Xofe moucka. lyru, cooTBeTcTByloliHe pebpam mapo-
CoueTaHusi, 300pa)KalTCsl CIJIOWIHBIMHU JIMHUAMH, a Mpo4yHe —
IYHKTHPOM.

[Torck M3 BepLINHBI T2 3aBeplIaeTCs TOCTHUKEHUEM CBOOOTHOH
BEPIUUHBI Y3, U, CJENOBATEJNbHO, TeKyllee MapocoyeTaHue OyneT
umetb B M = {x1y1,22y2}.

[Touck 13 BepIIMHBI T3 HE NPUBOLUT K NOCTHXKEHHIO CBOOOI-
Hol BeplIMHbl. COOTBETCTBYIOLIEe AEPEBO NMOUCKA H300paKeHo Ha
puc. 90b. Torna met umeem X' = {1, 29,23} 1Y’ = {y1,y2}. [lo-
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Puc. 90

5TOMY d PaBHO MHUHHMMaJIbHOMY 3JIEMEHTY CpelIy 3JeMeHTOB Mart-
puLbl b) Ha cTp. 322, HAXONSALIMXCS B IEPBEIX TPEX CTPOKAX H
nocjefiHux AByx cronbuax. CaenoBatesbho, d = 1. [Ipumenss K
matpuue b) (ctp. 322) omepauuio (X', d,Y”’), nosydyaem marpu-
1y ¢) (ctp. 322). B pesynbraTe y BeplIHHBI X3 MOSBUTCS HOBOE
MHLHUJEHTHOe el pe6po HyJeBOro Beca — xgys. IIOMCK B0300-
HOBUTCSl U3 BEPLIMHBl T3 U Cpa3y K& 3aBEPLIUTCS NOCTHXKEHHEM
cBOOOJHON BepLIMHBl y3. TakMM 00pas3oM, Iocje 3TOH HTepaluuu
nonyauMm M = {zay1, 21y2, x3y3}.

JlepeBo moncka W3 BeplIMHBl x4 H300paxkeHo Ha puc. 90c.
K rekymemy nmapocoueranuio M nob6asutcs pebpo z4y4. Tem ca-
MBIM, TeKylilee napocoyetanue M = {xay1, T1Y2, T3ys3, T4ys} CTA-
HeT TIOJIHBIM U GYHET COCTOSITh U3 pebep HyJIeBOro Beca, Te Beca
3a/laHbl Ipeo6pa3oBaHHON MaTpHIlEH. DTO MapocoueTaHHe SIBJISET-
CSl ONTHMAaJIBHBIM, U €ro BeC, BBIUMCJEHHBIH 10 UCXOOHOH MaTpH-
e, paBeH 12.

§ 12.5. BEPLUMHHBIE NOKPbITUA U NAPOCOYETAHHA

[TonmHOXecTBO B MHOxecTBa BepuinH V' rpajga G = (V, E)
Ha3bIBAETCS 8EPULUHHbIM NOKpbimuem, ecau Jwoboe pebpo 3Toro
rpaa MHLMAEHTHO XOTSl Obl OAHOU BeplLIMHe U3 MHOXecTBa B3.

BepI_LII/IHHOE IIOKPbITHE COCTOsIlee H3 HaKWMEHbLIero 4ucJja
BEpIIWH HAa3blBaCTCA HAUMEHbULUM. MOoIIHOCTh HaWMeHbIIero
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BEpLIMHHOrO MOKPLITUS rpada (G HA3bIBAGTCS UUCAOM BEPULUH-
HO20 nokpoimus W o6osHauaercs Fo(G).

Xy Yi

Xy Yo

X3 Ys

Xy Ys
Puc. 91

HerpynHo Bupmetsh, 4To B Tpade, n3obpakeHHOM Ha puc. 91,
MHOXecTBa By = {x1,y1, T3, Y3, Ta,Ys} U Ba = {x1,22,y2} sB-
JIIIOTCSl BEPIUMHHBIMU TOKPBITHSMU. [Ipu 3TOM By HauMeHbllee,
a By MHHUMAaJIbHOE 110 BKJIOYEHHIO.

3agava MocTpoeHus B 3alaHHOM rpade HaUMeHbLIEro BepLIUH-
Horo mokpeiTusi N P-nosnHa [16]. OnHako B ciydae OBYIOJbHBIX
rpaoB aTa 3ajgaya siBjasercs Jerkopemaemod. OkasblBaeTcs, 4To
IJsl IBYIOJNBHBIX I'pa)OB MOIIHOCTb HAaHMMEHBIIErO BEPIIHHHOTO
MOKPBITHS B TOUHOCTH PaBHA MOIIHOCTH HaWOOJbLIEro Mmapocoye-
TaHMs, a CaMO HaWMeHbllee BEPLIMHHOE MOKPHITHE MOXKET OBITb
MOCTPOEHO ¢ moMollbio anroputma Xonkpodra—Kapna. O6bruno
yepes a1 (G) B TeopuH rpagoB 0603HAUAETCS 4UCAO NAPOCOUEMA-
Hus rpada G — uucyao pebep B HaUOOJIbILIEM MAPOCOYETAHUH.

Teopema 12.9. B npousgosvrom 0sydoavrom epage G =
= (X, E,Y) uucro sepwunnoeo nokpoimus Bo(G) pasHo wucay
napocouemarus oy (G).

Joka3aTtenbcTBo. JloKaxxeM BHauase HepaBeHCTBO a1(G) <
< Bo(G). Ilyets M — npousBoJsibHOE NapocoueTaHue, a B — mpo-
M3BOJIbHOE BEpIIMHHOE MOKpeITHE. JlJIsi Kaxkmoro pebpa e = vw €
€ M uepe3 f(e) 0603HaUMM Ty W3 BepIIMH U HJIH w, KOTOpas
BXONWUT B B, a ecau oHu o06e nexar B B, To Jobyl0 W3 HUX.
[Tockonbky M — mapocoueranue, To f(e) # f(g), ecau pebpa e
U g pa3auyHbl. Tem cambiM f : M — B — HHBEKTHBHOE OTOO-
paxenue MHoxectBa M B B. Ilpu atom |M| = |f(M)| < |B|.
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CileoBaTe/ibHO, J11060€ BEPILIMHHOE MOKPBITHE rpada COXEPKHUT
He MeHbllle BEpLIHH, YeM KOJHYeCTBO pebep B JIIOOOM Mapocoye-
tanud. Otciona aq (G) < Bo(G).

3aMeTHM, YTO 9TO HEPaBEHCTBO JOKa3aHO IJIsi IPOM3BOJIbHBIX
rpa¢oB, a He TOJBKO JJIsi ABYAONbHbIX.

HoxaxxeMm obpatHoe HepaBeHCTBO. [lycte M — Haubosbliee
napocoueTaHue B OByHoJbHOM rpade G = (X, E|Y). Ilycts e =
= xy — npousBoJbHOe pebpo u3 M. HasoBem BepuiuHy y om-
meuennoti, ecniu B G cyulectByeT M-lLienb, OKaHYMBAIOLLASACS B
y (M. § 12.2). Ecnu Takodl 1enmd He CYLIECTBYeT, TO CUHUTAEM
OTMeuYeHHOH BepIIMHY z. MHOXeCTBO BCEX OTMEUEHHBIX BEPLIMH
o6osnauuM B. W3 moctpoenusi caenyer, urto |M| = |B|. Hoka-
JKeM, UTo B — BeplLIHHHOE MOKPBITHE.

[lycte g = xy — npousBosbHOe pe6po rpada 1 BeplInHA T He
BxonuT B B. [lpoBepum, uTo TOrAa BeplIMHA y MPUHALJEXKUT B.

Ecau paccmarprBaeMoe pe6po g SIBJsSIETCS] TEMHBIM, T.€. BXO-
JUT B napocouyeTaHue M, TO HENOCPENCTBEHHO H3 IMOCTPOEHHS
nosaydaem, yto y € B. IlycTb Tenepb pebpo g — cBeTJoe.

Cayyaii 1. Bepuiuna « cBo6onHasi. Torna BeplinHa y sBJseTCS
HaCBILEHHOH, TaK Kak MHade uenb P : x,g,y Oblia 661 M-depe-
IyIOLIeHCs, UTO HEBO3MOXKHO, TaK Kak M — HauboJblilee Mapoco-
yeTaHue. 3HAUWT, Lenb P sBasercs M-uenbio. Tak Kak BepllnHa
Y HachllleHHa, TO CYIleCcTByeT TeMHOe pebpo e* = x*y, WHLHU-
neHtHoe y. [TockosbKy cymiectByeT M -1enb, OKaHUMBAIONIASACS B
y (310 wHenp P), TO mpH paccMOTpeHHHU pebpa e* BeplIMHA y Oblia
OTMeueHa, T.e. y € B.

Cayuait 2. BepmnHa o HacbllleHHa. Torga cylecTByeT TeMHOe
pebpo g* = xy*, uHuuneHTHoe z. Tak Kak = nB, To y* € B, T.e.
cyuectByer M-uens (), okaHuuBawouasics B y*. Ho Torna uens
Q U g* Ug saBasietcss M-1enblo, OKaHUMUBAIOLIEHCS B BeplIHHE ¥,
U TaK Kak y HacblllleHHas BepILIMHA, TO OHA JIEXKHUT B B.

TeM caMbIM [0Ka3aHO, UTO MOCTPOEHHOEe MHOXecTBO B siB-
JIsieTCs1 BEPIIMHHBIM MOKphITHEM, oTciona [o(G) < ai1(G), uto
3aBeplIaeT J0Ka3aTeJbCTBO TEOPEMBI. O

HEpr[LHO MOHATb, UTO OINKMCAaHHOE€ B JOKa3aTeJIbCTBE Teope-
MBI MHOXK€CTBO B sIBJIsIeTCS HaWMeHbIIUM BEPLIMHHBIM MOKPBITH-



326 Tasa 12. [Mapocouemanus 8 08ydosvrbLx epagax

eM, U060 ero MOLIHOCTb PaBHA MOLIHOCTH HaUOOJBbLIEr0 Napocoye-
TaHHUS.

Jlos 1ocTpoeHHs HaUMEHBIIEro BepLIMHHOIO MOKPHITHS HC-
nosb3yem ajiroputM Xonkpopra—Kapna. Paccmorpum nocsentioro
(hasy paboTbl 3TOrO ajJropuTM™Ma, T. €. Ty (hady, B KOTOPOH He OyneT
HaliieHa HU omHa M-uepenymwmasics uenb. Ilyets X* u Y* —
BCE BepLIMHBI, TIOMeYeHHble B XOJe IMOHUCKA, T.€. NPH NOCTPOEHHH
BcriomoraresibHoro rpada G(M).

Torna (X \ X*V)U Y™ sBsseTcsi HaUMEHbIIUM BEPLIHHHBIM
nokpeiTheM rpapa G. Has pokasaTesnbcTBa HocjejHero (paxra,
JIOCTATOUHO 3aMeTHTb, YTO 3TO MHOXKECTBO COBIMAJaeT C MHOXKe-
CTBOM D3, omuCaHHBIM NpH [0Ka3aTe/]bCTBE MpelblAyllell Teope-
MBl.

Je#icTBUTENIBHO, IYCTb € = Ty — IPOU3BOJbHOE TeMHOe peb-
po, T.e. e BXOAMT B Tekyllee napocodetaHue M. Tak kKak HH
OoHOU M -uepenyiolleics LeNd He CyllecTByeT, To M sBasercs
HauboJbIIMM napocoyeTaHueM. Ecan y € Y™, To U3 npasua 1no-
UCKa CJIeflyeT, YTO cyluecTByeT M -lLienb, OKaHYUBAIOLIASACA B Y.
Aecn y €Y* Tou x & X*, nbo HacblllleHHble BepUIMHBI U3
X nomeyaroTcsl B XOJle NOMCKA TOJIBKO U3 UM CMeXHbIX HaCbILEeH-
HBIX BepwnH u3 Y. 3HauuT, B 3TOoM ciaydae z € X \ X*, uro
3aBepliaetT obocHoBaHHe paBeHcTBa B = (X \ X*V)UY™*. Ha-
npuMep, B rpade, nokasaHHoM Ha puc. 91, napocoueranue M =
= {2191, T2Yys3, T3y} sIBAsIETCS HAHOOMBLINM (KCTAaTH, OHO MOXKeT
6bITh MOCTPOEHO anropuTMoM Xonkpodra—Kapna B mepBoi xe
¢ase). Ilonck B mocnenHeil ¢ase anropurma Xonkpodra—Kapna
IAaCT [epeBo Ty — Yo — X3, T.€., X* = {x3,x4},Y* = {y2}. Orcio-
Ia MHOXECTBO {w1,Z2,y2} SBJSETCS HAWMEHBIIMM BEpPIIMHHBIM
NIOKPBITHEM Tpada.
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3AJAYA KOMMUBOSAHEPA

§ 13.1. OCHOBHbBIE MOHATHS

Bce 3apmaun, paccMoTpeHHBlE HaMM B TPeNbIAYLINX [JaBax,
UMEIOT OIHY OOLLYI0 4YepTy: IS HUX H3BeCTHB (M OBIIM Ha-
MU PacCMOTPEHbBI) aJrOPUTMBI PEILLIeHHsI, UMEeOIINe TOJHUHOMHUAb-
HYI0 CJI0KHOCTb. OflHAKO AJil OU€Hb OOJBLIOrO YHCJIA eCTECTBEH-
HO BO3HHKAIOLIMX 3afay ONTUMH3ALKH Ha rpadax 3pQpeKTHUBHBIX
(T.e. UMEIOUIMX TMOJMHOMHANBHYIO CJI0XKHOCTb) aJTOPUTMOB MO
CUX IOp He HalJeHo, HO OHOBPeMEeHHO [0Ka3aHo, YTO 3TH 3a-
Jaud B HEKOTOPOM CMBICJIE BBEI3BIBAIOT OMNPE/IEJeHHBIE CJI0XKHOCTH.
HasoBem Takue 3amaun TpyaHopellaeMbiMH. MIMeloTcs Beckue 10-
BOJbl, MO3BOJISIIOLIME MPENNONOKHUTb, YTO AJISI TPYAHOpPELIAeMBIX
3aj1ady 3((eKTUBHLIX aJITOPUTMOB pelLleHUs He cyluecTByeT. Pac-
CMOTpeHHe BO3HHKAWIINX 3/1eCh MPO6JEM BEIXOAUT 38 PAMKH [aH-
HOHM KHHUTH, U Mbl MOKEM JIMLIb [TOPEKOMEHI0BATh UHTATESAM KHH-
ry [18], nocBsitueHHy0 TpyIHOpElIaeMbIM 3a1a4am. A B 3TOi ria-
BE Mbl PACCMOTPUM METOMbl pelleHHs OIHOH M3 TaKHX 3agay —
3alauyl KOMMMBOSKepa.

[lycts maH oOGBIKHOBEHHBIH cBS3HBIM rpad. Lluksa, Bkiwouya-
IOLIMH BCe BepLUMHBI rpada, HasbiBaeTcs raMU/bTOHOBBIM. OTMe-
TUM, 4TO 3afadya O TOM, CYLIeCTBYeT WMJIM HeT B HAHHOM rpade
raMUJIbTOHOB [IMKJI, SIBJsieTCs TpynHopeinaemoit (cm. [18]).

3adaua xommugoazicepa (HopMyJaUpyeTcs caeLyloLUM obpa-
30M. B 1aHHOM 0OBIKHOBEHHOM B3BElLLEHHOM rpade HalTH raMuJb-
TOHOB LIMKJ HAUMEHbLIEro Beca, Te BeC LUKJA ONpefessieTcs Kak
CyMMa BeCOB BXOISIIHX B Hero pebep.
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PaszbepeM mnpumep, MOSCHSAIOUIMN TakKoe Ha3BaHUe 3aJayM.
[Ipenmnonoxum, 4TO HEKOTOPOMY KOMMHBOsKepy Tpebyercsi To-
CEeTUTb KaXKABIH ropoi B Tpelesax KOHKPETHOH 30HBI 00C/IyXKH-
BaHUs, MOOBIBAB B HHUX POBHO MO ONHOMY pa3y, U BO3BPATHUThCS
nomoii. EcTecTBeHHO, 4TO eMy XOTeJs0Cch Obl BEIOpaTb TAKOH MOpSi-
JIOK 00X0fla KJIWEHTOB, NPU KOTOPOM ero MmyThb Obla Obl BO3MOKHO
Kopoue.

[Toctpoum B3BewweHHbld rpap G = (V, E, c), B KOTOPOM Kax-
Jasi BeplMHA COOTBETCTBYeT HEKOTOPOMY ropoay, a Beca pebep
pPaBHbBl PACCTOSIHUSIM MeXAY COOTBETCTBYIOLIMMH ropoiaMu. [a-
MUJIbTOHOB LIMKJI HaUMeHbIIero Beca B 3TOM rpade naeT xKeJae-
MBIH MapLIpyT AJsi KOMMHBOSIXKepa.

3anaua kommuBosikepa (mamee — 3K) Takke OTHOCHTCS K
KJiaccy TpyaHopemiaeMbix. MaBectHo, uto 3K ocraercs TpynHope-
IaeMOH W B TOM CJjiydae, Koraa rpad) siBJsieTcsl MOJHbIM, a Mart-
pHlia BecoB A YIOBJETBOPSIET HEPABEHCTBY TPEYrONbHUKA, T. €.

Alv,w] < Alv,u] + Afu, w] nasa Bcex u,v,w € V.

Bogee toro, 3K ocraercs TpynHopeliaeMod U B KJacce eBKJHU-
IOBBIX I'padoB, T.e. rpaoB, BepLIMHbl KOTOPBIX SIBJSAIOTCS TOYKa-
MH €BKJIMJIOBOrO NPOCTPAHCTBA, 4 Beca pebep paBHbI PacCTOSHUAM
MeKy COOTBETCTBYIOLIUMH TOYKAMH.

OtmeTtHM, 4TO ecau Beca Bcex pebep rpada yBeJUUUThb Ha Of-
HO M TO K€ YHCJO, TO TaMHJbTOHOB LIMKJ HaWMEHbILIETO0 Beca B
rpade ¢ u3MeHeHHBIMH BecaMu Oynet peweHueM 3K u n7s ucxon-
Horo rpada. CyenoBaresbHO, He OrpaHUYMBasi OOLIHOCTH, MOXHO
CUMTaTh, UTO Beca BceX pebep NaHHOro rpada HeOTPULATEJbHBI.
HanoMHuM, 4yTo MaTpula BeCOB HEOPUEHTHPOBAHHOIO rpada cHM-
MeTpu4yHa. DTOT (PakT GyIeT HCIIOAb30BAaThCS HAMH IpH J0Ka3a-
TeJbCTBE HEKOTOPBIX TeopeM 6e3 CreluanbHOro yIOMHHAHHUS.

Jns yno6cTBa raMUIbTOHOB LMK/ OyIneM Has3blBaTb MaApuipy-
mom KOMMUBOANEpPa, a MapUIPyT ¢ HaWMEHBbILIUM BECOM — Of-
MUMALOHOIM MAPULPYMOM.
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§ 13.2. AITOPUTM OTbICKAHHA
FTAMHUIIbTOHOBBIX LIUKITIOB

[lycts G — mpousBosbHBIN n-rpad. OnuileM ajropuTM, Mo3-
BOJISIOIIMN Ha#iTH B rpage G Bce TraMUJBbTOHOBBl LHKJbBl HJIH
BbIAATh COOOLIEHHe, YTO TaKUX LHKAOB HeT. [lycTb vy — mpowus-
BOJIbHAsl BepiunHa rpada G. PaccMOTpUM HEKOTOPBIH TraMHUJbTOB
LUKJ

Vo = U1, U2, ...,Up,Un+1 = Vo.

YnanuB u3 3Toro uuKaa pebpo u,vg, Mbl IOJYUYHM MaKCHMaJIbHYIO
MPOCTYIO Lelb

Vo = UL, U2y . -+, Unp,
B KOTOpOH HayasbHasi BeplIMHA vy = u; CMeXHa C KOHEUHOH
BEPIUHUHOHU Uy,

HeTpynHo NOHATE, UTO €C/M MBIl HAyYUMCS] CTPOUTb BCe Mak-
CUMaJIbHblE MIPOCThIE LENH, HMeLIe Hayajo B BepLIHHE U, TO
3ajlaya 0 HaXOXKIEHHU TaMHJbTOHOBBIX LUKJOB OyleT pelleHa.
B camom nmese, mycThb

P vy =wuq,ue,...,ug

— MakcHuMaJibHasi IpoCTasi Lenb ¢ HayajoM B BepLIMHE vg. Eciu
k = n W BeplIMHa uj CMEXHA C BEPILHHOH vy, TO, MOOABJSS K
uenu P pebpo urvg, Mbl NONYUYUM FaMHUJIBTOHOB LUKJI.

[Tycte M — MHOXeCTBO BceX MPOCTBIX Lernei, UMEILMX Ha-
4ajo B BeplinHe vg. Ilisi mpousBoJbHBIX Lened P, Q € M mno-
JoxuM P < @, ecau uenb P saBnisieTcs HadasoM uenu Q. fc-
HO, YTO OTHOLIeHHe < Ha MHOXKeCTBe M SIBJISETCS OTHOLIEHHEM
YacTHUHOro mopsiika. MakcuMaJsibHblE 3JIeMEHTBl YaCTHYHO YIIO-
PsLIOUEHHOTO0 MHOXKeCTBa M Mbl Ha3BaJ/M BbIlLE MAaKCHUMaJbHBIMU
NPOCTBIMH LENSMH C HayajoM B BEepLIHHE vg.

AnropuTM, MO3BOMSIOLIMH TEPEUUCTUTL 1O ONHOMY pasy Bce
raMUJIbTOHOBBI LHKJBI rpada (G, MHOTOKPATHO BHIMIOJHSIET CJENy-
I0L1YI0 paboTy: UMes TEKYILYIO NMPOCTYIO LieMb

P vy =wug,ur,. .., uk—1,

OH MO ouepenu n006aBJseT K Hel HOBble BEPLUHHBI, POAOJKAS ee
JI0 BCEBO3MOXKHBIX MaKCHUMaJbHBIX MPOCTHIX Leneid ¢ HayaaoM B
BepLUUHE V.



330 Tasa 13. 3adaua kKommusosscepa

HoroBopumcsi 06 o603HaueHUsIX. BepluuHbl Tekyled npocToi
nenu OyleM XPaHHTb B MacCHBe = IJHHBI 1 — 1 (MOCKONBKY Ha-
yasipHas BeplUMHA vy 3aUKCUPOBaHa, XPAaHUTb ee B MacCHBe & He
Hano). B npomecce paGoTel anroputMa Kakas BeplIMHA B Kaxk-
OBl TEKYLIMH MOMEHT MOXKET HaXOAUTbCS B ONHOM M3 IBYX CO-
CTOSIHUH: OBITh 8KAHOUEHHOL UK ObITh HegkAtouerHol. BepiiuHa
CUUTAETCS BKJ/IOUEHHOH B TEKYILUHMH MOMEHT, €CJIHU U TOJBKO eC/IH
OHa BKJIIOYEHa B TeKylLIyl0 MpocTylo Lenb. Maccus status nnu-
Hbl 1 TI03BOJIUT OTJIMYATh BKJIOUEHHble BEPLIMHBI OT HEBKJIIOYEH-
HBIX: B JIOOOH TeKYIUHH MOMeHT status[v] = 1, ecin BepliHHA v
BKJIIOUEHa, U status[v] = 0, ec/y BeplIMHA v HEBKJIOUEHA.

Ecau tekylas npocrasi Lenb UMeeT BUL

vo, z[1],2[2], ..., z[k — 1],

TO yepe3 S ans k > 1 0603HAaYUM MHOXKECTBO BCEX BepLIKH,
KOTOpble MOXKHO MCIIOJIb30BaTh HJIs TPOLOJIKEHHsT 3TOH LenH. Hc-
HO, 4TO S COCTOMT W3 BCEX HEBKJIOYEHHBIX BEPIIHH, CMEXKHBIX C
BepiinHoO# [k — 1]. Pasymeercs, S; B Hauasne paGoThl ajaroputMa
COBMAafaeT ¢ MHOXECTBOM BepLIHH list[vg], CMEXHBIX C Up.
PaccmoTtpuM Tenepb CeAyIOMIYI0 PEKYPCHBHYIO MPOLELYPY.

1. procedure Hamiltonian_Cycles(k);

2. begin

3. for y € S; do

4. if k =n —1 and y cmexHa ¢ vy then
5. write(v, z[1],z[2], ..., z[n — 2],y,v0)
6. else

7. begin

8. statusly] :==1; Sk := Sk \ {v};

9. z[k] = y;

10. Sk+1 = {v|v € list[y] n status[v] = 0};
11. Hamiltonian_Cycles(k + 1);

12. status|xz[k]] := 0

13. end

14. end.

YkasaHHasi mpolefypa MeTOLWYHO NepeOHpaeT BCe IPOCTHIE
LIeMH, SBJISIIOLIHECS TPOIOJKEHUSIMHE PocToi uenu P : vy, z[1],
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x[k — 1], no6aBnsis Mo ouepeny HOBble BeplIHMHBL. Ecsin Hail-
JeHa MaKcHMaJ/bHasi IpocTasi Liefb, TO MPOUCXOAUT BO3BpAT, T.e.
U3 MaKCHMaJsbHOH Lield 0TOpachiBaeTCsl OfHA W/ HECKOJIbKO IO-
CNeHUX BepIIMH (KOHEUHO, B CJydae, KOrja HalJeHHas Mak-
cUMaJlbHasl IIpocTasl Lelb COAEPKHUTCS B FaMHUJIbTOHOBOM LHKIJIE,
nepes, BO3BPATOM 3TOT LMK/ BBIBOAUTCS HA Medarh). [Ipu atom
status[v] npuHnMaer 3HadeHde 0 /s KaxIOH M3 OTGPOLIEHHBIX
BEPIIHH v. AJNTOPUTM, pealH30BaHHBIA B NaHHOH Npolenype, OT-
HOCAT K KJacCy a420pummos ¢ 6036pamot.

Tenepb Jierko omucaTb aJropUTM, MepPevYUCHSIOIHE Bce ra-
MHJIbTOHOBBI LIMKJIBL, €CJIM OHU UMeloTcsl B rpagde G.

Auaroputrm 13.1

1 begin

2 status[vg] = 1; Sy := list[vy);

3. for v e V\{vp} do statusv]:=0;
4 Hamiltonian_Cycles(1)

5. end.

YKa3aHHBIH aArOPUTM MOJHBIM Mepe6GopoM HAXOAUT U BbIBOAUT
Ha MeyaTb BCE TaMHUJIBTOHOBBI LIMKJbI Tpada (G, paccMaTpuBasi Bep-
IIMHY Vo B KauecTBe HayasibHOH. KoppeKTHOCTb 3TOro ajaroputma
o4yeBHAHA. SICHO, UTO AJTOPUTM 3IKCIIOHEHIHasNeH U MOXKeT ObITbh
peasibHO NPUMeHEeH K rpadam ¢ BeCbMa MaJ/blM YHUCJIOM BEpLIMH.

§ 13.3. ANIFOPUTMbI
PELLEHMA 3AAAYA KOMMMUBOSIKEPA
C TAPAHTUPOBAHHOM OLLEHKOM TOYHOCTHU

OnuH 13 BO3MOXKHBIX MOAXOLOB K TPyLHOpeLIaeMbIM 3ajauam
3aKJ/I04aeTCs B MOCTPOEHUH AJTOPUTMOB TOJHMHOMHANBHON CJI0XK-
HOCTH /IS TIOJIyUEHHSsl «XOPOLIEro», HO, BO3MOXKHO, He ONTHMAaJlb-
Horo peaysbrata. Cpasy ke BO3HHKaeT Borpoc: «Kak cuibHO OT-
JIM4aeTCsl HalleHHOe pelleHHe OT ONTHMaJbHOro?» OOBIUHO Jierde
CKOHCTPYHMpPOBaTh OBICTPBIA aJTrOPUTM, AAWLIUHA NPaBIONOLOOHOE
pelleHHe, YeM OLEHUTD €ro MOrPEeIIHOCTbD.

PaccMmoTpum, Hampumep, MNPOCTEHIINH aJropuTM IOCTpoe-
HUS MaplipyTa KOMMHBOSIXKEPA, peaNU3yIIUKN «KagHBIH» aJ-
TOPUTM U HasblBaeMblll Nearest_vertex, nnu bausxcadwuil coceo.
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B kauecTBe HauasNbHOH BeplUMHBI BHIOWpaeM MPOM3BOJIBHYIO Bep-
IIMHY W 00DbsABJSAEM ee MNocjaelHed BKJAOYEHHOH B MapupyT. [a-
Jee, MyCTb v — IOCJeHSS BKJIOUEHHas B MapLIpyT BepllUHHA.
Cpenu Bcex ellle He BKJIOYEHHBIX B MapLIPyT BEpLIMH BBIOHpaeM
6/MKaHIIyI0 K v BEPUIMHY w, BKJIOYaeM w B MapLIpyT MOcCJje
BepLUUHBl v U 0OBSABJSEM w MOCJAe[HEN BKJIOUEHHONU BEPLIHHOH.
Ecnn Bce BeplIMHBEI BKJIOUEHBl B MaplIpyT, TO BO3BpallaeMcsl B
HCXOJIHYI0 BEpPLIMHY.

V3noXeHHBI aNroOpUTM JIETKO peasn30BaTh TaK, YTOObl OH
umen caoxuoctb O(n?). TIoHATHO, Y4TO 3TOT aArOPHTM MHOrAA
MOXKeT HaxOOWTb ONTHMaJbHBIH MaplIpyT, HO Tak OyAeT Aajeko
He Bcerga. OLeHKY BO3MOXHOH OLIMOKK AaeT cjenylomias

Teopema 13.1. [lycmv G = (V,E,¢) — noanovii 83se-
WeHHblll epag, mampuya 8eco8 KOMopozo Heompuyamens-
Ha u yoosremeopsiem HepaseHcmsy mpeyeosvruka. I[lycmo
Nvt(G) — mapuipym Kommusosnsicepa, nOCMpoOeH bl arcopum-
mom Nearest_vertex, Opt(G) — onmumanvHeitl mapuipym, a
c¢(Nvt(@)) u ¢(Opt(G)) — ux seca. Toeda

(NoH(@)) < %(Llog n| +1) - c(Opt(G)).

JlokaszaTenbCTBO JAHHOH TeopeMbl MOXKHO HaiTtu B [49]. Dra
TeopeMa JaeT TOJbKO BEPXHIOIO OIlEHKY OTHOLIEHHS Beca pelleHHs
Nvt(G) k Becy ontuMmasbHoro perieHus Opt(G) U He FOBOPHUT O
TOM, HACKOJMbKO IJIOXHM Ha CaMOM JeJse MOXeT ObITb Takoe OT-
HoweHue. MimeloTcs npuMepsl rpagoBs, A KOTOPLIX OHO GoJblie
yeM %logn. Takum obpasom, anroputm Nearest_vertex MoxXeT
WHOT/Ia 1aBaTb pelleHHs OueHb JaJieKHe OT ONTHMAaJbHBIX.

OnHako MOXKHO TMOJNYYHUTH JyULIHE Pe3yJbTaThbl, HCIOJb3Ys
yyTb O0Jiee UCKYCHYIO cTparteruto. Tak, anroputm Nearest_in-
sert, naM bauxcaidwas écmaska, Ha4MHas C «LMKJa», COCTOS-
11ero U3 OMHOH BepILIMHBI, LIAT 3a IIaroM HapallUBaeT PacTyLIUH
[UKJ B TMOJHOM rpade 10 Tex Iop, N0Ka OH He BKJIOUHT B cebs
Bce BepwnHbl rpada. [lyere T C V. JI1s1 NpOM3BOJBHON BEPLIMHBI
v € V NoN0XUM

d(v,T) = min{c(v,w)|w € T}.
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Yuceno d(v,T) ecTecTBEHHO Ha3BaTb PACCTOSTHHEM OT BepLIH-
Hbl v 0 MHOXecTBa 1.

HedopmanbHoe onucaHue 3TOTO alropuTMa BBITJISIUT CJedy-
IOLUM 00pa3oM:

1) npou3BOJIbHYIO BepUIMHY v € V 00BSBUTb TEKYIIHMM Mapli-
pytom T

2) ecqm Bce BepluuHbl rpaca conepxkarces B T, to CTOII (T' —
MapIIpyT KOMMHBOSIIKEPA);

3) MHaue, cpely BCeX BEPLIMH, He BXONSLIMX B TEKYIIHH Map-
wpyT 7', HAUTH TaKylo BepIIMHY v, AJs KOTopoi BeandnHa d(v,T')
MHUHMMaJsbHa (BepIinHA v Osike Bcero Haxomutest K T'). Ilycts
w — BepwnHa u3 T, mas kortopodt d(v,T) = c¢(v,w), u u —
BeplluHa, caefylollas 3a w B MapupyTe 1

4) no6aBuUTb BEpLIMHY v B TEKYIIMH MapumpyTt 7', BCTABUB ee
MeXxAy w H w. [lepelitn Ha mar 2.

[IpuBeneM QopmManu30BaHHOE H3JI0KEHHE 3TOr0 ajropUTMa.
Texymuit mapwipyT yno6HO OINHKCBIBaTb MacCUBOM next, Tle
next[v] naeT UMs BepLIMHBI, KOTOpas CJledyeT 3a v B HaHHOM
mapuipyte. Ilycte I° — MHOXECTBO BepLUHMH, BKJIOUEHHBIX B
mapipytT. Jdas kaxno# Bepuwusel v € V \ T paccTosiHHe OT v
no T GynmeMm XpaHHTb B MaccuBe ¢ uMeHeM d. 3HaueHHe near|v]
(v € V\T) naer ums Bepwndbl w € V\T, 1Jisi KOTOPOH BBINOJHS-
ercsi paBeHcTBO ¢(w,v) = d[v]. MHaue roBopsi, BepuirHa near|v]
6J112Ke BCero pacrosiozKeHa K v cpely BcexX BeplLIMH MHoxecTBa 1.
Beenenue mMaccuBoB d M near 103BOJSeT peasd30BaTh aJrOPUTM
Nearest_insert Tak, uTo6bl oH WMes caoxHocTh O(n?). Takoi
npueM OblJ1 NpUMeHeH HaMHu paHee B ajroputMe fApHuka-Ilpuma-—
JleAKCTpHL.

Yepes P o603HauaeTcsi MHOXKECTBO BepLIMH, He BXOASIIUX B
Tekywuit MapupyT. Oyukuuss Min(P) naer uMmsi BepLIHHB v €
€ P, niisi KOTOpoH 3HaueHue d[v] MHHMMaJbHO.

Auaroputm 13.2 Nearest_insert

Bxon: Mosuei# B3BewenHbdl rpap G = (V, E, ¢), 3anaHHbIl MaT-
puueii BecoB A[l..n, 1..n|, npuuem Afv,v] =0 mis Bcex v € V.
Beixon: MapuipyT KOMMHBOsXKepa, 3aiaHHbI MaccHBOM next
[1..n], S — Bec HaligeHHOr0 MapuUIPyTa.
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1. begin

2. v1 := IPOU3BOJIbHAS BeplunHa U3 V;

3. next[vr] :=wv1; S:=0; P:=V\{n};

4. for v e P do

D. begin

6. d[v] := ¢(v,v1); near[v] := vy;

7. end;

8. for k:=2 to n do

9. begin

10. vg := Min(P); P:= P\ {v};

11. w := nearvg]; u:= next{w);

12. next|w] := vg; nextfvg] = u;

13. S =8+ c(w,vg) + c(vg, u) — c(w, u);
14. forve P do

15. it c(v,vy) < d[v] then

16. begin

17. dv] := c(v,vg); near[v] := vg;
18. end

19. end

20. end.

AnropuTM HMeeT crenymOILyl0 CTPYKTypy. B cTpokax 2-3
MHHIHATH3HPYETCS] MapILIPyT, COCTOSIIIMN M3 ONHOH BEPLIMHBI V1.
B crpokax 4-7 3amaroTcs HauasbHble 3HAUEHHUS] MAcCCHUBOB d U
near. B ocHoBHOM LuKJe 8—19 HapamyBaeTcs TeKyLUH MapLIpyT.
B cTpoke 11 onpenensiioTcs Te BepLIMHBI, MEXAY KOTOPbIMU OyAeT
BCTaBJIeHa ouepeqHasi BeplliMHa v. B cTpoke 12 ocymectBasercs
5Ta BcTaBka. OTMETHM, YTO BepIIHHA vy, N00aBJSETCS Cpasy Io-
csle 6yipKafiiell K Hell BeplIMHe w. DTO 03HAYAeT, YTO B MapILIPyT
no6asisoTess pebpa wug, vpu U ynansercs pebpo wu. [Toatomy
Bec S MaplIpyTa NepecuUrThIBaeTCs TaK, KaK 3TO yKa3aHO B CTPO-
ke 13. B uukne 14-18 nepecuuThiBaloTcs 3HaYeHHS MacCHUBOB d
U near.

WUnnoctpupyer paboty anroputma 13.2 npumep, u3o6parkeH-
Hbll Ha puc. 92. CocTosiHMe TeKyILLero MaplipyTa AaHO I[ocJje
NPOXOXKAEHHS OCHOBHOIO LIMKJA B cTpokax 8-19.

MapiipyT KOMMHBOsI)Kepa, HalleHHbIH aJaropuTMOM, HMe-
eT Bec 26, B TO BpeMsl KaK BeC ONTUMa/JbHOrO MaplIpyTa



§ 13.3. Areopummor pewienus 3a0au KOMMUBOLNCEPA 335

v1, V2, V3, V4,1 paBeH 25. VHTepecHO OTMETHUTb, YTO B 3TOM
npumepe Gosee rpyOuiil anroput™m Nearest_vertex TeM He MeHee
HaXOMUT UMEHHO ONMTUMAJbHBIE MapuIpyT.

k | TexkyW#H MapuipyT

U1

V1, V2,1

v1,v2,V3, V1

v1, V2, V4, V3, V1

Puc. 92

[Tockosibky Kaxknas urTepauus Uukjaa 8—19 Tpebyer mopsiaka
n — k omepauuii, To crpaBensuBa

Teopema 13.2. Anecopumm Nearest_insert umeem caromc-
nocmo O(n?).

OkasbiBaercsi, uto anroput™m Nearest_insert, HecCMOTpsi Ha
CBOI0 TIPOCTOTY, 00JIaflaeT YAUBHUTENbHBIM CBOHCTBOM.

Teopema 13.3. [lycmov G = (V,E,¢) — noanulii Heopuen-
MUPOBAHHLLL epagh, Mampuya 8eco8 Komopoeo Heompuyamers-
Ha u ydosremsopsem HepageHcmay mpeyeoivHuka. Ilycmo
Nins(G) — mapwpym Kommusosepa, NOCMPOEHHLIL AA20-
pummom Nearest_insert, Opt(G) — onmumanvroili mapupym,
a ¢(Nins(G)) u c(Opt(G)) — ux seca. Toeda

c(Nins(G)) < 2¢(Opt(G)).
HoxkasareasctBo. [lyctp v1,...,v, — MOCJEI0BATENBHOCTD

BepluMH rpada (7, 3aHyMepOBaHHBIX B TOM MOpsIKE, B KO-
TOPOM OHH [100aBJSJNCL B TeKyLIMH MapLIpyT a/JropUTMOM
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Nearest_insert. O603HaunM uepe3 R MHOXecTBO pebep, BXonf-
upx B Opt(G). Mul GyeM 10Ka3biBaTh TeOpeMy MyTeM MOCTpPOe-
HUsI B3aMMHO OJHO3HAUHOTO COOTBETCTBHUSI MEXIY BepLIMHAMH
V1,...,V, U pebpaMu n3 R TakuM o6pa3oM, 4TOOBI CTOUMOCTb
BKJIIOUEHHUsT BepIIMHBL vy B MapuipyT Nins(G) He mpeBocxomusa
YIBOEHHOH CTOMMOCTH pebpa M3 R, COOTBETCTBYIOLLETO Vy.

[TocTaBHM B COOTBETCTBHE BepLIMHE v OAHO (J11060€) U3 OBYX
MHLUMAEHTHBIX v1 pebep, nmerouuxesi B Opt(G). O6o3HaYNM 3T0
pebpo uepes e;. I[lyctb Ry = R\ e;. Torma rpap H = (V, Ry)
COCTOMT POBHO M3 ONHOH KOMIOHEHTHI CBSI3HOCTH, SIBJISIOLIEHCS
Lenblo, U B 3TOH KOMIIOHEHTe COLEPXKHTCS BepliHHa vy. Kpome
TOTO, CTOUMOCTb BKJIOUEHHUS v B TEKYIUHH MapIipyT paBHa HYJIO,
YTO MeHbIlle WK paBHO 2¢(ey).

[TycTb poist BeplIWH vq,...,U,_1 BbIOpaHBl pebpa eq,...,€e5_1
U3 R Tak, 4TO BBITIONHSIOTCS YCAOBHS:

e #ejmpul<i<ji<k-—1,

2) Ry = R;_1 \ e; nasi moboro i =2, ...k — 1;

3) rpah Hi—1 = (V, Rx—1) cocTouT poBHO U3 k— 1 KOMIIOHEHT
CBSI3HOCTH, KOTOpBIE SIBJISIOTCS LENsMH U B KaXKIOH M3 KOTOPBIX
UMeeTCs TOYHO IO OHOH BeplIHHe U3 YUC/Ia BEPUIMH V1, . .., Vgp_1.

[Ton6epem pebpo e AJS BEPLIMHBI vj TaK, YTOObI BBIMOJHSI-
JIUCb BCe 3TH ycJioBusl. [ycTb B To#l KoMMoHeHTe cBsA3HOCTH Hy 1,
KOTOpAasi CONEPKUT vy, CONEPKUTCS BeplinHa v;, rie ¢ < k. Torna
UMeeTCsl POBHO OfHO pebpo, MHIMIEHTHOE v; U JiexKallee Ha Le-
MU, COENUHSIOER v U v;. DTO pebpo MOCTABUM B COOTBETCTBHE
BeplLIKMHe vy U 0003HAYUM €ro uyepe3 ei. 3aMeTHM, YTO OHO HH-
LMAEHTHO TOYHO OTHOH BepIIHHE M3 MHOXKecTBa {vi,...,Ur}, a
umMeHHO v;. [lostoxum Ry = Ri—1 \ e u Hy = (V, Ry). Jlerko
BUJIETb, UTO MOJYUeHHBIH rpad MMeeT POBHO k KOMIIOHEHT CBsi3-
HOCTH (Lemed) W B KaKJIOH M3 HHUX HMeeTCs POBHO MO ONHOH
BepLIHHE U3 MHOXKeCTBA {v1, ..., Uk }.

OueHUM Tenepb CTOMMOCTb BKJIOUEHHS v B TEKYIIHH Mapii-
pyT. IlycTb vy BKJI0OUaeTCs MOCJe BEPLIMHBl w W Mepej BepIlu-
HOH u. CTOMMOCTDb BKJIIOUEHHS vy, B MapLIPYT paBHA (CM. CTPOKY
13 anroputma)

c(w,vg) + c(vg, u) — c(w, u).
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[ToCKOJIBKY a/JrOPUTM BBIGUpAET [Jisi BKJKOUYEHHs BEpLIHHY, GJiH-
KAHIIYI0 K TEKYUIeMY MapiipyTy, a peGpo ej WHIMAEHTHO TOYHO
OIHO¥ M3 paHee BLIOPAHHBIX BEPLIMH, CIPaBEeJHBO HEPaBEHCTBO
c(w,vg) < cleg).

M3 3TOro HepaBeHCTBA M HEPABEHCTBA TPEYTOJbHHMKA MOJY-
YaeMm

(v, u) < c(u,w) + c(w,v) < c(u,w) + c(eg).
Otciona BbIBOIKM
c(w,vg) + e(vg, u) < e(w,u) + 2¢(eg),
4TO 9KBHBAJEHTHO COOTHOLIEHHIO
c(w,vg) + e(vg, u) — c(w,u) < 2c(eg).

[TocsienHee HepaBeHCTBO O3HAYyaeT, YTO CTOUMOCTBH A0OaBie-
HHUsl HOBOHM BepIUIMHBI B MapLIPyT He MPEBOCXOAHT YHBOEHHOTrO
Beca pebpa, COOTBETCTBYIOIIErO 3TOM BepiuvHe. [1oCKOMbKY Bec
mapuipyta Nins(G) paBeH CymMMe CTOMMOCTEH BKJ/IIOUEHHS Bep-
WHH, crpaBefuBo HepaBeHCTBO ¢(Nins(G)) < 2¢(Opt(G)). O

3ameuanue. Ecau B rpade cylecTByeT BeplUMHA, KOTOPOH HH-
LIUJEHTHBl TOJbKO pedpa MONOKHUTEJNbHOIO Beca, TO CIpaBelJu-
Bo HepaBeHCTBO ¢(Nins(G)) < 2¢(Opt(G)). Nas mokasarenbcTBa
JIOCTATOUHO B3§IThb 3Ty BEpIUMHY B KauecTBe v1, U TOrHA YXKe Ha
NepBOM Llare CTOMMOCTb BKJIIOUeHHs] (OHa paBHa HYJIO) CTPOTO
MeHbllle yIBOEHHOro Beca pebpa e.

Pasbepem ele oauH JIOOOMBITHBIH alrOPUTM [OCTPOEHUS
MapuipyTa KOMMUBOsiKepa, TakxKe HMeOLIUH rapaHTUPOBAHHYIO
OLIEHKY TOYHOCTH.

HanomHuM, uTO 3aMKHYyTast LeNb B CBA3HOM rpade HasbiBaet-
csl 9UJIepOBOM LeNblo, €CM OHa BKJIOUaeT Kaxjaoe pebpo rpada
POBHO OIMH pas.

[lycts G = (V,E) — mnoaubiil rpad, T — oCTOBHOe nepe-
Bo rpada G. Iloctpoum rpap H Ha TOM Ke MHOXKeCTBe Bep-
wuH V, Ucrnosib3ysi IBe KOMUHU Kaxpaoro pedpa uz ET. Crenenu
Bcex BepllIMH rpacda H 4eTHbl, mostomy B H cyliecTByeT 3ijepo-
Ba Lenb P. Boimuiiem Bce BeplHMHBl v M3 V' POBHO MO OTHOMY
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pasy B TOM IMOpsiIKe, B KOTOPOM OHM BcTpevatorcs B P. [lo-
JYYUM HEKOTODPYIO MOC/IEeN0BaTeNbHOCTb Vg, ...,Un. 1OTAA LHUKJI
V1, V102, V2, . . ., U, UpU1, V1 0OpadyeT MapIIPYyT KOMMHBOSKEpa
B rpade G. Bynem roBopuTb, UTO 3TOT MapLIPyT KOMMHBOSIKe-
pa eso0dcen B 5UJ1epoBy Lenb P.

MoxHO cKa3aTh, YTO MHUHHMaJbHBIH OCTOB rpacda sBjseTcs
B HEKOTOPOM CMBIC/e MPUOJHKEHHEM ONTHMAaJbHOIO MapIupyTa
KOMMHUBOsTKepa. [leHCTBUTENIBHO, €M B MMHHUMAaJbHOM OCTOBE
BCE BepLIMHBI UMEIOT CTeNeHb He 6oJiee IBYX, TO 3TOT OCTOB Mpel-
CTaBJsieT co00H Lenb, BKJKYAIOILYI0 BCe BeplinHbl rpaga. Ocra-
eTcs IONOJHUTb 3TY LieNb OOHUM-€AHHCTBEHHBIM pebpoM AJs TO-
ro, UTOObl MOJYYHUTh ONTHUMAJbHBIH MaplUIpyT KOMMHUBOsiKepa. Ko-
HEeYHO, TaKHe OCTOBBI CYILIECTBYIOT PEIKO, HO, TEM He MeHee, MOX-
HO MOTBITATbCs TepefeaTh MPOU3BOJbHBIE MUHUMAJbHBIH OCTOB
B NIpPUeMJIEMbIH MapLIpyT KOMMHBOsiKepa. VIMeHHO Ha 3TOH Hlee
6asupyercs aaroput™M Minspantreetravelling (oT anes. minimal
spanning tree travalling) unu Ocmosnbiii 06x00 A5 MOCTPOEHHUS
MaplipyTa KOMMHBOsI)Kepa B TIOJHOM B3BellleHHOM rpade G =
= (V,E,c). IlpuBenem cHauasa HehOpMaJbHOE M3JI0XKEHHUE ITOTO
aJropuTMa:

1) nocTpouth MHHUMAaJbHOE OcTOBHOE AepeBo T’ rpada G,

2) nocTpouTh rpad H, HCMOJb3ysl ABe KOMHH Ka)Kaoro pedpa
u3 ET, u Haéitu B H 3iiaepoBy Lenb P;

3) TOCTPOUTH MapLIPyT KOMMHUBOSKEPA, BJIOXKEHHBIH B 3MJe-
poBy uemnb P.

B ¢opmanusosanHo# 3anucu anroputrma Minspantreetra-
velling ©6e3 mMoOLPOOGHOrO OMMCAHHUS MHCIOJb3yeTCs Ipoleaypa
Ostov(G), KoTOpasi CTPOMT MHHHMAaJbHOe OCTOBHOe nepeBo T
rpaa G. Cuuraem, uto rpad H moaydeH u3 1’ yoBOeHHEM Kax-
noro pebpa. Ilpouenypa Filer(H) cTpouT sHJepoB MapLipyT,
Npe/ICTaBJeHHBIN BepIIMHAMU B cTeKe S Res.

MapiipyT KOMMHUBOSIKEpPa, BJIOXKEHHBIH B 3HJIepPOBY Lelb,
npeacTaB/eH MacCUBOM mk, rue mk[z] JlaeT WMMs %-d BEpLIMHB
B MaplupyTe KOMMHBOsiKepa. MaccuB mark nnuubl n + 1 Heo6-
XOIUM [J1s1 TOTO, YTOObl BKJI0UaTh COOTBETCTBYIOLLYIO BEPLIMHY B
MaplIpyT KOMMHBOSI2Kepa JIMLIb MPH [1ePBOM ee IOSIBJIEHUH B CTe-
ke SRes. Ilpy 3TOM nepBas U NocJeHss] BepLIMHBI COBINAAIOT.
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Auaroputm 13.3 Minspantreetravelling

Bxon: nosublil B3BeweHusldl rpagp G = (V, E, c), 3anaHHbIl Mart-
puuei BecoB A[l..n, 1..n], npuuem Afv,v] =0 g5 awbbix v € V.
Boixon: MaplipyT KOMMMBOsKepa, 3alaHHbIH MaccuBoM mk[l..
..(n+1)], S — Bec 3Toro Mapuipyra.

1. begin

2. Ostov(G);

3. Eiler(H); i :=1;

4. for v €V do mark[v] :=0;

5. while SRes # 0 do

6. begin

7. v < SRes;

8. it mark[v] =0 then

9. begin

10. mkli] == v; i =i+ 1, mark[v] :=1;
1. end;

12. end;

13. S :=0; mk[n + 1] :== mk[1];

14. for i :=1tondo S:=5+ Amk[i],mk[i + 1]];

15. end.

Teopema 13.4. Ascopumm Minspantreetravelling umeem
caoserocmoy O(n?).

Hoxa3atenbcTBO. HamoMHUM, YTO MUHUMANBHBIH OCTOB MOXK-
HO TMOCTpPoMTh 3a BpeMsi O(n?), ecau HCMOB30BaTh AJITOPUTM
Apuuka-Ilpuma—Jefiketpsl, cienoBarenbHo, npouenypa Ostov(G)
MOXkeT ObiTh peanusoBaHa co caoxHoctbio O(n?). Ilpouemypa
FEiler(H) uMeer cnoxHoctb O(m), rae m — 4ucjo pebep B rpa-
¢e H. Tak kak H mosydeH u3 octoBa, To m = 2(n—1). [Tostomy
MpoLeAypa MOCTPOEHHUs 3HJepoBa MapLIpyTa 3[eCh HMEeT CJO0X-
Hocts O(n). KosunuectBo 3amuceit B cnucke SRes mponopiuo-
HaabHo m. CyienoBaTesnbHO, CJA0XKHOCTE UHKIa 5—10 ects O(n).
Orciofa U BbITEKaeT OLIEHKA CJ0XKHOCTH BCEro aJropHTMa. O

Bepuemcst k rpady, npuBeneHHoMy paHee Ha puc. 92. Bosb-
MeM MHHHMaJibHOe GCTOBHOE IepeBo 1’ aToro rpacga, KoTopoe mo-
poxpaetcsi pebpaMu v1ve, V2Us, U1v4. (B maHHOM rpade ecTb ele
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OIHO MHHHMaJbHOe OCTOBHOe HAepeBo.) JlanbHeHIUuil pe3ysnbTaT
3aBUCUT OT TOro, KakuMm OyneT 3HJepoB MaplipyT B rpacge H.
[Iyctb, Hanmpumep, BbIOpaH MapLIpyT v1,vy4,V1,V2,V3,V2, V1. 1O-
ra MapupyT KOMMHBOSKepa vj, VU4, Vg, U3, U1, BIUCAHHBIA B 3TOT
siiJiepoB MapuIpyT, uMeet Bec 29. Ecaiv B H B3Tb 3i/1€poB Mapli-
pyT v1,V2,V3, V2, V1, V4, VU1, TO TOJYYUM ONTHMAJbHBIH MapLIpyT
KOMMUBOSIKepaA 1, Vg, Us, Ug, U1, UMEIOILHH Bec 25.

Ormerum, uto anroputm Minspantreetravelling umeer Ta-
KYIO e OLeHKY TOYHOCTH, KaK U anroputm Nearest_insert.

Teopema 13.5. [lycmo G = (V,E,c) — noanvil 838euien-
HbLL epagh, mampuya 8eco8 KOmopozo Heompuyamervua u yoo-
saemsopsem Hepagencmsy mpeyzorvkuka. ycme Mstt(G) —
MAPUIPYM  KOMMUBOSINCEPQ, NOCMpoerHblli areopummonm Min-
spantreetravelling, Opt(G) — onmumarvHulli mapuipym, a
c(Mstt(G)) u ¢(Opt(G)) — ux seca. Toeda

c(Mstt(G)) < 2-c(Opt(G)).

JokasateabctBo. [lyctb cmst(G) — Bec MHHHMasbHOIO
ocroBa rpada G. Ynanss us Opt(G) npousBosnbHoe pe6po, mosy-
YUM HeKOTOpbl# ocToB rpaga G. Otciona cienyert, 4To

emst(G) < ¢(Opt(G)). (%)

Tak kax rpag H BK/uUaeT Kaxnoe peGpo oCTOBA POBHO /iBa
pasa, TO CymMMa BecOB 3fiiepoBa MapiipyTa paBHa 2 - cmst(G).
[ycTb vy,...,Un, 07 — MOCJAENOBATENBHOCTD BEpPIIMH MapLIpyTa
KOMMHBOSIKEpa, BIIMCAHHOTO B 3fjiepoB MapuipyT. Torma

c(Mstt(G)) = c(v1,v2) + c(ve,v3) + -+ - + c(vp, v1).

JLy1si TPOU3BOJIBHBIX MOCJENOBATENbHBIX BEPUIMH Vg U Vg1 B
MapIIpyTe KOMMHBOSKepa uepe3 wi,Ws, ..., w, 0003HaYUM BCe
BEpLIMHBI B 3HJ€POBOM MapUIpyTe, CTOSIIHE MEXAY HUMH, BKJIO-
yasi UX CaMHX, T.e. Wi = Vg, W, = VUk4+1. VI3 HepaBeHCTBa Tpe-
YTOJIbHHKA CJIENYeT, YTO

(v, V1) < c(wi,ws) + - -+ + c(wr—1, wy).
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CyMMHpYyst 3TH HepaBeHCTBA 1O BceM k = 1,...,7n W YYHThHI-
Basi NIPM 9TOM, UYTO BecC 3iJepoBa Mapuipyta paseH 2 - cmst(G),
MOJTyYUM

c(Mstt(G)) < 2- emst(G).

OTciona u U3 HepaBeHCTBa (*) caenyer Tpebyembii pesyabrar. [

B 3ak/ioueHHe OTMETHM, YTO HU3BECTHHl GoJiee TOUHble OBICT-
phle aJrOPUTMbl [IOCTPOEHHS MaplLIpyTa KOMMHBOSKepa, yeM pac-
cMoTpeHHble Hamu. Hampumep, anroputm Kpucrodwupeca, pas-
paboraHHbIl B 1976 romy, mosydaeT MapIIPyT KOMMMBOSIKEpA,
BEC KOTOPOro MOXeT ObiTh He Gojiee ueM B 1,5 pasa GoJblie
Beca ONTHUMa/bHOro Mapuipyrta. Asroputmbl Nearest_insert u
Minspantreetravelling W3BeCTHbl UCCJAef0BaTeNsIM 1aBHO, OfHa-
KO OLleHKa UX TOYHOCTH (Teopema 13.3 u TeopeMa 13.5) nosmydeHs!
CpaBHHTeJbHO HemaBHO — B 1977 rony B paborte PoseHkpatua,
Hltepra u Jlblouca.

§ 13.4. PELLUEHME 3AAYN KOMMMUBOSIXKEPA
METOJOM BETBEM U FPAHML,

Jlaisi pellleHUs] MHOTHX TPYAHOPELIAeMBIX 3aa4 OTHOCHTEJBHO
YCIELIHBIM SIBJISIeTCS NPUMEHeHHe MeTona BeTBeH M rpaHull. Mol
NPOJEMOHCTPUPYEM Telepb MPUMeHEeHHe 3TOr0 MeToa K 3ajade
KOMMHBOsI)Kepa. Dynmem mo-mpexkHeMy mpearnoJsiarath, 4To rpag
G = (V,E,c) siBasiercst MONHBIM M 3afaH MaTpuiied BecoB. On-
Hako OyleM CYMTaTh, YTO MATpPHULA BECOB He 00s3aTENbHO CHM-
MeTpuuHa. MHaue roBopsi, 6yneM cuyurtath, uTo rpad G siBasieTcs
OPHUEHTHUPOBAHHBIM M B3BELIEHHBIM, T. €. SIBJSETCS CeThIO.

MapiipyToM KOMMHBOSIKEPA B OPHEHTHPOBAHHOM rpade Ha-
3bIBa€TCA KOHTYP, BKJIOUAIOLUINH KaXKIYI0 BepLIMHY POBHO MO Of-
HoMmy pasy. [lis mosiHOM ceTH ¢ n BepuiMHamu umeercs (n — 1)!
BapHaHTOB MaplIpyTa KOMMHBOsiKepa. EcTecTBeHHO, UTO MOJHBIH
nepe6op BCeX BAapHAHTOB SIBJISETCS HEBO3MOXKHBIM faxKe /s He
oueHb OOJIBIIUX 3HAYeHHWH n. MeTon BeTBeH W I'pDaHHL SIBJSETCS
XOPOILKUM CIOCOOOM COKpALeHHUs MOJHOro nepedopa AJs mosyue-
HUS ONTUMAJIbHOTO peLIeHUS.

[IpencraBuM mponecc MOCTPOEHUS MapLIpyTa KOMMHUBOSKE-
pa B BHIEe IMOCTPOEHMS ABOWYHOTO KOPHEBOIO NepeBa pelleHHH,
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B KOTOPOM KaXJIOH BepLIHHEe X COOTBETCTBYeT HEKOTOpOe IMOf-
MHOXecTBO M (x) MHOXKECTBAa BCEX MapLIPYTOB KOMMHBOSIKEpA.
Cuynrtaem, 4TO KOpHIO JlepeBa pelIeHHH I0CTaBJEHO B COOTBET-
CTBHE MHOXKECTBO BCEX MapIIPyTOB KOMMMBOSXKepA.

[lycTs & — HekoTOpas BeplMHA 3TOro jAepeBa. Bribepem nyry
vw, KOTOpasi BXOAUT XOTs Obl B oguH MapuipyT uz M (x). Torna
MHOXecTBO M (x) pa3buBaeTcsl Ha fBa HelepeceKaroLIUXCs MOA-
MHOXKeCTBa, B OJHO U3 KOTOPBIX MOXXHO OTHECTH BCe MapLUpyThl,
conep:allue Ayry vw, a B APyroe — He comepxaiiue ee. bynem
CUUTATh, YTO IIEPBOE U3 ITUX IOAMHOXKECTB COOTBETCTBYET JIEBO-
My ChIHY BepIIHHBI &, & BTOPOE€ — MpPaBOMYy. TeM caMbiM OMUCaHO
(moxa emme B OOIIMX UepTax) npasuno semsnexus. BepiuHa fe-
peBa pelleHHH, NJIsi KOTOPOH CTPOSITCS CBIHOBbSI, OYHET HA3bIBATh-
csi akmusHoil. I'aBHOe MOCTOMHCTBO MeTOla BEeTBEH U TI'paHUIL
[0 CPaBHEHHUIO C MOJHBIM Mepe6opoM 3akJr4aeTcs B TOM, 4TO
AKTHUBHBIMH OOBSABMASAIOTCS JIHIIb T€ BEPLIMHBI, B KOTOPHIX MOXKET
COIepKaThCs ONTHMANbHBIH MapipyT. CienoBaTesbHO, HEOOXONHU-
MO BbIpab0oTaTb Npasus0 aKmMusu3QuuU 8epuilr, KOTopoe OyreT
CBOIUTBLCS K npasuiy nodcuema epanuy.

[IpennosioxXum, 4To AJs BEpUIUH AepeBa PellleHHH BBHIYUCJIEHO
3HauyeHue f(x) Takoe, 4TO BeC JOOOrO MaplLIpyTa K3 MHOXKECTBA
M (x) ne menblue yem f(x). Takoe uncno f(x) Ha3bIBaeTCst HUJC-
Heli epaHuyetll MaplipyToB MHOxecTBa M (x) WM, Kopode, rpa-
HULeH BepluuHbl x. [IpaBHU/I0 aKTHBHU3ALMK BEPLIHH 3aKJII0YAeTCs
B TOM, YTO M3 MHOXKECTBa BEpLIHMH, He HUMEILIUX CbIHOBEH, B Ka-
YecTBe aKTHBHOU BBIOMpAETCS BepIIMHA C HaWMeHbIleHd HUXHeH
rpanuueil. BepmnHa, 15 KOTOpPoO# NMOCTpoeHBl 06a ChiHA, aKTHB-
HOH CTaTh B JaJjibHEHIIEM He MOXKeT.

Ilpouecc nocTpoeHus: JepeBa pelleHUH NMPOROJKAETCS 0 TeX
nop, 1OKa aKTUBHOH He OyneT oO0bsiBJE€HA BepLIMHA X, HJs KOTO-
poit MHOKecTBO M (x) COCTOMT M3 ONHOrO-eAMHCTBEHHOIO Mapli-
pyTa, a 'paHuLBl BCeX IPYTHX BEpLIMH He MeHblle 4eM BeC 3TO-
ro mapuipyTa. [IoHSITHO, UTO TOTAA MapIIpyT, COAEepXKallHics B
M (z), siBasieTcst ONTHMaJbHbBIM.

Octaetcst chOpPMyNHPOBaTh MpPABUJIA BBIYMCIEHHUS HHXKHUX
rpaHul. [lpouenypy BBIUMTAHUS M3 Ka)KIOTO 3JEMeHTa CTpo-
KA (COOTBETCTBEHHO CTO0/611a) MHHUMAJBHOIO 3JeMeHTa 3TOH
Ke CTPOKH (cTosblia) HazoBeM pedyxyueil cmpoku (pedyxyuetl
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cmoabya). Tlpouenypy, KoTopas cHauaja OCYLIECTBJASET pPelyK-
LU0 KaXKI0H CTPOKH, a 3aTeM B M3MEHEHHOH MaTpulle — pelyk-
LIUI0 BCEX CTOJOLOB, HA30BeM pedyKuueti Mampuusl, a TONyUeH-
HYI0 MaTpULy — pedyyuposarHoll. 3aMeTHM, 4TO peryLHupoBaH-
Hasi MaTpula HeOoTpHLaTe/bHA, NMPUYEM B KaxKIOH ee CTPOKe U
KaXK[IOM ee CTOoJI0Le UMEeEeTCs XOTs Obl OfHMH HYJIEBOH 3JIeMEHT.

Jlemma 1. [Iycmo P — mapuwipym xommusosnsxcepa 8 cemu G,
¢(P) (coomsemcmesenno d(P)) — sec amoeo mapwpyma, onpe-
Oeasemoitl mampuyeti secos cemu G (pedyyuposanHoti mampu-
yeti), f — cymma 8cex KOHCMAHM, UCNOAb3YEMbLX Npu pedyk-
yuu. Toeda ¢(P) = d(P) + f.

HoxkasareanctBo. [ljs Bcsakoro mapuipyra P COOTBETCTBY-
1ol1as [10CJe0BaTe/IbHOCTb BecoB Ayr obpasyeT Habop U3 m 3Je-
MEHTOB MaTpHIBl BeCOB. DTOT HabOp XapaKTepH3yeTcsl TeM, 4TO
B KaxI0H CTPOKe M KaxkKAOM CTOJOLEe MaTpULbl COAEPKHUTCS POB-
HO Mo OfiHOMY ero 3jeMeHTy. CJlefoBaTeJbHO, KaXKIblH 3JeMeHT
Habopa MoxupuIupyeTcs nBaxkasl. CHauasa NMpH pefLyKIHH COOT-
BETCTBYIOIIEH CTPOKH, a 3aTeM — crosbua. Kpome toro, Kaxknas
KOHCTaHTa, UCIOJb3yeMas TIPU PeIyKILHH, BIUSIET POBHO Ha OfWH
s7eMeHT Habopa. OTciofa cefyeT 3aKJIUeHHe JeMMb. O

[TockosbKy penylLrpoBaHHasi MaTPHLLA COAEPKHUT TOJIbKO HEOT-
puuarenbHbie 3jemeHTH, uUMeeM d(P) > 0. CrenoBaresbHo,
¢(P) = f. Dro o3Hauaet, 4TO BeJqHUYMHA f SIBAsSETCS HUXKHeH rpa-
HULIEH BCeX MapLIPyTOB KOMMUBOSI?Kepa AJIsl HCXOAHOH HepenyLH-
pPOBaHHOM MaTpHUIEl BeCOB. TeM caMbIM IMOJYYEHO TPaBHUJIO BBIUKC-
JIEHHs] HU2KHeH IPaHHUIbl KODHEBOH BEepILHHBI JepeBa pelleHUH.

DTO NpaBUJIO OCTAeTCs CIPaBENJIUBBIM H IJIs JIIOOOH Npyrou
BeplUUHBl AepeBa pelleHUH. [leHcTBUTEbHO, ¢ KaXKIOH BepIlU-
HOH x JepeBa pelleHHH ONHO3HAYHO CBSI3bIBAETCS MaTpHlla, OIH-
cbiBaliasi BCe BO3MOXKHble MapuipyTel W3 M (x). Cymma Bcex
KOHCTAHT, MCIOJb3yeMBIX NPH €€ PeAyKLUWH, U HUXKHSAS TpaHHuLa
OTIA BEPLIMHBI T AAIOT HYXHYIO IPAHUIY BEPLIMHBE . A UMEHHO
CrpaBeJIMBa

Jlemma 2. [lycmo sepuwiuna x A841emMcs CoLHOM BEPULLHbL
y 8 Oepese peuwenuti, f(y) — HUNCHAAL ePAHULA BEPULLHbL Y
u f — cymma 8cex KOHCMAHM, UCNOAb3YEMbLX NPpU pedyKyuu
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mampuypl, coomsemcmayroweti gepuune x. Tozda pasercmso
f(x) = f(y) + f 3adaem nuncuroro eparnuyy f(x) sepuiunsl x.

M3noxeHHyI0 CXeMy MeTONA BeTBeHd W TpaHul pazbepeM Ha
koHkpeTHoM mpumepe. [lyctb cetb G = (V, E,¢) 3anana matpu-
uell BecoB A, KoTopas mpencrtaBjeHa Tabu. a. PenyuupoBaHHas
Mmarpuua A npencrasjeHa Tabda. b. B cronbue g marpuus A yka-
3aHbl MHUHHMMaJjbHble 3JeMEeHTHhl I/ KaxKnoi cTpoku. I[locse ux
BBIUUTAHUSI U3 COOTBETCTBYIOLUIMX CTPOK HYJH OYAyT B KaxKIo#
CTPOKE U B TEPBHIX YeThipeX cTonbuax. MHUHUMAJbHEE 3/1€EMEHTHI
IJIS1 HOBBIX CTOJIOLIOB YKa3aHbl B CTpoKe h Taba. a. [locse penyk-
UM ctoabuoB nosaydaercs taba. b. OO6was cymMma BBYTEHHBIX
3JIEMEHTOB paBHa 32. DTO YMUCJIO YKA3aHO B IepeceyeHHuH CTPOKH
h u cronbua g. CienoBatesnbHO, J1060H MapIpyT KOMMHUBOSIKEPa
B ceTH (G UMeeT BeC He MeHblle YeM 32.

1 2 3 4 5 g
I |{oco0 12 9 9 12 19
219 oo 8 19 15 | 8
3| 6 0 o 16 10| O
41 5 9 12 oo 16| 5
5|16 7 13 23 oo | 7
h | O 0 0 0 3 | 32
a)
1 2 3 4 5 | r
Il | oo 3 0 0 010
2 1 co 0 11 4 1
31 6 0 oo 16 7 |6
410 4 7 oo 8 | 4
5| 8 0 6 16 oo | 6
s 1 0 0 11 4
b)

[lepeiinem Temepb K MOCTENEHHOMY I[OCTPOEHHIO KOPHEBOTO
IepeBa Moucka pelleHus. [ls BeTBJEHUS B KOPHEBOH BepLIMHE
JlepeBa pelleHHH HYXKHO BBIOpaTh AYTy vw M pas3OHUTb BCe MHO-
’KEeCTBO MapLIPYTOB Ha [[Ba HellepeceKaloluXcs MOIMHOXKECTBa, B
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OIHO M3 KOTOPBIX BKJ/IOUAIOTCS BCe MapLIPyTbl, COAepKallue Ay-
ry vw, B Jpyroe — He coiepxaiue 3Ty ayry. IIpasuso BeiGopa
TaKoH AYTH vw ONpelessieT 10 CYLIECTBY BCIO CTPATErHio MOUCKA
ONTHMAaJbHOTO MaplLIpyTa.

BriGop nyru vw o3Hauaer, 4to MapuwpyTh U3 M (x) mjs neBo-
rO ChblHA I HE COMEepPXKaTr APYTHX YT, BHIXOASIIMX U3 U, H IPYTUX
IyT, BXOASIKMX B w. MlHaue roBopst, U3 MaTpPHIBl BECOB JJIst JIEBOTO
CbiHA MOXHO YIaJHTb CTPOKY v U croaben w. Kpome roro, cie-
LyeT 3alpeTHTh BO3MOXKHOCTb BKJIKOUEHHsI B MapUIPyT AYrH wv,
IJisl 4ero AOCTATOUHO MOJMOXKUTb Afw,v] = co. Takum obpasom,
pasMep MaTpHIbl BECOB JIEBOTO ChlHA YMEHBIIAETCsl Ha eAHHHILY,
[0 CPABHEHHIO C Pa3MepoOM MaTpPHUIIbl BECOB OTLA.

[Tockoabky MapiuipyTel U3 M (x) mJjsi mpaBoro cblHa x 3ampe-
LAOT JIMIIb UCMONB30BATh AYTY vw, TO BCe H3MEHEHHs B MATPHLIE
BECOB CBOASITCS K TOMY, YTO HYXKHO MOJOXUTb A[v, w] = oo.

[TosToMy MpeAnoYTUTENBbHO HAXOAUTh pelleHHe, NBUTasiCh M0
JIEBBIM, a He MO TpaBbiM CbIHOBbAM. CJlefoBaTesbHO, Ayra vw
JIOJ2KHA BBIOMPATbCS TaK, YTOObl HUKHSIS IPAHUIA MPABOTO ChIHA
Oblla KaK MOXKHO 0O0Jibllle I'pPaHHLBI JEBOrO ChiHA. B pemyuupo-
BaHHOU TabJ1. b Ha ¢. 344 B cT0Os161E 7 (COOTBETCTBEHHO CTPOKE )
yKa3aHbl BTOpble MUHHMaJbHbIE 0 MOPSAKY UHCJa COOTBETCTBY-
IOIIHUX CTPOK (CTOJIBIIOB).

[IpaBuso BeIGOpa AyrH vw MOXKHO C(HOPMYJIHPOBATH CJELY-
IOMKUM 00pa3oM: BEIOpATh TOT HYyJb B PelyLHUPOBAHHOH MaTpHle,
JIJIsT KOTOPOTO CyMMa 3HayeHHH 3JIEMEHTOB, HaXOMSIUXCs Ha Me-
pecevyeHUH CTPOKH ¥ CO CTOJOLOM 7 U CToJ6LA w CO CTPOKOH s,
Han6oJblLIas.

Hanpumep, nis Hy/s, HaXOASAIIETOCs B YeTBEPTOH CTPOKE Tep-
BOTO CT0/1611a, COOTBETCTBYIOIAs CyMMa paBHA O, a AJs HyJsl B
nepBoil CTpoke WU uyeTBepToM crosbue — 11. Jlerko BumeTb, 4TO
3TO 3HayeHHe ABJsgeTcs HaubonblUM. TakuM o6pasoM, pasbueHue
MHO>KeCTBa BCEX MapLIPyTOB CJEAYET OCYLIeCTBUTh 1o ayre (1,4).

Ha c. 346 tabn. a v b npencraBjeHbl UCXOAHAs U pPeLyLH-
pOBaHHasi MaTpHLbl BECOB JIeBOrO CblHA KOPHEBOH BepLIMHBI, a
tabj. ¢ — pelyLUUpOBaHHas MaTpHlla NpaBoro CelHa. Pemykuus
MaTpULbl IPABOr0 ChIHA 3aKJI04yasach JHIIb B BbIYUTAHUH YMC/IA
11 u3 uerBeproro crosabua.
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Ilnst yno6eTBa yepes xy 0003HAYUM KOPeHb [epeBa peLleHHH,
yepes xgp — €ro JIeBOro ChIHA, a yepes g1 — npasoro. Ecau zj, —
HeKOTOpasl BeplIHHA JepeBa pelleHUH, rae k — MOCIeN0BaTe/b-
HOCTb M3 HyJIell H eIMHML, TO JIEBbIH CBIH BEPLUMHBI Z) [OJyYaeT
MHJIEKC TIPUIMKMCbIBaHHEM crpaBa K k 3Hauenus 0, a mpaBbiii — 1.
BcernoMuHast, 4To TpaHHILy BepIIHHBI & MBI yKe 0603Hauasy paHee
uepe3 f(x), noayuyaem f(zo) = 32, f(zoo) = 41, f(zo1) = 43.

1 2 3 5 g 1 2 3 5 r
2 1 o 0 4 0 2 0 oo O 0|0
3 6 0 oo 7 0 3 5 0 oo 3 3
4 | oo 4 7 8 4 4| 0 3 0 0
5 8 0 6 oo |0 5 7 0 6 oo | 6
h 1 0 0 4 9 s 5 0 3 0
a) b)
1 2 3 4 5 r
1 | co 3 0 oo 0 0
2 1 o 0 0 4 0
3 6 0 oo 5 7 5
4 0 4 7 o) 8 4
5 8 0 6 5 oo | 5
B 1 0 0 5 4

&)
~

CcdopmynupoBaHHOe MTPaBUJIO BbIGOpa HYJIS B peLyLUpPOBaHHOH
MaTpulie MO3BOJsIET HalesiThCs (HO He TapaHTHPYeT), UTO rpaHHLa
MPaBOTO ChiHA yBeJWUUUTCs OoJblie Bcero. OTMETHM, YTO MUMEKOT-
csi U 6oJjiee CHUJIbHBIE MpaBHJa BbIOOpa OYTH vw WJH, UTO TO XKe
camoe, HyJsl B pelyLUPOBaHHOH MaTpuLe.

[Tocsie mocTpoeHUs BEPILIUH Xop U To1 AEPEBO PeleHHH BbIMVIA-
IUT TaK, KaK OHO M300pakeHo Ha puc. 93, rue B ckoOKax psaoM
C MMeHeM BepLIMHBl HAMKMCAaHO 3HaYeHHWe HUXKHel rpaHuubl. Hu-
JKe BepLIMHBI lepeBa pellleHHH HalKuCaH COOTBETCTBYIOIIMH Bapu-
aHT pa3OHeHHs] MHOXKECTBa MapLIPyTOB, COOTBETCTBYIOLIMX AaH-
HOH BeplIKMHe, 2 UMEHHO yKa3aHa [yra, 0 KOTOPOH MPOU3BOLUTCS
pasbueHue.
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x4(32)
(1,4)

Xgo(41) x,(43)

Puc. 93

[Tocko/IbKY BeplLIHHA Xog UMEET IPAHHUIY MeHbLlle, YeM BepILUH-
Ha (1, TeNepb OHA CTAHOBUTCS aKTUBHOH. [lo omucaHHOMY paHee
npaBusy Beibupaem ayry (5,2), 6o Hysb, CTOSILMH B CTPOKe D
U cTOJI6IE 2, NMeeT HauOOJbLIYI0 CYMMY COOTBETCTBYIOLIUX €My
3HauUeHHH B CTPOKe s M cToubie 7 (Tabs. b, c. 346).

1 3 5 g 1 3 5 r
2 0 0 o~ |0 21 0 0 o |0
3 5 o 3 3 3 2 oo 0 |2
4 | o 3 0|0 4| c0 3 0|3
h| O 0 0|3 s 2 3 0
a) b)
1 2 3 5 T
21 0 o 0 0|0
3 5 0 o 3 3
410 O 3 0|0
5 1 o 0 oo |1
s 1 0 0 0
c)

Marpuubl BeplIMH Zggo U Zgp1 NMpencTaBjeHbl Ha ¢. 347, rae
a) ¥ b) — COOTBETCTBEHHO HUCXOMHAs ¥ PelyLIMPOBaHHAs MaTpHUILbI
BEPIIHHBI Tggp, & ¢) — PeoyLUHPOBAaHHAS MaTpULA BEPLIMHBI Zqq1.
PenyKiiusi MaTPHIbl Tgg1 COCTOSIIA JIMIIb B BHIYMTAHWH 4Hcaa 6
U3 mocjenHed CTpokH. [l HHXKHHMX TPaHUI[ MMeeM paBeHCTBa
f(zooo) = 44, f(x001) = 47. pouecc mocTpoeHus AepeBa pelie-
HUH peKOMeHJyeM JaJjiee OTCJeKHUBaThb Mo TabauliaM Ha c. 347.
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Tenepe mpupeTcss BepHYTbCS Has3ai M0 AepeBY pelleHHi, H6o
AKTHBHOH CTAHOBHUTCS BeplIUHA Xg1. B Tabi. ¢, n3o6pakeHHOU Ha
c. 347, cpa3y HeCKOJIbKO HyJed HUMelOT OIMHAKOBYI0 CyMMY COOT-
BETCTBYIOLUX JIEMEHTOB B CTO0LAX s 1 r. Beibepem ns1s1 pa3bue-
uus oyry (3,2). HepenyuupoBaHtbie MaTpHIbl CHIHOBEH BEPILIHHbI
Zo1 M300paXkeHbl Ha puc. 33. AHaIU3UPyst CTPOKK h U CTOJIOIB ¢
o6eux MaTpull, mosaydaeM f(xo10) =48 u f(xo11) = 48.

1 3 4 5 g
Il | oo 0 o 0 0
2 1 o 0 4 0
4 0 7 o 8 0
5 8 6 5 o |5
h| O 0 0 0 5
a)
1 2 3 4 5 g
1 | 3 0 o 0 0
2 1 o 0 0 4 0
3 6 0o 5 7 5
4 0 4 7 oo 8 0
5 8 0 6 5 o0 |0
h 0 0 0 0 0 5
b)

Crenyroleil akTHBHOH BepIIMHON CTAaHOBHUTCS BEpLIHHA Zoo,
peLylUMpOBaHHAs MaTpHlla KOTOpo# b), mpeicTaBsieHa Ha c. 347.
B 3Toii mMaTpule [IBa paBHOLEHHLIX MpeTeHAeHTa: ayra (2,3) u
nyra (4,5). Boibepem nnsi pasbuenus nyry (4,5). Iloayuaromue-
csl MaTPHULBl BEPLIHH Zooop U Tooo1 NPEACTABJEHB TAOMHLAMH )
u b) Ha c. 349 cootBetcTBeHHO. OfpaliaeM BHHUMaHHe YHTATENs
Ha TO, YTO 3/leChb B MaTpHle a) djaeMeHT (2,1) paBen oo. Jeso B
TOM, 4TO Bce MapupyTsl B M (xooo0) comepxkaT nyru (1,4), (5,2)
1 (4,5). Hukako#i MapuipyT KOMMHBOsKEpa Tellepb He MOXKET CO-
nepxatb ayry (2,1). Ilo atoit npuuune anemeHt (2,1) B MaTpuLe
TIPUpPaBHEH K 00.
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1 3 5
1 3 2 0 0 oo
2 | oo 0 3 2 oS 0
3 0 9] 4| 3 [e's)
a) b)

Tabnuuedt a) Ha c. 349 npencrasieHa penyupoBaHHAS MaTPH-
11a BepLIHHHL Zogoo. SICHO, 4TO f(2o000) = f(o00)+2 = 46. 3mech
JKe [JisT MaTpULbl b) pefyKLHs CBOAMUTCS K BHIYUTAHHIO YHCaa 3
u3 ctpokd 4. OTciona nosydaeM paBeHCTBO f(zqooo1) = 47.

HaxoHell, aKTUBHOH CTAHOBUTCS BepILHHA Xgpog. 3LECH BHIOOP
IYyrd He UrpaeT HUKakKoH posu. ECTb TOJBKO BE BO3MOXKHOCTH.
Wnu cHauana BeiGpath nyry (2,3) u, npoBonsi pa3bueHHe 1O HeH,
Ha cjenyomeM mnare BeiOpath (3,1), unu Haobopor, cHavana —
(3,1), a sateMm — (2,3). BaxHbIM siBJIsieTCsl JIULIb TO, YTO TIPH
nepexofe K CbIHOBbSIM TPaHHULBI JIEBBHIX CHIHOBEH HE MEHSIOTCH,
MI03TOMY JIeBble CbIHOBbSI CPa3y CTAHOBATCS aKTUBHBIMH. [ paHHLIbI
TPaBbIX CHIHOBEH U B TOM M B PyTOM CJjlyyae paBHBI 0O, UYTO O3Ha-
YyaeT OTCYTCTBHE COOTBETCTBYIOIIMX MapILIPYTOB KOMMHBOSIKEPA.

JlepeBo pelieHuii, NOCTPOEHHOE HAMU, H306paxKeHOo Ha puc. 94.
[Tocko/IbKY aKTHBHOH Ternepb clieayeT 0ObSBUTh BEPIIMHY, COMEp-
JKalLY OTMH-eIUHCTBEHHBIH MapUIpyT, aJlrOPUTM Ha 3TOM 3aKaH-
YyKMBaeT CBOIO paboTy.
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HWrak, onTUMajbHBIM B 3afaHHOM rpade fBJASETCS MapLipyT
1-4-5-2-3-1, Bec kotoporo paBeH 46. OTMeTHM, uTO B JaH-
HOM MpUMepe MBIl HCCJefoBand Bcero |3 BeplIMH JOepeBa pe-
weHnd. MMmemwlidecss 3KCrepuUMeHTa bHble TaHHblE MO3BOJSIOT
yTBepKIaTb, UTO MeTon BeTBeH W rpaHul aias 3K sBasercs pa-
3YMHOH a/JibTepHATHUBOW MOJHOMY Mepebopy, 60 OJs CaydalHON
MaTpULBbl BECOB UYHUCJIO HCCJELYyeMBIX BEpLIMH [epeBa peLleHHH
pasuo O((1,26)™).

Otmetnm ocobeHHocTH 3K, M03BOJIMBILINE peasn30BaTh METON
BETBeH ¥ TPaHHUL AJISl ee pelleHHUs.

1. Bemeaernue. MHOXeCTBO pelleHHUH, MpeACTaB/sieMOe Bep-
IIMHAMH [epeBa pelleHHH, MOXKHO pa3OWUTb Ha IOMApHO Hemepe-
cekarolyecst MHOXKecTBa. Kaxxoe mogMHOXeCTBO B 3TOM pasbue-
HUM TIPENCTaBJsEeTCs ChIHOM HCXOIHOH BepLIMHBI B JepeBe pe-
LIeHUH.

2. Ipanuypr. ViMeeTcss aqrOpUTM [Jis BBIYMCJIEHUS HHKHEH
rpaHULBl Beca J06Oro pelleHUs] B JaHHOM MOIMHOXKECTBE.

[TockosbKy MHOrMe 3afaud AHMCKPETHOH ONTHUMH3aLUH 00-
JaJaloT ABYMS Iepedyuc/eHHbIMH CBOMCTBAaMH, TO MeETOZ BeTBel
U TPaHHUIl MOXET TMPUMEHSTbCS AJs WX pellleHus. [Ipu aTom pas-
OUeHHe MHOXKECTBA PeIleHHH Ha KaXKIOM LlIare MOXeT OCYILEeCTB-
JsiThbCcsl U GoJiee UeM Ha [[Ba HelepeceKarlInXCcs MOAMHOXKECTBA,
€CJIM [J151 TIONMHOXECTB UMeeTCs MOAXONSIINE aJrOPUTM AJisl BbI-
YUCJIEHUS HUXKHEH IPaHULbl BXOAALIMX B HUX peLIeHUH.
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